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PREFACE 


Circuit Analysis of A-C Power Systems^ Volume II, is a continuation 
of Volume I. In it, as in Volume I, circuits are analyzed by means of 
components. Basic equations, relating phase quantities and their sym¬ 
metrical components and phase quantities and their a/50 components, 
derived and applied in Volume I, are tabulated for ready reference in 
Chapter I of Volume II. 

Insulated cables, various types of transformers and autotransformers, 
synchronous machines, and induction motors are discussed in detail in 
Volume II, and their electrical characteristics under normal and ab¬ 
normal operating conditions determined. Overhead transmission lines, 
treated in Volume I, are not discussed in Volume II. Curves and charts 
are given for determining skin effect and proximity effect in circuits of 
non-magnetic solid and tubular conductors. The effects of open con¬ 
ductors in three-phase circuits supplying ungrounded transformer banks 
are discussed, and charts are given to show the conditions under which 
high overvoltage or phase reversal of induction motors or both ihay occur. 
Methods are given for determining the impedances seen from relays 
during power swings, with and without faults. 

The characteristic impedances of three-phase synchronous machines 
are first defined in terms of their direct-axis, quadrature-axis, and zero- 
sequence coniponents. From these components, the positive-, negative-, 
and zero-sequence impedances of the machine for use in fundamental- 
frequency component networks under various operating conditions are 
derived. Instantaneous phase currents and voltages in terms of their 
harmonics, which result from unsymmetrical short circuits, are de¬ 
termined by the use of instantaneous a0O components. It is shown that 
a/30 components provide a natural link between phase quantities and 
their direct-axis, quadrature-axis, and zero-sequence components; they 
also provide a link between phase quantities and their symmetrical 
components. 

The discussion of transformer banks of single-phase units given in 
Volume I is extended in Volume II to include banks of four- and five- 
winding transformers and their equivalent circuits. Included also with 
their equivalent circuits are autotransformer banks, three-phase trans¬ 
formers and autotransformers, Scott-connected transformers with 
grounded neutral, zigzag and wye-delta grounding transformers, delta- 
zigzag and wye-zigzag transformer banks. 
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PREFACE 


In Volume II, as in Volume I, the endeavor has been to present 
methods of procedure in determining the performance of a-c power 
systems under normal and abnormal operating conditions. Special 
attention is also given to the development of equivalent circuits for use 
in the component networks. Owing to space limitation in a book of this 
size, all types of equipment and all possible abnormal operating condi¬ 
tions have not been included. It is hoped, however, that the methods 
of analysis given here can be applied by the operating engineer to other 
types of equipment and to other abnormal operating conditions which 
may occur on his system. 

The author wishes first of all to express her gratitude to Mr. S. B. 
Crary, Mr. F. S. Rothe, and Miss Rose Pileggi of the General Electric 
Company for their material assistance in the final stage of the prepara¬ 
tion of this book; to Mr. Crary for his helpful suggestions; to Mr. 
Rothe for revising the chapter on insulated cables to include present-day 
cable specifications instead of those in force when the chapter was first- 
written; to Miss Rose Pileggi for typing corrections and changes as well 
as typing the original manuscript and following the preparation of 
the figures. 

She wishes also to thank all her former associates in the General 
Electric Company who contributed information and critical reviews of 
finished chapters; especially Mr. F. H. Duller for his information on 
insulated cables, Messrs. Charles Concordia and S. B. Crary for their 
critical reviews of the chapters on synchronous machines and induction 
motors, Mr. F. S. Rothe for his critical review of the chapters on trans¬ 
formers. Thanks are also due to Professor H. A. Peterson of the 
University of Wisconsin and Professor Gordon Carter of the University 
of Virginia who, as former associates in the same office, gave of their 
time and attention to discussions of material to be included in this book. 

Although the greater part of Volume II was written while the author 
was a member of the Central Station Engineering Department of the 
General Electric Company, much remained to be done after she joined 
the Electrical Engineering Department of The University of Texas. 
The delay in production of Volume II is due in part to the change in 
point of view from that of an engineer in industry to that of a teacher, 
and to the attempt to make Volume II a textbook for seniors and 
graduate students as well as a reference for power system engineers. 

Edith Clarke 

Austin, Texas 
September f 1950 
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CHAPTER I 

INTRODUCTION AND SUMMARY OF EQUATIONS 

Methods of circuit analysis are developed in Volume I and applied 
to the determination of sinusoidal currents and voltages of funda¬ 
mental frequency in symmetrical and unsymmetrical circuits during 
balanced and unbalanced conditions. In this volume further applica¬ 
tions of these methods are made; also, additional methods of analysis 
are developed and applied. To make this volume complete in itself 
for one familiar with methods of analysis based on the use of com¬ 
ponents, equations developed in Volume I and used repeatedly here 
are summarized in this chapter. Other equations are repeated as 
required. 

Notation. The notation used in this volume is consistent with that 
used in Volume I. Sinusoidal currents and voltages of fundamental 
frequency are represented by plane vectors I and V (or £), respec¬ 
tively. Positive direction of rotation is counterclockwise. Imped¬ 
ances and admittances are represented by the complex quantities Z 
and F, respectively. A plane vector F or a complex quantity Z is 
written without distinguishing mark. Scalar values are inclosed in 
bars; thus the magnitudes of V and Z are written \V\ and |Z|. A 
positive angle $ is written a negative angle d is written / —^ or /?. 

In polyphase systems, the phases are indicated by a, •• • or 
A, C, • • •. The phase order is understood to be a, • • • or 

i4, C, • • •. Subscripts a, b, c, • • • and A, B, C, • • • ^ used with 

F, /, Z, and F, refer to the phases or to phase conductors. 

METHODS OF COMPONENTS 

In analyzing the performance of single-phase or multiphase circuits 
during unbalanced conditions, calculations are usually simplified if the 
phase currents and voltages are replaced by a system of components 
consisting of two groups or sets of components for the single-phase 
circuit, and as many groups or sets of components as there are phases 
for the multiphase circuit. 

Three-Phase Circuits 

Two systems of components for analyzing three-phase circuits are 
given in Volume I: symmetrical components and alpha, beta, zero 
(afiO) components. The positive-plus-negative, positive-minus-n^a- 

1 
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INTRODUCTION AND SUMMARY OF EQUATIONS [Ch. I] 


tive, and zero-sequence components of Chapter V, Volume I, are a 
special case of afiO components. 

Reference for Voltage. In a grounded system, phase voltages and 
zero-sequence voltages are referred to ground; in an ungrounded 
system of negligible capacitance with a neutral conductor and no acci¬ 
dental ground, they are referred to the neutral conductor. Positive- 
and negative-sequence voltages are referred to neutral; a and P volt¬ 
ages are also referred to neutral. The 0 components of the afiO system 
of components are the same as the zero-sequence components of the 
symmetrical-component system. 

Reference Phase. Phase a is arbitrarily selected as reference phase. 

Analysis by Symmetrical Components. In a three-phase circuit, 
the phase voltages to ground and their symmetrical components of 
voltage are related by the equations 


Va = F„1 + F<.2 + F„o 

[1] 

Ft = a^Vai +aVa 2 + F„o 

[2] 

Fc = aF„i + a^Va2 + F„o 

[3] 

Val = h(Va + aVt + a^V,) 

[4] 

Va2 = l(Va + a^Vb + aFe) 

[5] 

F„o = i(F„ + Ft + Fe) 

[6] 


where subscripts 1, 2, 0 indicate positive-, negative-, and zero-sequence 
components, respectively; a= — ^+jV3/2 = 1 /120° ; = 

-7 - jV3/2 = 1/120°. 

If F is replaced by I in the above equations, the corresponding 
current equations are obtained. 

Sequence Self- and Mutual Impedances. The positive-, negative-, 
and zero-sequence components of voltage drop in the direction of current 
flow between the terminals of an unsymmetrical impedance circuity 
resulting from current flow, are 

Val = lalZii + /a2^12 + laO^lO [7] 

Va2 = IalZ2l + ^02^22 + -^00-^20 [8] 

VaO = lalZ^i + Ia2Zo2 + laoZoo [9] 

where the first subscript of Z indicates the sequence of the component 
of voltage drop produced by the component of current indicated by 
the second subscript. 

In a symmetrical circuit, the mutual impedances between the 



[Ch. I] THREE-PHASE CIRCUITS $ 

sequence networks disappear, and [7H9] become 

Val = IaxZ\\ = Ia\Zi [ 10 ] 

Fo2 = Ia2^22 “ [11] 

Va^ = laO^OQ ~ -^ao^O [12] 


Ziit Z 221 and Zoo are the positive-, negative-, and zero-sequence 
self-impedances of a three-phase circuit. In a symmetrical circuit, 
these impedances are usually written Zi, Z 2 , and Zq. The mutual 
impedances between the component networks may be reciprocal 
(Z 12 = Z 21 ) or non-reciprocal (Z 12 9 ^ Z 21 ). 

In the general case of an unsymmetrical static circuity 

Zii = Z22; Zio = Z02; Z20 Zoi 

But 

Z \2 9^ Z21; Zio 5^ Zoi; Z20 9^ Z02 

The mutual impedances are non-reciprocal unless two of the phases 
have equal self-impedances and equal mutual impedances (including 
no mutual impedances) with the other phase. 

Analysis by apO Components. In a three-phase circuit the phase 
voltages to ground and their afiQ components of voltage are related by 
the equations 


Fa = + Fo 

[13] 

Vi = -|F„ Vff + Fo 

[14] 

V 3 

Fc = -iF„ — fVp+Vo 

[IS] 


[16] 

II 

1 

[17] 

Fo = ^(F„ +Vi+ Vc) 

[18] 


where subscripts a, jS, 0 indicate a, jS, and 0 components, respectively. 

If V is replaced by / in the above equations, the corresponding 
current equations are obtained. 

apo Self- and Mutual Impedances. The a, jS, and 0 components of 
voUage drop in the direction of current flow between the terminals of an 
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unsymtnetrical impedance circuit, resulting from current flow, are 

Va * laZaa + + I^ZaO [19] 

Vfi = laZfia + + IOZ 0 O [20] 

Vq * laZoa + J-fiZofi + IqZqq [21] 

where the first subscript of Z indicates the component of voltage drop 
produced by the component of current indicated by the second sub¬ 
script. 

In a symmetrical static circuit, the mutual impedances disappear 
and [19H21] become 


Va — la^aa 

or 

laZa 

[22] 


or 

IpZfi 

[23] 

o 

II 

or 

hZo 

[24] 


where Zaat Z^^, Zqo are the a, jS, and 0 self«impcdances, which in a 
symmetrical circuit may be written Za, Z^, and Zq. 

In an unsymmetrical static circuit, in the general case, Zaa ^ Zs0, 
but Zafi “ Z^af and by a simple modification of the 0 network the 
mutual impedances between the a and 0 and between the and 0 
networks can be made reciprocal (Volume I, page 318). Unsym¬ 
metrical static circuits, in the general case, are more simply analyzed 
by ajSO components than by symmetrical components. 

Relations between a^O Components and Symmetrical Components 
in a Three-Phase System. 


Va = Val + Va2 

[25] 

Vf, = -j{Val - F„2) 

[26] 

la = lal + Ia2 

[27] 

“ j{fa\ Ia2^ 

[28] 


[29] 

11 

1 

[30] 

lal = |(/a +j7^) 

[31] 

1 

il 

[32] 

Vo ** Vao\ lo == laO 




ICa. tl SINGLE-PHASE AND TWO-PHASE ClRCtJlTS S 

In an unsymmetriaU thru-phase static circuU, , 

Zit = Z22', Zio *= ^oaJ < 2 ao “ ^oi 


Zaa ** Zii + i(Z21 + Z12) 

133] 

Zfi0 = Zii — §(^21 + Z12) 

[34] 

Zafi = Zfia « j^(Z 2 l — Z12) 

135] 

ZaO = 2Zoa = <^10 + Z20 

136] 

Zfio = 2 Zoe = -^jiZio — Z 20 ) 

[37] 

Z\\ = Z 22 = \{Zaa + Z^fi) 

[38] 

Z12 = hi^ota — Z^fi) +jZae 

[39] 

Z2I = ^(Zaa “ Zpfi) — jZafi 

[40] 

Zio — Zq 2 = Zoct + jZoe 

[41] 

Zoi “ Z20 = Zqci jZoe 

[42] 


^001 the zero-sequence self-impedance, is the same in both systems. 

Single-Phase and Two-Phase Circuits 

In a single-phase or a two-phase circuit, analyzed by means of posi¬ 
tive- and zero-sequence symmetrical components (Volume I, pages 287, 
297) where phase voltages and zero-sequence voltages are referred to 
ground or to a neutral conductor, and positive-sequence voltages are 
referred to neutral, 


Va - Val + F„o 

[43] 

Vt = -Val + Vao 

[44] 

Val = i(K„ - n) 

[45] 

Vao ^h(Va+ Vi) 

[46] 


If V is replaced by I in the above equations, the corresponding 
current equations are obtained. 

Positive- and Zero-Sequence Self- and Mutual Impedances. The 
positive- and zero-sequence components of voltage drop in the direction 
of current flow between the terminals of an unsymmetrical impedance 
drcuitf resulting from current flow, are 

Val s® lalZii + lao^io 

VaO » 


147] 

[48] 
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where the first subscript of Z indicates the sequence of the component 
of voltage drop produced by the component of current indicated by the 
second subscript. 

If the conductors a and b are identical, Zio = Zqi. If, in addition, 
they dre equidistant from ground and from the neutral conductor of a 
three-wire circuit, Zqi = Zio = 0, and [47] and [48] become 

Va\ = lalZii = lal^l [49] 

VaO = laO^OO = laO^O [50] 

where Zn and Zoo are the positive- and zero-sequence self-impedances, 
which in a symmetrical circuit may be written Zi and Zo. 


PARALLEL CYLINDRICAL CONDUCTORS IN NON-MAGNETIC MEDIA 

Self- and Mutual Impedances of Conductors. In the following 
equations, uniform current distribution over the circular cross sections 
of the conductors is assumed. Dimensions are in centimeters; f is 
length; d or D is diameter; $ is spacing between axes of conductors; 
f is large relative to d and s (Volume I, page 364). 

The total self-inductance L of a conductor is the sum of its external 
inductance and its internal inductance Li : 

Z = ie + Li [51] 

The external self-inductance L® of a conductor of outside diameter d 
and length f is 

Le = 2f (loge ^ abhenries [52] 


The internal self-inductance Li of a solid non-magnetic conductor is 
Li = ^ abhenry per cm [53] 

Internal Reactance. Xi of a solid non-magnetic conductor at con¬ 
stant frequency /, under the assumption of uniform current distribu¬ 
tion, is 

Xi ®= IvfLi = ~ (0.00575) ohms per 1000 feet [54] 


The internal reactances of conductors of concentric stranding are 
given in Table I, Chapter II, of this volume. 

The internal reactance of a non-magnetic hollow conductor of inner 
and outer diameters di and dot respectively, in ohms per 1000 feet is 


«-l[0.0529 




^ +0.00575 


- 34 1 

-d\\ 


[55] 
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Xi versus di/do, calculated from [55] at 60 cps,(cycles per second) is 
given in Fig. 4, page 524 of Volume I, in ohms per mile; in Fig. 1 nf 
Chapter II of this volume, it is given in ohms per 1000 feet. Under 
the assumption of uniform current distribution, »,• varies directly with 
frequency. 

Mutusd Inductance. The mutual inductance Mab between two 
parallel non-concentric conductors a and b is 

Mab — ^loge ~ ~ abhenries [56] 


The mutual inductance Maw between a tubular conductor w with 
outside and inside diameters Do and Ai respectively, and a concentric 
inner conductor a is 


Maw = 2f ^ ~ 0 ^57] 


As an approximation when Di/Do approaches unity, the total induc¬ 
tance Lww of the tubular conductor w and the mutual inductance Maw 
between a and w can be assumed equal and calculated from [52] with 
d replaced by the average diameter \ {Do + Dx) of w. Then 

Maw = Lww = (loge j " — “ 1) abhenries [58] 

\ 2 \^o T* / 


Sequence Self- and Mutual Impedances of a Three-Wire Three- 
Phase Circuit (Volume I, page 369.) When the phase conductors 
a, b, and c are identical cylindrical conductors and the effect of the 
earth on positive- and negative-sequence impedances is negligible, the 
sequence self- and mutual impedances (except Zqo) in ohms per 1000 
feet, assuming uniform current distribution, are 

Zn = -Z 22 = r+j (o.0529 ^ logic ^ [59] 

Zi 2 = i0.0353 (logic ^ logic —) [60] 

Z,. - j0.0353 i (log,, - j ^ log,, ’f) [Ml 

OO \ Sffc 2 ^ah/ 

Zio »*= Zo2 = “"^^21 [62] 

-^20 = Zoi = [63] 

where r is resistance and Xi internal reactance of one conductor in 
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ohms per 1000 feet; d is outside diameter of conductors; 5 is spacing 
between axes of conductors indicated by the subscripts; s without 
subscripts is the geometric mean distance between axes of conductors: 

S = ^SabSacSbe [64] 

When So, = Sat = s^e, the circuit is symmetrical and the mutual 
impedances between the sequence networks disappear. In this case, 
[7H9] reduce to [10H12]. When Sac = Sab, the mutual impedances in 
[7H9] are reciprocal. 

Sequence Self- and Mutual Impedances of a Single-Phase or Two- 
Phase Circuit. In a single-phase or two-phase circuit of identical 
phase conductors, a and b, analyzed by positive- and zero-sequence 
symmetrical components (Volume I, page 386), the positive-sequence 
self-impedance Z\i is the same as Z\\ = Z 22 for the three-phase circuit 
given by [59], s being the spacing between the axes of the two con¬ 
ductors. When zero-sequence currents return in an ungrounded 
neutral conductor «, 

2:10 = Zoi =j0.0529^1og,o— [65] 

60 Sbn 

If Son = iftn. ■^10 = Zoi = 0 and [47] and [48] reduce to [49] and [50]. 



CHAPTER II 


IMPEDANCES OF ELECTRIC CIRCUITS 

The characteristics of an electric circuit are resistance, indtictance, 
capacitance, and leakance. These characteristics depend upon the 
dimensions and materials of the circuit. Resistance and inductance 
determine series impedance; leakance and capacitance determine 
shunt admittance. 

Leakance in many circuits during normal operating conditions is 
negligible, or actually zero. An exception occurs in insulated cables, 
where leakance during normal operation may have an appreciable 
effect in limiting the current rating of the cable. In circuits where 
leakance is negligible during normal operation, it may become of 
importance during overvoltages; for example, corona must be con¬ 
sidered in overhead transmission lines if the voltage between conduc¬ 
tors or to ground exceeds corona-starting voltage for the line (Vol¬ 
ume 1, page 528). 

Resistance, inductance, and capacitance are present in all circuits 
but, depending upon the circuit and the problem under consideration, 
one or more of these quantities may be unimportant in its effects upon 
final results. Inductive impedances and capacitive admittances of 
overhead transmission lines are treated in Chapters XI and XII of 
Volume I. Capacitance and leakance of insulated cables are discussed 
in Chapter III of this volume. This chapter deals with resistances and 
reactances of electric circuits in general and the factors which affect 
their magnitudes. 


TRANSMISSION CIRCUITS 

The conductors of transmission circuits are bare or insulated. 
When space or safety is important, the conductors are insulated and 
placed closer together than is possible with bare conductors. 

Overhead Transmission Lines. Except in aerial cables, the con¬ 
ductors of overhead transmission circuits are bare. The distances 
between conductors is sufficiently large for proximity effect upon 
impedance to be negligible. Skin effect, however, may be appreciable. 

In Appendix B, Volume I, tables of d-c and a-c resistances at 2S®C, 
conductor equivalent geometric mean radii, and internal reactances 

9 
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of conductors used in overhead transmission lines are given for fre¬ 
quencies of 25, SO, and 60 cps in which skin effect is included. The 
tables are for hard-drawn solid, stranded and hollow copper con¬ 
ductors, aluminum cable, steel reinforced (A.C.S.R.), Copperweld 
conductors, and steel and iron wires. 

For magnetic or partly magnetic conductors, skin effect depends upon 
current as well as upon material, size, and frequency. The values 
in Tables IV~VI of Appendix B, Volume I, given at several values of 
current or current per square inch, were tabulated from data furnished 
by manufacturers. 

For non-magnetic conductors, skin effect is independent of current. 
Skin effect and the effect of spiraling were taken into account (as 
explained later) in determining the a-c resistances and internal 
reactances of the hard-drawn copper conductors of Appendix B, 
Volume I. 

Insulated Cables. At the present time annealed copper is used for 
the conductors of insulated cables. Aluminum has also been con¬ 
sidered for use in cables, the disadvantage being the increase in the 
diameter of the conductor for the same resistance. This increases 
the overall diameter of the cable and the amount of insulation and 
lead sheath. Because of the use of copper in electrical equipment, 
and also of its use as a standard of reference for other metals, a brief 
discussion of its properties will be given. 

COPPER CONDUCTORS 

The important characteristics of copper used for conductors are con¬ 
ductivity, tensile strength, softening temperature, and resistance to 
change in internal structure. These characteristics are greatly influ¬ 
enced by composition and manufacturing processes. Because of this 
and the many and varied uses of copper conductors, there are many 
classes of copper. 

Well-reduced and refined copper is called tough-pitch copper. 
Oxygen is present in tough-pitch copper. Copper without oxygen is 
called oxygen-free copper. In hydrogen-cooled machines, any oxygen 
present in the copper tends to unite with the hydrogen at high tempera¬ 
tures and form water vapor. This union may result in hydrogen 
embrittlement. To prevent it, oxygen-free copper is used. In both 
tough-pitch and oxygen-free copper small amounts (about 0.01%) of 
other metallic elements may be present. Although copper of high 
purity is essential for high conductivity, spectroscopically pure copper 
is not required; nor is it even desirable at high temperatures, as there 
are certain metallic impurities which only slightly reduce the conduc- 
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tivity while greatly increasing the softening temperature.^ (For 
further information on copper metallurgy see reference 1 and iis 
bibliography.) 

Rolling and drawing harden copper. Subsequent annealing (heat¬ 
ing) softens it. Annealed copper has higher conductivity but less 
tensile strength than hard-drawn copper. Hard-drawn copper is used 
in overhead transmission lines because of its greater tensile strength. 
Annealed copper is used in insulated cables and in electrical equipment 
where high tensile strength is not required; therefore advantage can 
be taken of its high conductivity. Because of the importance of 
copper in industry, an international copper standard has been adopted. 

International Standard of Resistance for Copper 

The present standard^ for annealed copper was adopted by the 
International Electrotechnical Commission in 1913. The following 
rules of this Commission have been adopted by the American Institute 
of Electrical Engineers 

{a) At a temperature of 20°C, the resistance of a wire of standard annealed 
copper one meter in length and of a uniform section of one square millimeter is 
1/58 ohm = 0.017241 ... ohm. 

(6) At a temperature of 20®C, the density of standard annealed copper is 
8.89 grams per cubic centimeter. 

(c) At a temperature of 20'’C, the constant mass temperature coefficient 
of resistance of standard annealed copper, measured between two potential 
points rigidly fixed to the wire, is 0.00393 = 1 /254.45 . . . per degree Centigrade. 

(d) As a consequence, it follows from (a) and {h) that at a temperature of 
20°C the resistance of a wire of standard annealed copper of uniform section, 
one meter in length and weighing one gram, is (1 /58) X 8.89 = 0.15328 . .. ohm. 

Resistivity defined under (a) is volume resistivity; resistivity 
defined under {d) is mass resistivity. These two values of resistivities 
are related through density. Values of the resistivity of standard 
annealed copper at 20°C in various units of volume resistivity ” and 
** mass resistivity,'’ written in the customary manner, are given in 
Table I. 

TABLE I 

Resistivity p of Standard Annealed Copper at 20®C 

p (volume resistivity) = 0.017241 ohm (meter, mm^) 

= 1.7241 microhms (cm cube) or microhms-cm 
= 1724.1 abohms (cm cube) or abohms-cm 
* 0.67879 microhm (inch cube) or microhm-inch 
= 10.371 ohms (mil, foot) 
p (mass resistivity) *= 0.15328 ohm (meter, gram) 

« 875.20 ohms (mile, pound) 
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The coniuctivity of metals at 20®C is expressed in per cent or per unit 
of the conductivity of the annealed copper standard at 20®C. The 
conductivity of the hard-drawn copper used in overhead transmission 
lines is approximately 97.3% or 0.973 per unit; that of the annealed 
copper used in insulated cables is approximately 100% or unity. 

When w, the per unit conductivity of a metal, is given, its resistivity 
at 20®C is 1/n times the resistivity of standard annealed copper at 
20®C. Unless otherwise specified, the given per cent or per unit conduc¬ 
tivity of a metal is its conductivity at 20°C in per cent or per unit of the 
conductivity of standard annealed copper at 20°C. This simple relation 
between resistivity and per unit conductivity holds only at 20°C. 

The constant-mass temperature coefficient of resistance of standard 
copper at 20®C from {c) is 0.00393 per centigrade degree. For any 
sample of copper at fC, the temperature coefficient^ at is 

«(0.00393) 

~ 1 + «(0.00393)(< - 20) ^ ^ 

where n is per unit conductivity (per cent conductivity divided by 

100 ). 

For standard copper, n = 1. From [1], 

at / = 0°C, == ao ~ 0.00427 

at / = 25°C, at = a 25 ~ 0.00385 

For hard-drawn copper, n = 0.973. From [1], 

at ^ = 20^C, at = a 2 o = 0.00382 
at / == 25°C, at = a 25 = 0.00375 

When the d-c resistance Rn of a conductor of constant mass at a 
specified temperature h in degrees centigrade is known, and also the 
constant-mass temperature coefficient of resistance at\ of the material 
at that temperature, the d-c resistance Rt at any temperature can 
be calculated from the equation 

Rt = Rti[^ + oin{t — h)] [2] 

Coefficient of Thermal Expansion.^ The linear thermal expansion 
of copper is not a linear function of temperature but, within the 
temperature range between --40®C and 300®C, it is well expressed by 
a quadratic equation. Within the temperature range encountered in 
power conductor under normal operation, y, the coefficient of linear 
thermal expansion per centigrade degree to two significant figures, is 

y = 0.000017 
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The length It and the cross section At oi sl copper conductor at tem¬ 
perature t^C are approximately 

ft » 4o[l + 0.000017 - 20)] [3] 

At = 42o[1 + 0.000017(^ - 20)]2 

= A 2 o[^ + 0.000034(/ — 20)], since y is very small [4] 

where ^20 and A 20 are the length and cross section at 20®C. 

Resistivity-Temperature Constant.^ The change of resistivity of 
copper per centigrade degree is a constant, independent of the tempera¬ 
ture of reference and of the sample of copper; this constant is 0.00681 
microhm-cm or 0.000597 ohm (meter, gram). 

Volume and mass resistivities Pv and Pm* respectively, at any tem¬ 
perature t are 

Pvt = Pv —20 + 0.00681 (/ — 20) microhms (cm cube) [5] 

Pmt = Pm~ 2 o + 0.000597 (/ ~ 20) ohm (meter, gram) [6] 

where Pv -20 and Pm -20 are volume and mass resistivities at 20®C in 
microhms (cm cube) and ohm (meter, gram), respectively, of the 
sample of copper. 

Equations in Terms of Resistivity. When equations involving con¬ 
ductors of constant mass are expressed in terms of p the resistivity of 
the material in abohms (cm cube) and this resistivity varies with 
temperature and is accompanied by changes in dimensions with tem¬ 
perature, it is convenient to replace p by its value in terms of i?dc» where 
Rdc is d-c resistance in ohms per 1000 feet at the given temperature. 
This is illustrated in [23]-[25] and [29H31]. 

D-C RESISTANCE 

When direct current flows in a long homogeneous conductor of 
uniform cross section, it is uniformly distributed over the cross section 
of the conductor. The d-c resistance R of the conductor at any 
temperature t^C is 


>3 

il 

[7] 

>3 

11 

[8] 


where ! is length, A is area of cross section of material, m is mass, 
Pv and Pm are volume and mass resistivity, respectively, all at 
temperature 
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The d-c resistance at 20®C of a conductor of constant mass and 
dimensions given at 20®C can be determined from [7]; then, i? 2 o at 
20°C being known, the resistance at any temperature t^C can be ob¬ 
tained from [2]. Or the following equation can be used directly: 




P 2 oho 

-4 20 


[1 + oi2o(t — 20 )] 


[9] 


where Rt is d-c resistance at /®C, p is volume resistivity, and the 
subscript 20 indicates that p, t, A, and a are at 20®C. 

Equation [9] is directly applicable to a homogeneous conductor of 
any material with uniform cross section which is long enough for end 
effects to be negligible. To apply [9], the resistivity p 2 o and the 
constant-mass temperature coefficient of resistance a 20 at 20®C must 
be known. Resistivities and constant-mass temperature coefficients 
of resistance of the various metals used in electrical circuits are listed 
in handbooks. 

Conductors of Circular Cross Section. These are called round 
conductors; they include solid, tubular, stranded, and stranded 
annular conductors. ^4, the area of cross section of material of a 
round conductor, is usually given in circular mils. Its diameter d is 
usually given in inches or mils, where 1 inch = 1000 mils. 

In a solid conductor of diameter d and cross section ^4, 

A (cir mils) = {d mils)^ [10] 


A (sq in.) = (cir mils) 10*“® [11] 

d (in.) = ^^A (sq in.) = 10'“®Vi4 (cir mils) [12] 

d (cm) = A (sq cm) = 2.54 X 10""®V^ (cir mils) [13] 


In a tubular conductor (non-stranded) of outside diameter d and 
thickness t, 

i4(sq in.) = ^[d (in.)]^ - ^)J [14] 

A (cir mils) 10~« = [d (in.)]^ [15] 

A (sq cm) = ^ [d (cm)]® [^^^1 - [16] 
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where / and d in t/d are expressed in the same unit A solid conductor 
is a special case of a tubular conductor in which i/d ®= 0.5. When this 
substitution is made in [15] or [16], d is given by [12] or [13]. 

Stranded Conductors. A concentric-lay cable, or a cable of con¬ 
centric stranding, is a conductor in which a central straight bare wire 
is surrounded by helical layers of bare wires. All wires are of the same 
diameter, and alternate layers are spiraled in opposite directions. In 
the first layer about the central wire, there are 6 wires; in the second 
layer, 12; then 18, 24, 30, and so on. The number of layers determines 
the number of wires in the conductor. Concentric-lay cables have 7, 
19, 37, 61, 91, 127, or 169 strands. Table III, Appendix A, gives 
number of wires, outside diameters, and d-c resistances of bare con¬ 
centric-lay cables of standard annealed copper. The conductors 
commonly used in insulated power cables are shown in this table under 
“ standard strands *’; the conductors listed under “ flexible strands ** 
have a larger number of wires to give greater flexibility. 

Conductors of flexible stranding (not to be confused with flexible 
concentric stranding discussed above) are conductors of special flexi¬ 
bility, made up of a large number of wires of a definite gauge size.^ 
(A.I.E.E. Standards, No. 30, 1925, gives information on the sizes and 
number of wires used in flexible cables or cables of flexible stranding.) 

Stranded Annular Conductors. Table IV, Appendix A, gives in¬ 
formation on the stranded annular conductors with rope centers used 
in insulated power cables. 

D-C Resistances of Round Conductors of Standard Annealed Copper. 

When cross section and length are known at 20®C, the d-c resistance 
Rt at temperature ^°C, from [9], in ohms per 1000 feet is 

Equation [17] is directly applicable to solid or tubular conductors of 
standard annealed copper. For conductors of concentric stranding 
up to 2,000,000 cir mils, Rt calculated from [17] is increased 2% to 
allow for the greater length of the individual wires than of the conduc¬ 
tor itself because of spiraling.^ For stranded annular conductors, this 
increase ranges from 3% to 5%. 

Copper Wire Tables. The resistances of the conductors of standard 
annealed copper given in Appendix A, Tables II~IV, are for conductors 
of constant mass with dimensions given at 20®C. The given diameters 
and cross sections of the conductor are assumed to be exact at 20‘'*C and 
to increase or decrease with temperature. The length is understood 
to be 1000 feet at 20®C and to vary with temperature. As the mass 
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remains constant, the constant-mass temperature coefficient of resist¬ 
ance at 20®C of standard annealed copper is used to determine d-c 
resistances at temperatures other than 20®C, without the necessity of 
considering change of dimensions with temperature. 

In tables in which length and cross section apply at each temperature 
listed, the conductor has constant volume but varying mass. (There 
is a conductor of different mass at each temperature.) To prepare a 
table of this type, volume resistivity pt, at each listed temperature can 
be calculated from [S] and substituted in [7] to obtain d-c resistance, 
where f and A are constant length and cross section at all temperatures. 

In power-system problems it is usually unimportant whether 
recorded conductor dimensions are given at 20®C or at a higher or 
lower operating temperature, because the change in dimensions with 
temperature is but slight throughout the range of temperature en¬ 
countered in power systems during normal operation. See [3] and 
[4]. The two types of tables are discussed here to explain minor 
differences in d-c resistances given in tables for conductors of constant 
mass with dimensions at 20®C and in tables of constant dimensions at 
all temperatures. 

Example 1. (a) Calculate the d-c resistance at 70®C in ohms per 1000 feet of a 

standard annealed copper conductor of 2,000,000 cir mils, standard concentric 
stranding, {h) What would be the d-c resistance of a similar conductor of hard- 
drawn copper of 97.3% conductivity? (c) Of aluminum of 61% conductivity, steel- 
reinforced, with a 20 = 0.00403? 

Solution, (a) Multiplying [17] by 1.02 to allow for the increase in length of the 
strands due to spiraling, 

10 371 y. 10® 

R (at 70X) = 1.02 ^ [1 4- 0.00393(70 - 20)] 


= 0.00633 ohm per 1000 feet 


Equation [9], multiplied by 1.02 to allow for stranding, will be used for (b) and (c). 
(b) The resistivity of copper of 97.3% conductivity at 20®C is 


From [1], 


P20 = ■ = 10.66 ohms (mil, foot) 

aso (at 20*^0 = 0.00382 

10.66 X 10® 

R (at 70X) * 1.02 X . II + 0.00382(70 ~ 20)] 

L X lU 


= 0.00647 ohm per 1000 feet 

(c) Neglecting the presence of the steel, 

10.371 ^ 

P 20 ~ “ 17.002 ohms (mil, foot) 
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020 (at 20®C) «* 0.00403 (given) 

17.00 X 10* 

R (at 70X) - 1.02 . ^ 0.00403(70 ~ 20)] 

*» 0.0104 ohm per 1000 feet 

IMPEDANCES OF A-C CIRCUITS IN NON-MAGNETIC MEDIA 

In an a-c circuit, resistance changes with temperature just as in a 
d-c circuit. In addition, resistance and reactance may be influenced 
by non-uniform current distribution over the cross section of the 
conductors. 

Skin Effect and Proximity Effect in Round Conductors 

Skin effect is the phenomenon of non-uniform current distribution 
over the cross section of a conductor caused by variation of the current 
in the conductor itself. Proximity effect is the phenomenon of non- 
uniform current distribution over the cross section of a conductor 
caused by variation of current in a neighboring conductor (or conduc¬ 
tors). The non-uniform current distribution due to skin effect is 
symmetrical about the axis of symmetry of a round conductor; that 
due to proximity effect is unsymmetrical. Skin effect increases the 
effective a-c resistance of a conductor and decreases its internal 
inductance. It does not affect inductance external to the conductor. 
Skin effect is independent of circuit configuration and the sequence of 
the current. It depends upon frequency and the dimensions and 
materials of the conductor. Proximity effect depends upon flux 
distribution both inside and outside the conductors. In addition to 
frequency and conductor dimensions and materials, it is influenced by 
circuit configuration and the relative magnitudes and phase relations 
between the currents in the conductors. Proximity effect is not the 
same, therefore, with zero-sequence currents in the conductors as with 
currents of positive sequence. With positive-sequence currents only 
in the conductors, it is different for a single-phase circuit and a sym¬ 
metrical three-phase circuit with the same conductors and spacing 
between conductors. The method of symmetrical components cannot be 
applied to determine proximity effect during unbalanced system conditions. 

By the method of symmetrical components, phase currents can be 
separated into their positive-, negative-, and zero-sequence components 
of current and many types of calculations simplified thereby. This 
method, which depends upon superposition, can be rigorously applied 
only when impedances and admittances are constant. It cannot be 
applied to the determination of proximity effect during unbalanced 
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system operation, because proximity effect depends upon the relative 
magnitudes and phase relations between the actual currents in the 
conductors. An illustration of this is a solidly grounded three-phase 
system in which a line-to-ground fault occurs on an unloaded circuit 
where the three conductors are very close to each other. The current 
in the faulted phase may be very high while the currents in the two 
unfaulted phases are zero; and if the return path for current in the 
faulted phase is at a distance from that phase, there will be no appre¬ 
ciable proximity effect. If the proximity-effect resistance ratios for 
currents of each sequence were calculated and applied, an appreciable 
proximity effect in this circuit would be obtained, whereas there is 
actually no proximity effect. 

With a line-to-line fault on a three-phase circuit, where the current 
in one phase returns in the other and there is no current in the third 
phase, proximity effect will be the same as for a single-phase circuit 
consisting of the two faulted phases. 

In more complicated cases of unbalanced operation, the effect of 
proximity is not so readily analyzed as in the two examples given 
above. In any case where the phase currents are zero-sequence 
currents only, their proximity effect will be zero-sequence proximity 
effect, which is to be distinguished from positive-sequence proximity 
effect. Proximity effect under normal balanced operation is positive- 
sequence proximity effect. The curves given in this chapter apply to 
positive-sequence proximity effect. No reference to the calculation of 
zero-sequence proximity effect has been found in the literature; this 
is not surprising, as the condition of currents, equal and in phase in the 
three conductors, is rare except in staged tests. 

Positive-Sequence Self-Impedance. Consider the positive-sequence 
self-impedance Zn in a three-phase or a single-phase circuit given by 
[59] of Chapter I in ohms per 1000 feet, in which constant frequency 
and uniform current distribution in the conductors are assumed: 

Zii = r + = r jlirfL == r jlirf^Le + Li) 

= r+j (o.0529 £ logic j + *.) = r + + *<) [18] 

where r and Xi (^2irfLi) are resistance and internal reactance of one 
conductor; L = + Li is total inductance to neutral; Le is external 

inductance to neutral; and Li is internal inductance. External 
reactance Xe = 2vfLe is given by the first term in the parentheses in 
[18]. 

Under the assumption of uniform current distribution in the con- 
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ductors, the effective a-c resistance r in [18] is tfie d-c resistance in ohms 
per 1000 feet of one conductor at the given temperature; the internal 
reactances of hollow non-magnetic cylindrical conductors at 60 cps are 
given in Fig. 1 in ohms per 1000 feet; the internal reactances^ at 60 cps 



Fig. 1. Sixty-cycle internal reactance of hollow non-magnetic conductors (uni¬ 
form current distribution). 

of non-magnetic conductors of concentric stranding are given in 
Table II. The internal reactances of Fig. 1 and Table II vary directly 
with frequency. 

With equal and opposite currents in the two conductors of a single¬ 
phase circuit, and the conductors far enough apart for proximity effect 
to be negligible, skin effect tends to increase r and decrease Li (and 
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TABLE II 

Internal Reactance at 60 Cycles per Second of Non-Magnetic 
Conductors of Concentric Stranding, Assuming Uniform Current 

Distribution 


Number of Strands 

Xit Ohms 

Per Mile 

Per 1000 Feet 

7 


0.00740 

19 

0.0337 

0.00638 

37 

0.0321 

0.00608 

61 

0.0314 

0.00595 

Solid 

0.0303 

0.00575 


Xi) in [18] from their values based on uniform current distribution. 
As the conductors are moved closer together, r increases and the total 
inductance to neutral, L = Lg + Lt, decreases from the values of r 
and L which existed with negligible proximity effect. The influence of 
both skin effect and proximity effect upon resistance is much greater 
than upon inductance. Skin effect and proximity effect resistance 
ratios have received more attention in the literature than the corre¬ 
sponding inductance ratios. 

In a single-phase or three-phase circuit of identical parallel con¬ 
ductors, operating under balanced conditions, let 

Rac - d-c resistance of the conductors at the specified temperature 

i?' = effective a-c resistance, skin effect included 

r!^ = effective a-c resistance, skin effect and proximity effect both 
included = r 

Li *= internal inductance of the conductors, assuming uniform 
current distribution 

£,« = external inductance to neutral, assuming uniform current 
distribution 

Li = internal inductance, skin effect included 

V »= inductance to neutral, skin effect on internal inductance 
included 

i" s total inductance to neutral, skin effect and proximity effect 
both included 
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The effective a~c resistance r is 

r^RicX-X-p- 119] 

where R'/Rdc = skin-effect resistance ratio, R"/R' = proximity-effect 
resistance ratio. 

The internal inductance L*- with skin effect included is 

U = Li [ 20 ] 

Lti 

where = skin-effect internal-inductance ratio. 

The inductance to neutral L* with skin effect included is 

L' = L, + Vi [21] 

The inductance to neutral V^ with both skin effect and proximity 
effect included is 

L" = L' X ^7 = ^L. + Z,.<) X ^ [22] 

where V* jV = proximity-effect inductance ratio. 

When skin effect and proximity effect are both present, these effects 
upon resistance and inductance can be determined separately as ratios; 
then, these ratios can be applied as indicated in the above equations to 
determine effective a-c resistance and inductance to neutral. When 
proximity effect is negligible, both R"/R' and V^ jV are unity. For 
convenience in calculation, skin effect and proximity effect are treated 
separately although they are the same phenomenon — that associated 
with non-uniform current distribution in conductors. Separating 
them as above and then combining their effects is not a case of super¬ 
position, and no approximation is involved. For example, R!* as 
defined is the effective a-c resistance corresponding to the actual current 
distribution in the conductors and the actual flux distribution both 
inside and outside the conductors. R! is the effective a-c resistance 
when proximity effect is negligible but skin effect has been taken into 
account. If R! has been determined, 

Rff 

R” b: R' X =s f = effective a-c resistance 
R 

Homogeneous Cylindrical Conductors. Formulas have been de¬ 
veloped and charts prepared for the following skin-effect and proximity- 
effect ratios: 
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I. B!fRde and Li/Li = skin-effect resistance and internal-induct¬ 
ance ratios for solid conductors of constant permeability 
(Fig. 2). 

II. R'/Rdc = skin-effect resistance ratios for tubular (and solid) 
non-magnetic conductors (Fig. 3). 

III, R"/R' = positive-sequence proximity-effect resistance ratios 
for single-phase and three-phase circuits of identical non¬ 
magnetic solid and tubular conductors [Figs. 4(a) and 4(6)]. 

IV. /V = positive-sequence proximity-effect inductance ratios 
for single-phase circuits of identical non-magnetic solid con¬ 
ductors (Fig. 5). 

Skin Effect 

Skin-Effect Resistance and Internal-Inductance Ratios in Solid 
Homogeneous Cylindrical Conductors of Constant Permeability. The 
ratios R!jRdc and LijLi at any temperature are functions of x, where 



where d = diameter of conductor in centimeters 
/ = frequency in cycles per second 
fi = permeability, assumed constant and uniform 
p = resistivity of material of conductor in abohms (cm cube) 
at conductor temperature 

A = cross section of conductor in square centimeters = 7 rd^/ 4 . 

E. B. Rosa and F. W. Grover® give a table of the functions of x as 
defined in [23] in small steps from which R'/Rdc and Li/Li for any 
value of X between 0 and oo can be obtained. The curves of Fig. 2, 
plotted directly from this table, give the skin-effect resistance ratio 
R'/Rdc and the internal-inductance ratio L^/Li versus x. For con¬ 
venience in using Fig. 2, x as defined by those authors has been ex¬ 
pressed in terms of ^f/Rdc (a procedure followed in reference 6) where 
Rdc is the d-c resistance of the conductor at the given temperature in 
ohms per 1000 feet. 

In [7], if P ‘0 is in abohms (cm cube) and f and A are in centimeters 
and square centimeters, respectively, R will be in abohms. Let 
Rdc = d-c resistance of the conductor in ohms per 1000 feet at the given 
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temperature. From [7], 

P jg _ RdcX 16^ 
A t 30.48 X 10^ 


Rdc abohms per cm 



1241 

[25] 


where Rdc is d-c resistance of the conductor in ohms per 1000 feet at 
conductor temperature and permeability m is constant and uniform. 

In Fig. 2, the ordinate is Rc/Rdc or L'i/Li; the abscissa is x, defined 
in [23] and also in [25]. The calculated value of x will be the same 
regardless of which equation is used. The quantity x as defined by 
Rosa and Grover has been retained in Fig. 2 for convenience when 
referring to their paper.® By calculating x from [25] instead of [23], 
the necessity of considering the change of resistivity and dimensions 
with temperature is avoided, as Rdc can be read from wire tables or 
calculated at any given conductor temperature. 

Figure 2 is applicable to solid homogeneous cylindrical conductors of 
constant permeability at any temperature and frequency within the 
range of the curves. R'/Rdc is given in Fig. 2 for values of x between 
0 and 6; L^/Li is given for values of x between 0 and 10. R!/Rdc for 
values of x above 6 and Li/Lx for values of x above 7 are given by the 
following approximate equations with less than 1% error, the error 
decreasing as x is increased: 


?L 

Rdc 


2V2 ^4 


[26] 



Solid Magnetic Conductors. The permeability of conductors of a 
given magnetic material varies with current, frequency, and manu- 
factoring processes. A reliable value of p for substitution in [23] or 
[25] is therefore seldom available. Test values of effective a-c resist¬ 
ance and internal reactance should be used when available (Volume I, 
pages 517-519). 

Solid Non-Magnetic Conductors. For conductors of copper and 
other non-magnetic materials, m = 1 and [25] becomes 

X « 0.02768 



[28] 
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Fig. 2. Skin-effect resistance and internal-inductance ratios for solid round con¬ 
ductors of constant permeability. (E. B. Rosa and F. W. Grover, reference 5.) 

Example 2. Find the skin-effect resistance and internal-inductance ratios of a 
solid 4/0 (212,000 cir mils) conductor of standard annealed copper at 25®C and 
400 cps. Find its internal impedance z* = r + jxi when proximity effect is negligible. 

Solution. From [17] or Appendix A, Rdc = 0.0500 ohm per 1000 feet. From 
Table II, Xi = (//60)0.00575 = 0.0383 ohm per 1000 feet. From [28], X » 
0.0277 V400/0.05 = 2.48. From Fig. 2, R'/Rdc “ 1.17 and L’/Li » 0.92. The 
internal impedance z»* in ohms per 1000 feet is 

Zi « 0.0500(1.17) -h70.0383(0.92) = 0.0585 -h7*0.0352 










































































Fio. 3. Skin-eifect resistance ratios in tubular and solid non-magnetic round con¬ 
ductors. (H. B. Dwight, reference 6.) 


case) versus where Rdc is the d-c resistance of the conductor 

in ohms per 1000 feet at the given temperature. The parameter is 
t/df the ratio of the thickness of the tube to its outside diameter. For 
a solid conductor, t/d = 0,5. Figure 3 is reproduced from Fig. 1 of 
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reference 6. Note that the abscissa is not x = 0.02768 

as in Fig. 2 (if /x = 1)» Fig. 4, and Fig. 5. 

From Fig. 3, the skin-effect resistance ratio in a tubular conductor is 
less than in a solid conductor of the same cross section of material. 
Tubular conductors also have the advantage of a larger diameter than 
the solid conductor of the same resistance and therefore a decreased 
voltage gradient at the surface. Hollow copper conductors and steel- 
reinforced aluminum cables are used on high-voltage overhead trans¬ 
mission lines to secure a diameter large enough to avoid corona without 
an unnecessary increase in conducting material. 

The internal reactance of a tubular conductor, uniform current dis¬ 
tribution being assumed, is less than that of a solid conductor. (See 
Fig. 1.) Any change in the internal reactance of a non-magnetic 
tubular conductor resulting from skin effect, being a change in a 
normally small part of the total reactance to neutral, may be neglected 
without appreciable error in power conductors at frequencies of 
60 cps or less. 

Example 3. The outside diameter of an overhead hard-drawn copper tubular 
conductor of 512,000 cir mils is 1.40 inches. What is its effective a-c resistance per 
1000 feet at a frequency of 60 cps and a temperature of 75°C? There is no proximity 
effect. 

Solution, Assuming a conductivity of 97.3% for hard-drawn copper, at 20®C the 
resistivity in ohms (mil, foot) is 10.371/0.973 = 10.66; from [1], the constant-mass 
temperature coefficient of resistance at 20®C is 0.00382. In ohms per 1000 feet at 
7SX, 

10.66 X 10^ 

Rdc * ~{2 5qo ' + 0.00382(75 - 20)] = 0.0252 



The outside diameter do = 1.40 inches. The inside diameter is 
di = 10-’ V(1.4)^ X 10^ - S12;o6o = 1.2033 inches 

t = 0.0983in.; t = 0.0702 
d 

From Fig. 3, with y/fIRde = 49 and i/d = 0.070, R'/Rde == 1.0. Skin effect is 
negligible for this conductor at 60 cps. Therefore, at 75°C, 

R' = Rdc = 0.0252 ohm per 1000 feet 

Range of Vf/Rdc and x in 60-Cycle Circuits. Table III gives the 
range of V f/Rdc and x at a frequency of 60 cps for solid and tubular 
conductors of standard annealed copper at 25°C. In this table, Rdc 
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TABLE III 

Values of Vf/Rde and x * 0.02768 VffRde at 60 cps and 2S®C for 
Solid and Tubular Round Conductors of Standard Annealed Copper 


Cir Mils 

Rdct Ohms per 1000 
Feet 

y/f/Rdc 

X = omiiVI/rZ 

4/0 

0.0500 

34.6 

0.96 

250,000 

0.04230 

37.7 

1.04 

500,000 

0.02115 

53.4 

1.48 

750,000 

0.01410 

65.2 

1.81 

1,000,000 

0.01057 

75.3 

2.09 

2,000,000 

0.00529 

106.5 

2.95 

3,000,000 

0.00352 

130 

3.62 

4,000,000 

0.00264 

151 

4.17 

5,000,000 

0.00211 

168 

4.66 


does not include the increase in resistance due to the greater length of 
the strands than of the finished stranded conductor. At temperatures 
above 25°C, x will be smaller than at 25®C. For conductors up to 
750,000 cm, x in Table III is less than 2; for larger conductors up to 
5,000,000 cir mils, x is less than 5. 

Spirality Effect 

The curves in Fig. 2 are plotted from formulas based on solid con¬ 
ductors^ those in Fig. 3 from formulas based on tubular conductors 
(non-stranded). Before these curves can be applied to stranded 
conductors, it is necessary to consider the effect of spirality on skin- 
effect ratios. It has been shown that the skin-effect resistance and 
internal-inductance ratios of a conductor, subdivided into parallel 
unspiraled strands which touch each other, are the same as for a solid 
conductor of the same material and cross section/ Any change in 
these ratios therefore results from spiraling and not from stranding. 
Spirality effect may either increase or decrease the regular skin-effect 
ratios, depending upon the cross section of the conductor, the number 
of strands, the method of spiraling, and the frequency. 

Spirality-effect resistance ratio is the factor by which the skin-effect 
resistance ratio of a solid conductor is multiplied to obtain the skin- 
effect resistance ratio of a stranded conductor of the same cross section 
of material. Tests^ on a 4/0 copper conductor of seven strands, six 
of these being spiraled around the center one (concentric stranding), 
pitch of spiral approximately 14.5 cm, at frequencies between 60 cps 
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and 5040 cps give a spirality-effect resistance ratio of approximately 
unity at 60 cps and also at approximately 1250 cps. Between these 
two frequencies, the ratio is slightly less than unity (between 0.987 
and 1.00). This ratio gradually increases above 1250 cps, reaching 
approximately 1.06 at 5040 cps. Subsequent tests® made at frequen¬ 
cies between 60 cps and 5000 cps on solid, 7-strand, 19-strand, and 
37-strand 4/0 copper conductors of concentric stranding show (by 
means of curves. Fig. 1, reference 8) that the 19-strand and 37-strand 
conductors have lower skin-effect resistance ratios than either the 
7-strand or the solid conductor, the 37-strand conductor having the 
lowest. At 60 cps, the spirality-effect resistance ratios for the 19- 
strand and the 37-strand conductors are slightly less than unity; at 
higher frequencies up to 5000 cps, this ratio is appreciably less than 
unity. From the curves, it may be seen that the 19-strand conductor 
will have unity spirality-effect ratio at some frequency above 5000 cps; 
a unity ratio for the 37-strand conductor, if it occurs, will be at a very 
much higher frequency. From these tests, the conclusion can be 
drawn that increasing the number of strands in 4/0 copper conductors 
of concentric stranding (provided this number is greater than seven) 
decreases the skin-effect resistance ratio for frequencies at least up to 
5000 cps. 

These data^’® on 4/0 copper conductors may be applied® to other 
conductors of the same type of stranding and number of strands, at 
the same values of x or ^f/Rdc- For a solid 4/0 copper conductor 
of standard annealed copper at 25°C and 5000 cps, ^f/Rdc =* 
VSOOO/0.05 = 316 and x = 0,0276SVf/RZ = 8.75. O n the basis 
of the test data discussed above, up to these values of y/f/Rdc and x, 
the spirality-effect resistance ratio will not be greater than unity for 
conductors of concentric stranding having more than 7 strands; for 
conductors of 7 strands, the spirality-effect resistance ratio will not 
exceed unity for values of v//i?dc and x up to 158 and 4.4, respectively. 
Within these limits of Vf/Rdc and x, and for conductors of concentric 
stranding, the skin-effect resistance ratio with spirality effect included 
will not be greater than that read from Fig. 2 for a solid conductor of the 
same circular mils as the given stranded conductor. 

For frequencies of 60 cps or less, the spirality-effect resistance ratio 
may be taken as approximately unity in a conductor of concentric 
stranding. The skin-effect resistance ratio is then read directly from 
Fig. 2 or Fig. 3, where Rdc is the d-c resistance of the given stranded 
conductor or of the solid conductor of the same circular mils of cross 
section. If Rdc of the stranded conductor, which is 2% higher than 
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Rdo of the solid conductor of the same cross section of material, is used 
to calculate Vf/R^c and x, ^f/Rdc and x will be approximately 1% 
lower, and the skin-effect resistance ratio R'/Rde read from Fig. 2 or 
Fig. 3 will be smaller than that read with x and Vf/Rde calculated 
from Rdc of the solid conductor of the same circular mils. This is a 
minor difference in 60-cycle systems, mentioned here to insure that the 
same value of Rdc is used when values read from curves based on equa¬ 
tions given by different authors are compared. See Example 4. 

For frequencies higher than 60 cps and for conductors of stranding 
and spiraling different from those of concentric stranding described in 
this chapter, additional test values of spirality-effect resistance ratios 
are required before Figs. 2 and 3 can be applied otherwise than ap¬ 
proximately. 

It has been pointed out,^ that spirality effect and also skin effect can 
be substantially eliminated if the separate strands are insulated from 
each other and completely transposed so that, in its turn, each strand 
occupies each position in the cross section. 

Stranded .^mular Conductors. The d-c resistances of stranded 
annular conductors with rope centers are from 3% to S% higher than 
those of tubular conductors of the same circular mils. (See Table IV, 
Appendix A.) On the assumption that the spirality-effect resistance 
ratio for these conductors at 60 cps is never greater than unity, Rdc of 
the given annular conductor can be used to calculate ^flRdc in Fig. 3. 
Actually, the difference in the skin-effcct resistance ratios read from 
Fig. 3 by using Rdc of the stranded annular conductor and Rdc of the 
tubular conductor (non-stranded) of the same circular mils is very 
slight. See Example 5. 

Example 4. Find R'/Rdc and L^Li for an annealed copper conductor of standard 
concentric stranding, 1,000,000 cir mils, at 60 cps and 70°C, assuming that spirality 
effect is negligible. 

Solution. For a solid conductor of 1,000,000 cir mils, Rdc per 1000 feet is 
10 ^71 y 10^ 

Rdc = — -[1 -f 0.00393(70 - 20)] = 0.0124 

1 X 10 

From [28], x - 0.0277 V60/0.0124 = 1.93. From Fig. 2, with x - 1.93, R'/Ra^ = 
1.07; Li/Li = 0.97.' From Fig. 3, with V//^ = V60/0.0124 -= 69.6 and t/d - 
0.5, R'/Rde = 1.07. _ 

If Rde of the stranded conductor is used to calculate ‘Vf/Rde, R'/Rde will be 
approximately 1.065. 

Example 5. Required: the effective 60-cycle a-c resistance at 70®C, when 
proximity effect is negligible, of an annular stranded annealed copper conductor of 
1,000,000 cir mils (nominal), 1,023,766 cir mils (actual), inside diameter 0.563 inch, 
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outside diameter 1.346 inches. The d-c resistance is increased 3% to allow for 
stranding and spiraling. 

Solution, Multiplying [17] by 1.03 to allow for greater length of the strands than 
of the finished conductor, 

10.371 X 10^ 

» 1.03 0.00393(70 - 20)] 

= 1.03 X 0.01212 = 0.0125 ohm per 1000 feet for 
stranded annular conductor, 

Rdc *= 0.01212 ohm per feet for the solid con¬ 
ductor of same circular mils 

With Rdc *0.01212, \/f/Rdc * 70.5. With Rdc * 0.0125, VfF^c * 69.5. 
t 1.346 - 0.563 ^ 

d 2(1.346) 

From Fig. 3 with t/d = 0.29 and VTT^ = 70.5 or 69.5, R^/Rdc * 1.035; R' - 
1.035 X 0.0125 *= 0.0129 ohm per 1000 feet. 

Proximity Effect 

The phenomenon of non-uniform current distribution in conductors 
has been divided for convenience into skin effect and proximity effect. 
Skin effect relates to the phenomenon of non-uniform current distribu¬ 
tion which is symmetrical about the axis of a round conductor. In a 
circuit in which the conductors are far enough apart for the current in 
any conductor of the circuit to have no appreciable effect on the current 
distribution in the other conductors, proximity effect is negligible and 
skin effect only need be considered. In such a circuit, the conductors 
are referred to as isolated. In overhead transmission circuits of con¬ 
ventional design, proximity effect is negligible. In the tables of 
Appendix B, Volume I, skin effect on resistance and internal inductance 
has been taken into account. 

Proximity effect combined with skin effect is a more complicated 
phenomenon than skin effect alone. The current distribution in the 
conductors and the resulting flux distribution both inside and outside 
the conductors when both effects are present is unsymmetrical about 
the axes of the conductors. As defined under [19], the proximity-effect 
resistance ratio R^'/R' is the ratio of the effective a-c resistance with 
both proximity effect and skin effect taken into account to the effective 
a-c resistance when the conductors are far enough apart for proximity 
effect to be negligible. Equations for the proximity-effect resistance 
ratios in tubular conductors involve all the independent variables 
encountered in determining skin-effect ratios; and, in addition, the 
spacing between conductors introduces an extra variable. 
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Pro3dmity-Effect Resistance Ratios for Single-Phase and Three- 
Phase Circuits of Identical Non-Magnetic Solid and Tubular Homo¬ 
geneous Round Conductors. In a comprehensive treatment of 
proximity-effect resistance ratios in single-phase and three-phase cir¬ 
cuits under balanced operation, A. H. M. Arnold^® has given equations 
and tabulated functions of x (defined below) for determining the 
proximity-effect resistance ratio R''/R' in a single-phase circuit of two 
identical tubular conductors, with solid conductors a special case. He 
also gives factors to be applied to R"/R^ in the single-phase circuit to 
determine R^'/R' in a three-phase circuit with symmetrical triangular 
spacing, and the average R''/R' in a three-phase circuit with flat spac¬ 
ing in which the center conductor is equidistant from the other two. 
The following assumptions are made: (a) the conductors are non¬ 
magnetic and long enough for end effects to be negligible; (b) the 
effects of capacitance and leakance can be neglected; (c) the magnetic 
field is perpendicular to the axes of the conductors and does not vary 
along the axes. 

The paper shows a highly satisfactory agreement between test and 
calculated values of effective a-c resistance over a wide range of the 
independent variables involved. To reduce the time and effort 
required in calculations, charts are given in this chapter from which 
proximity-effect resistance ratios can be quickly determined. These 
charts are based on the equations and tables, given in the paper,which 
are discussed briefly below. 

Single-Phase Circuit of Two Identical Conductors. The proximity- 
effect resistance ratio R''/R' in tubular conductors, with solid con¬ 
ductor a special case, depends upon three variables: //d, d/j, and x, 
where 

t/d = ratio of thickness t of tube to its outside diameter d {tid = 0.5 
for a solid conductor) 

d/s = ratio of outside diameter d of conductor to distance s between 
axes of conductors 

The independent variable x, defined in the paper in terms of /, d, and 
p in absolute units, is 



where p is the resistivity of the material in abohms (cm cube), and d 
and / are in centimeters, all at conductor temperature, and / is fre¬ 
quency in cycles per second. 
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Equation [29] may be rewritten: 


X = 



[30] 


where the area of the cross section A in square centimeters in terms of 
t arid d in centimeters is given by [16] for a tubular conductor. If 
[30] and [23a] are compared when m == 1» they are seen to be the same. 
Replacing p/A in abohms per centimeter by its value given in [24] in 
terms of Rdct 


X = 0.02768 



[31] 


where Rdc = d-c resistance of the conductor in ohms per 1000 feet at 
conductor temperature. 

For those who wish to consult the reference paper, it is emphasized 
that X calculated by [31] will be exactly the same as x calculated by 
[29], the equation given by the author. The use of [31] instead of 
[29], like the use of [28] instead of [23], eliminates the necessity of con¬ 
sidering change of resistivity and dimensions with temperature for 
conductors of constant mass. 

The proximity-effect resistance ratio R''/R^ for a single-phase cir¬ 
cuit in which the current in one of two identical conductors returns 
in the other is 



where R"/R' is the ratio of the effective a-c resistance of either con¬ 
ductor to that of an equal isolated conductor (see [19]). A, B, and C 
are functions of x and tjd which can be determined from tables given 
in the paper.^® When djs is 0.5 or less than 0.5, the following equation 
(here called approximate) is given: 


Rff 

(approx.) 



[33] 


Three-Phase Circuits. The proximity-effect resistance ratio for the 
three-phase circuit carrying positive-sequence currents can be obtained 
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from R!'/R! of the single-phase circuit having the same spacingi s 
between axes of conductors by applying a multiplier F. 

With equilateral triangular spacing s between axes of conductors, 
the multiplier is 


F^^l+\ 







[34] 


With flat spacing and the axis of the center conductor at a distance s 
from the axis of each of the outside conductors, the average multiplier 
•^ave for the three conductors is 




-f 


5 /d 


24 Vs 


16 


A^ 


[35] 


The multipliers Fe and Fo for the center and outer conductors are, 
respectively, 


Fc = 



[36] 



The positive-sequence proximity-effect resistance ratio in the three 
phase circuit is 

(three-phase) = F I ^ 

where R"/R' (single-phase) is given by [32], and F by [34]-[37]. 

Proximity-Effect Resistance-Ratio Charts 

Equation [32] does not lend itself readily to the construction of 
charts; but [33]-[38] contain only the variables A and d/s and are 
therefore easily plotted. Let the ratio of R^'/R\ calculated from [32], 
to R"/R' (approx.), calculated from [33], be Kc] then, 

W ^ I ^ (approx. )J [39] 

where Kc may be regarded as a correcting factor to be applied to 
R"/R! (approx.) calculated from [33] to obtain R"/R' given by [32]. 

Ke is a function of z, t/d, and d/s. When Kc is unity, R"/R' 
(approx.) from [32] and R"/R' from [33] are the same. When 
d/s ^ 0.5, Kc is unity for all values of z and t/d. 


(single-phase) 


[38] 
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Table IV gives Ke for z between 0 and 10 with various values of s/d 
and t/d from which Kc can be read directly or determined by interpola¬ 
tion. For d/s = 0.6 and 0.7, Kc at a given value of x is substantially 
the same for all values of t/d. For d/s = 0.8, Kc is given for t/d = 0.5 
(solid conductors) and t/d = 0 (tubes of zero thickness). For d/s ^ 
0.9, 0.95, and 1.00, Kc is given for t/d = 0.5, 0.1, and 0, except that Kc 
for t/d = 0 and d/s = 1.0 is not given for values of x above 3. From 
this table, it may be noted that, except for values of x less than 1.8, 
Kc is less than unity; if x ^ 1.8, the departure of Kc from unity is less 
than 1% for all values of t/d and d/s. For d/s = 0.6, 0.7, and 0.8, all 
departures of Kc from unity are small, the maximum departures being 
0.6, 1.3, and 2.5%, respectively, and they occur between x = 2.5 and 
3.5; for higher and lower values of x, the departure of Kc from unity is 
less than the maximum departure. 

Single-Phase Circuit. For a single-phase circuit of two identical 
solid or tubular conductors, A for substitution in [33] can be read 
directly from Fig. 4(a). In Fig. 4(a), x defined in [29] or [31] is 
abscissa, A (a function of x and t/d) is ordinate, and t/d is parameter. 
For values of x between 0 and 10, A corresponding to t/d = 0.5, 0.4, 
0.3, 0.2, 0,1, 0.05, 0.01, or 0 can be read directly. The insert in Fig. 
4(a) gives values of A for x between 10 and 50 with t/d = 0.5, 0.01, 
and 0; for x between 10 and 20, curves for t/d = 0.2 and 0.05 are 
included. 

When A and d/s are known, R''/R' (approx.) can be calculated from 
[33] or read from Part II of Fig. 4(6), as explained later. R^'/R' for 
the single-phase circuit is then determined from [39], after Kc has been 
read from Table IV. 

Three-Phase Circuit. For a three-phase circuit of equilateral 
triangular spacings, or of flat spacing with the axis of the center con¬ 
ductor at a distance s from the axis of each of the outside conductors, 
A and R''/R' for a single-phase circuit with the same distance ^ 
between axes of conductors are determined as described above. Fa or 
Faye in terms of A{d/s)^ is calculated from [34] or [35], or read from 
Part IV of Fig. 4(6). R"/R^ (three-phase) is then calculated from 
[38]. 

Quick Estimating Chart. Figure 4(6) is a composite chart for quick 
estimating purposes. It consists of four charts which are labeled I, 
II, III, and IV. 

In Part I, lower left-hand corner of Fig. 4(6), x is plotted versus 
v5^ with copper conductor of indicated sizes as parameter. The con¬ 
ductor resistances used in this chart are those for solid or tubular (non- 
strzmded) standard annealed copper conductors at 25®C. The Vf 
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TABLE IV 

CORRBCTIKG FACTOR Kt TO BE XppLIED TO PrOXIMITY-EfFECT RESISTANCE 

Ratio Calculated from Approximate Equation [33] 



scale extends from 0 to 20, including frequencies between 0 and 400 cps. 
Frequencies of 25,60,100, and 400 cps are indicated. For an indicated 
conductor size, x varies as the square root of the frequency. 

In Part II, upper left-hand corner of Fig. 4(6), A is plotted versus 
X with t/d as parameter. Part II is the same as Fig. 4(a), but to a 
smaller scale. 
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Fig. 4(a). Values of A versus x with t/d as parameter. (A. H. M. Arnold, reference 10.) 
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In Part III, upper right-hand corner of Fig. 4(6), R''/R' (approx.) 
is plotted versus A with d/s as parameter. 

In Part IV, lower right-hand corner of Fig. 4(6), Fa and Fave defined 
in [34] and [35], respectively, are plotted versus A{d/s)^, 

I^ocedure for Use of Fig. 4(6) with Conductors of Annealed Copper 
at 25®C. Calculate V^, d/s, and t/d (if the conductor is tubular). 
For a solid conductor t/d = O.S. 

Locate the intersection of Vf and the conductor of the given size in 
Part I in the lower left-hand corner of Fig. 4(6). Read and record 
X if d/s > 0.5. Pass vertically upward to the calculated value of t/d 
in Part II. Record A if the circuit is a three-phase one. Pass hori¬ 
zontally to the calculated value of d/s in Part III. Drop vertically 
downward and read R!^/R! (approx.) on the abscissa scale. 

If d/s > 0.5, determine Kc corresponding to x, t/d, and d/s from 
Table IV. Calculate R!^/R^ (single-phase) from [39]. 

For the three-phase circuit, read Fa or F^ve corresponding to {d/s)'^A 
from Part IV of Fig. 4(6). Then calculate R!^/R! (three-phase) 
from [38]. 

For conductors other than those of annealed copper at 25°C the proce¬ 
dure is the same as given above except that x is calculated from [31], 
Rdc of the given conductor at the given temperature being used, and 
Fig. 4(6) is entered at x in Part II. Part I is not used. 

For annealed copper conductors of temperature higher than 25°C, 
X calculated from [31] will be lower than x given by Part I of Fig. 4(6). 

Stranded Conductors. Although [32]-[38] are developed for solid 
and tubular (non-stranded) conductors, test values in the paper^^ 
indicate that they can be applied to stranded conductors. In this 
case, the outside diameter d is the actual outside diameter of the 
stranded conductor, and the thickness t is one-half the difference 
between outside and inside diameters. Within the degree of precision 
obtainable from the curves, it is unimportant whether Rdc of the 
stranded conductor or Rdc of the solid or tubular (non-stranded) con¬ 
ductor of the same circular mils is used in calculating x. In Part I of 
Fig. 4(6), the conductors indicated are solid or tubular (non-stranded). 
As previously pointed out, x calculated from Rdc of the stranded con¬ 
ductor will be approximately 1% lower than x calculated from Rdc of 
the solid conductor of the same circular mils. 

Example 6. In a single-phase circuit of solid 4/0 copper conductor of standard 
annealed copper, operated at 400 cps and 25®C, the distance between conductor 
centers is 0.575 in. (a) What is the effective a-c resistance r of each conductor of 
this circuit? (6) What is the average a-c resistance in a three-phase circuit, flat 
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spacing, of the same conductors with 0.575 inch betw^ei^ axes of the center conductor 
and each of the outside conductors? ^ 

Solution (a). From Table II, Appendix A: d — 0.460 inch, ** 0.0500 ohm 
per lOOO feet; d/s = 0.460/0.575 = 0.80; x = 0.0277^400/0.05 = 2.48; l/d - 
0.5. Also, from Part I of Fig. 4(i), x = 2.48. 

From Fig. 4(o) or from Part II of Fig. 4(5) with x = 2.48 and t/d = 0.5, A « 
0.496. From [33], or from Part III of Fig. 4(5), with A = 0.496 and s/d « 0.8, 
R"/R'(sipprox.) = 1.21. The correcting factor Kc from Table IV, corresponding 
to X - 2.48, t/d = 0.5, and d/s = 0.8, is Ke = 0.982. From [39], R"/R' = 0.982 X 
1.21 = 1.19. From Example 2, R'/Rdc = 1.17. Substitution in [19] gives r == 
0.050 X 1.17 X 1.19 = 0.0696 ohm per 1000 feet. 

Solution (5). From solution (a), A = 0.496 and d/s = 0.80. A{d/s)^ = 0.318. 
From [35] or from Part IV of Fig. 4(5), Fave = 1.067. From [38], (three- 

phase) = 1.067 X 1.19 = 1.27. The average a-c resistance of the three conductors 
of the three-phase circuit from [19] is 

f = 0.0500 X 1.17 X 1.27 = 0.0743 ohm per 1000 feet 

Example 7. A 60-cycle single-phase circuit operated at 70®C with conductors 
described in Example 5 has a distance of 4 inches between axes of conductors. What 
is the effective a-c resistance of each conductor? 

Solution. From Example 5, Rdc — 0.0125 ohm per 1000 feet, d = 1.346 inches, 
t/d = 0.29, and R* = 0.0129 ohm per 1000 feet. 

From [31], X = 0.0277^60/0.0125 = 1.92; d/s = 1.346/4 « 0.337. With d /5 = 
0.337, Kc = 1.000. From Fig. 4(a), with x = 1.92 and t/d = 0.29, A « 0.32. 
From [33] or Part III of Fig. 4(5), with A = 0.32 and d/s — 0.337, (approx.) == 

r!^/R' = 1.019. The effective a-c resistance r of each conductor is 

Rff 

r = R" = R' 0.0129 X 1.019 = 0.0131 ohm per 1000feet 

R 

Proximity-Effect Inductance Ratios for Single-Phase Circuits of 
Identical Non-Magnetic Conductors. Figure 2 gives the skin-effect 
internal-inductance ratio L[/Li in solid non-magnetic conductors 
versus x when m or x is defined in [28]. The inductance to 
neutral in a single-phase circuit with skin effect included, defined in 
[21], is applicable when the conductors are far enough apart for the 
non-uniform current distribution in the conductors to remain sym¬ 
metrical about their axes. In this case the proximity-effect inductance 
ratio is unity. As the spacing between conductors is decreased, in¬ 
ductance to neutral defined in [22] decreases. 

H. L. Curtis^^ has given equations from which may be calcu¬ 
lated. These equations involve series which he states (when inter¬ 
preted in terms of x defined in [28]) are not convergent for values of x 
higher than 4, approximately. As they converge slowly for lower 
values of x, their application is laborious. Fortunately, a complete 
set of calculations is given for a single-phase circuit of No. 2 copper 
wires at six different distances between conductors and four frequencies 
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which range from 500 to 3000 cps. Test results are also given. The 
maximum discrepancy between these observed and calculated values 
is 2% at / = 3000 cps and ijs = 0.94. At other and lower values of 


4 



Fig. S. Proximity-effect inductance ratios in single-phase circuits of solid non¬ 
magnetic round conductors. (H. L. Curtis, reference 11.) 

d/ 5 , the maximum discrepancy is 0.9%, and the average discrepancy 
of twenty-three observations is 0.4%. 

The given equation shows that is a function of z as defined in 

[28] and djs the ratio of diameter to spacing between axes of conductors. 
Figure 5 has been prepared by means of cross plots and interpolation 
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from the calculations given by the author. • In Fig. 5, z is abscissa, 
L”IL' is ordinate, and d/s is parameter, where z and L"/V are defined 
in [28] and [22], respectively. 

Example 8. (a) What is the impedance to neutral in the single-phase circuit 

described in Examples 2 and 6 under normal balanced operation? (b) What would 
this impedance be, if uniform current distribution is assumed in the conductors? 

Solution (a). From Example 6, x = 2.48, d/s =* 0.80, = 0.0696 ohm per 

1000 feet. From Fig. 5, /L* = 0.945. From Example 2, %\ = 0.0352. From 

[18], x' = 2ir/L' « [0.0529 (400/60) logio 2.50 + 0.0352] = 0.175 ohm per 1000 feet. 
From [22], = 2ir/L" = 0.175 X 0.945 = 0.165. The impedance to neutral, with 

skin effect and proximity effect upon both resistance and reactance taken into account, 
13 Z == 0.0696 +70.165 ohm per 1000 feet. 

Solution (6). If skin effect and proximity effect are neglected, current distribution 
in the conductors will be uniform. From [18] with s/d = 1.25, Z ** 0.050 + 
7(0.140 + 0.0383) - 0.050 +70.178 ohm per 1000 feet. 

In the above example in which the frequency is 400 cps, the effective 
a-c resistance is increased 39% by skin effect and proximity effect, 
while the reactance to neutral is decreased only 8%. At 60 cps, both 
of these effects would be less. As the effect of non-uniform current 
distribution upon reactance is always less than upon resistance, and at 
60 cps this effect is relatively small, the reactance corresponding to 
uniform current distribution is ordinarily used for 60-cycle circuits 
of non-magnetic conductors in non-magnetic media. In the case 
of effective a-c resistance, which affects power loss, a higher degree of 
precision is required. 

SELF- AND MUTUAL IMPEDANCES OF CIRCUITS IN 
MAGNETIC MEDIA 

If a circuit consists of straight cylindrical parallel wires of non¬ 
magnetic material in a non-magnetic medium such as air, its positive- 
sequence self-impedance can be calculated as previously illustrated in 
this chapter without the necessity of considering the magnetic circuits 
involved. This simple procedure is not possible for electric equipment 
in which the flux paths are in iron, as when the conductors are coils 
with iron cores or are surrounded by iron. The relations between 
electric circuits and their associated magnetic circuits are summarized 
briefly below. 

Electric and Magnetic Circuits. Current flowing in a closed circuit 
produces a magnetomotive force, determined by the ampere-turns of the 
circuit. Magnetomotive force produces magnetic flux. Magnetic 
flux or flux lines are closed loops which link the currents which produce 
them. Flux linkages with a circuit produced by current in the circuit 
are linkages of self-inductance. TJie number of linkages with the 
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circuit depends upon the magnetomotive force and the permeance of 
the flux paths. Some of the flux lines which link the circuit may also 
link other circuits. The flux linkages mutual to two circuits are link¬ 
ages of mutual inductance. The number of flux linkages with an 
electromagnetically coupled circuit depends upon the magnetomotive 
force producing the flux linkages and the permeance of the mutual 
flux paths. The time rate of change of the flux linkage with a circuit 
determines the voltage induced in the circuit. Inductances can be 
calculated or determined by test from the ratios of reactive induced 
voltages to the currents which produce them. The terms used here 
are defined below. 

Magnetomotive Force F. The magnetomotive force (abbreviated 
mmf) around any path in gilberts is 

F = OAirNi [40] 

where N is the number of turns linked by the path and i is the current 
in each turn in amperes. If the current is a constant d-c current, the 
mmf is constant. If the current is an alternating current, the mmf 
pulsates with the current and is in phase with it. If i is instantaneous 
current, F in [40] is instantaneous mmf. 

Flux Linkage tj;. In a coil carrying current, there is always some 
flux which does not link all turns of the coil. The flux linkage ^ in a 
coil of N turns is the sum of the number of flux lines linking each turn 
of the coil. The average linkage per turn is yp/N, 

Self- and Mutual Linkages. When two coils arc mutually coupled, 
part of the flux linking one coil will also link the other. Flux linkages 
are conveniently divided into self-linkages and mutual linkages. The 
self-linkage in a coil is the linkage due to current in that coil. Mutual 
linkage is the linkage in either coil due to current in the other coil. 
Leakage linkages in either coil do not link the other coil. 

In addition to the flux linkages due to current, there may be linkages 
resulting from residual magnetism. When flux lines pass through iron, 
some of them remain after the magnetizing force is removed. The 
iron, in effect, becomes a permanent magnet of definite, but usually 
unknown, polarity. In dealing with problems where residual mag¬ 
netism is important, the effects of maximum positive and maximum 
negative residual magnetism should both be considered. 

The effect of hysteresis on flux linkages resulting from current de¬ 
pends upon whether the current producing the flux is increasing or 
decreasing. With alternating current, the effect of hysteresis is dif¬ 
ferent in different parts of the cycle. These effects in many problems 
are small and can be neglected without serious error. Power losses 
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because of hysteresis, however, may be more important. They ^re 
usually lumped with eddy-current losses in the iron and determined by 
test under specified conditions. 

Permeance iP. Permeance depends upon the dimensions and 
permeability of the flux paths. For a path of length f, cross section 
and constant permeability /x, the permeance of the path is 

S’ = Y 


The permeability /x of air is unity. The permeability of iron varies 
through a wide range. For any given sample, it varies with the degree 
of saturation in the iron. When flux paths are in iron and air in series, 
and dimensions and permeabilities are known, the permeance of each 
section of the path may be determined separately; total permeance is 
then the reciprocal of the sum of the reluctances (reluctance is the 
reciprocal of permeance) of the various portions of the total path. 

Consider the two coils 1 and 2 of turns Ni and N 2 t carrying currents 
ii and ^21 respectively. The self-linkage in coil 1 at any instant 
due to the mmf Fi of coil 1 is related to the permeance JPn of the coil 


1 by the equation 

11 

m 

From [40] and [42], 



q> 'I'll 

“ 0.4iriVfii 

143] 

Likewise, 

q> '^'22 

OAtNIh 

[44] 


The permeance of the mutual flux path 9^i2 = 9^21 niay be expressed 
in terms of the flux linkage in one coil produced by the mmf of the other 
acting in the path of mutual flux: 


^21 


= Fi9 


21 


or ^ 29*12 

iVi 


[45] 


where the first subscript of ^ refers to the circuit in which linkages are 
produced by current in the circuit indicated by the second subscript, 
and F[ and F 2 are used instead of Fi and F 2 to indicate that the mmFs 
which produce mutual linkages may not be the same as those pro¬ 
ducing self-linkages. In closely coupled coils on the same iron core, 
F{ and F 2 are substantially equal to Fi and F 2 , respectively. If F' in 
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[45] is replaced by F from [40], for closely coupled circuits, 

g>2i = £Pi2 =- — -=- — - [46] 

QAtNiNzH OATNiNih ^ ^ 

Self- and Mutual Inductances of Static Circuits. If L is the self¬ 
inductance of the circuit in henries, i the instantaneous current in the 
circuit in amperes, and ^ the self-linkage due to the current i, then at 
any instant 

P = Li X 10* [47] 

where L may be a function of i. 

If saturation and hysteresis are negligible, L is independent of i. 
Then, expressed in henries, the self-inductance Lu of any circuit 1 is 

ill = ^ X 10-* = {)AtN\9u X 10-* [48] 


The mutual inductance L 12 between two circuits may be defined as 
the ratio of the flux linkage in one circuit produced by current in the 
other to that current. Expressed in henries, with negligible saturation 
and hysteresis. 


Li2 = 


= 0AwNiN29t2 X 10-« 


From [48] and [49], the self-inductance of a static circuit is directly 
proportional to the square of the number of turns, the mutual induct¬ 
ance between two circuits to the product of the turns in the two 
circuits. Inductance is directly proportional to permeance and, like 
permeance, is a circuit parameter which is constant in a static circuit 
when linear relations exist between current and flux linkages. 

Voltage of Self-Inductance. By Faraday’s law, when the linkages 
of a closed circuit change, a voltage is induced in the circuit equal to 
lO""® times the rate of decrease of linkages with respect to time. In 
volts, the induced voltage 6, is 

C.- = - ^ 10-* = -P^IO-* = -p{Li) [50] 

where p = d/dty the derivative with respect to time L 

If linear relations exist between current i in a circuit and linkage ^ 
with the circuit resulting from the current i, L is constant and [SO] 
becomes 

e, = -1,^= -Lipi) 


[51] 
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where i is in amperes, L is in henries, ei is an induced voltage rise in the 
positive direction of current flow. (See Volume I, page 16.) The 
voltage drop in the positive direction will have an opposite sign. 

In [51], let the current be sinusoidal; i may then be expressed by the 
equation 

i = Im, cos (at = cos 2vft [52] 

where Im is the crest or maximum value of the instantaneous current i, 
/ is frequency in cycles per second, and t is time in seconds. Substitu¬ 
tion of [52] in [51] gives 

d 

Bi = —L 3 “ (Im cos Iwft) = (2TfL)Im sin 2irft [53] 

at 

In [53], 2ir/L is the reactance x corresponding to frequency /. In 
vector notation, 

Ei = -jxl [54] 

where I and Ei are rms current and induced voltage, respectively, and 
the induced voltage rise Et in the direction of current flow is 90° in time 
phase behind the current (sin (at lags cos (at by 90°); but the voltage 
drop in the circuit caused by the current I is 90° ahead of the current. 

If [54] is compared with [51], it will be seen that [54] can be derived 
from [51], when the current is sinusoidal, without differentiation if 
p = d/dt is replaced by j2wf, Bi by E^, and i by /. 

If a voltage et is applied to the terminals of a circuit having resistance 
ri ohms and self-inductance Ln henries in series, which are independent 
of i, and positive direction of current flow is into the circuit, the induced 
voltage opposes the applied voltage. The total voltage rise in the 
same direction in the circuit, closed by the applied voltage, is zero; 
or the applied voltage is just equal to the voltage drop in the circuit. 
Therefore, 

Ct — Tii — Liipii = 0 [55] 

or 

et = riii -f Liipi [56] 

When the applied voltage et is sinusoidal and the self-inductance 
constant, the current will also be sinusoidal, and [56] may be expressed 
in terms of rms voltages and currents if /> = d/dt is replaced by j2ir/. 
Then, in vector notation, 

Et = (r\ + j2TfLii)Ii = (fi + jx\i)Ii = ZiiJi [57] 

where Et and Ii denote rms terminal voltage and current in circuit 1, 
respectively, and Zn is the self-impedance of circuit 1, 
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Voltage of Mutual Inductance. The voltage 621 in volts induced in 
circuit 2 by current ii in circuit 1 , when linear relations exist between 
current and flux linkages, is 

C 21 — db “^21 X 10 ® = ±/>^2ll0 ® = zbZ»2i/?ii [58] 

With sinusoidal current flowing in circuit 1, the voltage induced in 
circuit 2 is sinusoidal. When p = d/dt is replaced by j27r/, and 62 
and ii by £2 and /i, respectively, 


£2 = d=727r/£2lA = ± 7 x 21/1 [59] 

where I\ and £2 are rms current in circuit 1 and induced voltage in 
circuit 2 , respectively, X 21 is the mutual reactance between the circuits, 
and the sign zb indicates that the voltage £2 may be positive or 
negative. When the circuits are parallel, £2 is a positive voltage drop 
in the positive direction oi I 

Self-Impedance Determined by Test. With current as reference 
vector, the voltage Et in [57] consists of a component I\r\ in phase 
with the current and a reactive component I\Xii which is 90® out of 
phase with the current. When Ln is constant, and a sinusoidal 
voltage of fundamental frequency is applied between circuit terminals, 
the fundamental-frequency voltage drop in the circuit in the direction 
of current flow is equal to the applied voltage. The fundamental- 
frequency reactance x is the ratio of the reactive component of this 
voltage drop to the current; similarly, the resistance of the circuit is the 
ratio of the in-phase component of this voltage drop to the current. 

In circuits where saturation is appreciable, harmonic currents will 
be present when a sinusoidal voltage is applied across circuit terminals. 
These currents result from induced harmonic voltages which are short- 
circuited by the source of the applied voltage. In such circuits, it is 
convenient to define fundamental-frequency reactance in terms of 
applied fundamental-frequency current and the reactive voltage of 
fundamental frequency due to this current. 

The fundamental-frequency reactance x of a static circuit is the 
ratio of the fundamental-frequency component of reactive voltage 
drop in the circuit due to the fundamental-frequency component of 
current to this component of current. By this definition, funda¬ 
mental-frequency reactance x will vary with the degree of saturation; 
and it is constant only at no saturation. 

The equations and definitions given here are further discussed and 
applied in the chapters which follow. 
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CHAPTER III 


ELECTRICAL CHARACTERISTICS OF INSULATED CABLES 

The methods used in Volume I, Chapters XI and XII, to determine 
the positive-, negative-, and zero-sequence inductive impedances and 
capacitive admittances of overhead transmission lines, and in Chapter 
VI to derive the equivalent 11 or T of a line with distributed constants, 
can also be applied to cables. As with overhead transmission lines, 
cables are completely defined when circuit dimensions and materials 
are known. Because of the many types of cables, relatively long 
descriptions may be required before circuit dimensions, if not explicitly 
given, can be determined. The term cable is used in this chapter in its 
inclusive sense, signifying the manufactured product. A brief dis¬ 
cussion of the types of cables used in power systems will be given here; 
for more detailed information, see Bibliography at the end of this 
chapter. 

Types of Cables. Cables are classified as underground, submarine, 
aerial, depending upon location. They are classified by their protec¬ 
tive finish. The finish may be metallic: for example, a lead sheath; 
it may be non-metallic: for example, weatherproof braid. Cables may 
be equipped with armor, of which there are several types, depending 
upon location and use. They are classified according to the type of 
insulation. The insulation materials most widely used are compounds 
of rubber, varnished cambric, and impregnated paper. There are 
various grades of rubber compounds, and three types of impregnated 
paper insulation: solid, oil-filled, and gas-filled. Cables are classified 
as single-conductor, two-conductor, three-conductor, and so on, 
depending upon the number of conductors per cable; as shielded 
(type H) or non-shielded (belted), depending upon the presence or 
absence of metallic shields over the insulation. In multiconductor 
belted cable, each conductor is separately insulated; these insulated 
conductors are then cabled (twisted about each other), the interstices 
rounded out with fillers, and the whole wrapped with a belt of addi¬ 
tional insulation, over which is placed the protective finish. See Fig. 1. 
The belted cable with non-metallic finish may be shielded at the higher 
voltages by applying a shielding tape over the belt and under the finish. 
In multiconductor shielded cable, each insulated conductor is wrapped 
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with a thin metallic shielding tape (usually copper, 3 to S mils thidk). 
They are then cabled t<^ether with fillers, bound t«^ether by a binder 
tape, and provided with a protective finish. See Fig. 2. The binder 
tape may be magnetic (steel) but is usually non-magnetic (copper ot 
bronze) or non-metallic (rubberized tape, fibrous tape). In the type 
H cable, the shielding tape gives a radial configuration to the electro¬ 
static field and also aids in conducting heat from the body of the cable 
to the sheath or other finish.*'® 



Fig. 1. Belted cable. 

Standards and Specifications. The Insulated Power Cable Engi¬ 
neers Association (IPCEA) has prepared “ General Specifications fot 
Wire and Cable with Rubber and Rubber-Like Insulation,”® and 
“ Specifications for Varnished Cambric Insulated Cables,”* which 
have been approved by the National Electrical Manufacturers 
Association (NEMA) as adopted standard or recommended practice. 
The Association of Edison Illuminating Companies (AEIC) has pre¬ 
pared “ Specifications for Impregnated Paper Insulated, Lead Covered 
Cable, ‘Solid’ Type,”® and “Specifications for Impregnated Paper 
Insulated, Lead Covered Cable, ‘Oil Filled’ Type.”® They have also 
prepared “ Specifications for Impregnated-Paper-Insulated, Lead 
Covered Cable, ‘ Low-Pressure Gas-Filled ’ Type.”^ These standards 
and specifications give approved conductors, maximum allowable cop¬ 
per temperatures, and minimum thicknesses of insulation of a given type 
for various rated cable voltages in grounded and ungrounded systems. 
They also give maximum allowable power factor of a given type of 
insulation, approved thicknesses of lead sheath and of shielding tape 
and binder tape, and specify tests to be met on dielectric strength and 
bending. Tables and other information from these standards and 
specifications are included in this chapter and in Appendix A. 
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The purpose of these specifications is to insure the furnishing of 
cable of high quality. As specifications are frequently revised, it is 
reasonable to assume that all installed cables do not necessarily conform 
to specifications written after their installation. 

The rated voltage of a cable is its rated phase-to-phase voltage. 
“ Oil-filled and “ solid-type paper insulated cables have a normal 
operating tolerance of 5% above rated voltage for continuous opera- 
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Fig. 2. Type H cable. 

tion and 10% above rated voltage during emergencies of not more 
than IS minutes' duration. Varnished cambric insulated cables^ 
have an emergency operating tolerance of 5% above rated voltage. 
Emergency overvoltage should not exceed a total time of more than 
300 hours in any one year. In addition a short-time overvoltage 
tolerance of 10% above the rated voltage for not more than 15 minutes 
is allowed. For cables with rubber and rubber-like insulation,^ the 
permissible maximum voltage is the same as the rated voltage. 

Grounded System. Quoting from AEIC specifications:^’® “A 
systeip is considered to have a grounded neutral if the neutral is 
permanently grounded to earth and if facilities are provided to insure 
prompt isolation of a faulty element of the system." The tables of 
Appendix A at the higher voltages show less insulation for grounded 
than for ungrounded systems. 
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> Condtcctoxs. Practically all .cable conductora are of annealed cOpi>er 
’—^not hard-drawn as in overhead transmission circuits. Solid con¬ 
ductors are used in cables of small sizes, but comparative stiffness 
makes them undesirable for large cables. Their advantages over 
stranded conductors of the same current-carrying capacity are lower 
cost, smaller overall cable diameter, and less weight. Conductors 
smaller than No. 6 A.W.G. are usually solid; larger sizes are usually 
stranded. However, for special applications, solid conductors as 
large as 4/0 have been used. 

The stranded conductors used in fixed cable installations are of two 
types, standard strand and compact strand. (For portable use, 
conductors of greater flexibility are usually required.) Compact 
strand is made by drawing a stranded conductor through rolls so that 
the separate strands are pressed closely together, thereby making a 
conductor of smaller cross section which requires less insulation of a 
given thickness and has a smaller overall cable diameter. Compact 
strand conductors are round or sector. 

In three-conductor cable, the conductors are round (Fig. 1) or 
sector (Fig. 2). In single-conductor cables, they are round (including 
annular) or segmental. A segmental conductor consists of three or 
four separately insulated conductors operated in parallel. For the 
same voltage and load current, the segmental type of single-conductor 
cable requires less insulation volume and has a smaller overall cable 
diameter than the annular conductor. The conductors of two- 
conductor cables are round or D-shaped. 

Diameters and Resistances of Conductors. Table I, Appendix A, 
is a comparative wire gauge table. Tables II and III, Appendix A, 
give outside diameters in inches and d-c resistances in ohms per 1000 
feet at 25®C of solid and standard strand annealed copper conductors 
of 100% conductivity; Table IV gives inside and outside diameters 
and d-c resistances of annular conductors with rope centers. To find 
the d-c resistance Rt at any temperature t, in centigrade degrees, 

Rt = i?26[l + 0.00385(^ - 25)1 [1] 

where R 25 is the d-c resistance at 25®C read from Table II, III, or IV, 
Appendix A. 

Skin-effect resistance ratios for frequencies of 25 and 60 cps at 65®C 
are given in Tables III and IV, Appendix A. These ratios vary with 
temperature; they can be determined at other temperatures and 
frequencies, if required, from Fig. 2 or 3 of Chapter II. 

Proximity-effect resistance ratios can be obtained from Fig. 4 of 
Chapter II. 
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Thickness of Insulation. Tables V-XI, Appendix A, give approved 
thicknesses of insulation at various rated voltages (at date given) for 
the types of cable and cable insulation used in power systems. 

Characteristics of Insulation. The types of insulation used in power 
cable will be discussed with reference to the following characteristics: 
dielectric strength, resistance to ionization, resistance to heat, specific 
inductive capacity, leakance and dielectric loss, mechanical flexibility, 
and resistance to moisture. The effects of these characteristics on the 
maximum voltage rating of insulation will then be discussed. For 
any given cable installation, as in the selection of other equipment, 
where there is a choice between two or more types of insulation, either 
one of which will give satisfactory service, the most economical one is 
chosen, economy being based on yearly operating costs and length of 
life as well as on initial cost. 

Dielectric Strength. The dielectric strength of a material is defined 
as the critical field intensity or voltage gradient at which breakdown 
of the material occurs; it is customarily expressed in terms of volts 
per mil or kilovolts per millimeter. Dielectric strengths of samples of 
the same insulation vary with temperature, thickness of sample, dura¬ 
tion of voltage application, and to a lesser extent with wave shape of 
applied voltage and the configuration of the electrostatic field. Com¬ 
parison of the dielectric strength of different types of insulation should 
therefore be made under identical test conditions. Cable-insulating 
materials, in decreasing order of dielectric strengths, are paper, 
varnished cambric, and rubber. 

Consider a section of single-conductor cable consisting of a round 
conductor, insulation, and sheath. With sinusoidal voltage applied 
across the insulation between the round conductor and the sheath, the 
flow of current through the insulation is radial, and cross sections of 
the equipotential surfaces between conductor and sheath are circles. 
The variation of the voltage gradient along radial lines is non-uniform, 
being greatest at the conductor and least at the sheath. An increase in 
insulation thickness will increase the disruptive critical voltage of the 
insulation, but will not give a proportional decrease in voltage gradient 
at the conductor surface; it will not therefore allow a proportional 
increase in voltage rating. Determination of the minimum allowable 
conductor diameter for a given rated voltage is influenced by the 
potential gradient at the conductor surface. It will be noted in 
the tables of Appendix A that the minimum allowable diameter 
increases with an increase in rated voltage. 

On the basis of dielectric strength alone, with a conductor of suitable 
diameter, the maximum voltage rating of a given type of insulation 
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can be increased (but not in proporticm) by ixpreomng the thickness of 
the insulation until it becomes too bulky to warrant its use. Diel^- 
tric strength, however, is not the only factor that limits voltage rating. 

Resistance to Ionisation. A distinction is made between the vcdtage 
which causes a cable failure by disrupting the insulation and a voltage 
which produces ionization with possible deterioration of insulation. 
Ionization in cable insulation is local. It corresponds to corona at the 
surface of a conductor in an overhead transmission circuit; breakdown 
of cable insulation corresponds to flashover in air between conductors 
or between conductor and tower. Ionization in cable insulation is not 
ionization of the particles of the insulation itself, but of voids, gas, air, 
within the insulation, or of air at the insulation surface. Ionization 
of a particle occurs when the voltage stress across it is sufficient to 
disrupt it. Ionization is influenced by both heat and pressure, in¬ 
creasing with temperature and decreasing with increasing pressure. 
Ionization produces heat and, where air is ionized, ozone as well as 
heat. Ozone is very destructive to ordinary rubber compounds, but 
does not injure paper or varnished cambric; local high temperatures 
are also destructive to ordinary rubber compounds. Local heat in 
voids will damage impregnated paper or varnished cambric if it is 
sufficiently intense actually to bum the insulation in contact with the 
void or to raise the temperature of the surrounding insulation above 
its safe operating value. Deterioration, once started, may spread 
until breakdown occurs. It is important that the voltage rating and 
thickness of insulation be such as to reduce to a minimum the possi¬ 
bility of deterioration because of ionization. 

The contractions and expansions of a cable during temperature 
changes produce voids in paper insulation of the solid type, or in 
varnished cambric. By limiting the maximum operating temperature 
and thus the temperature variation, the formation of voids is limited. 
Impregnated paper, oil-filled type, has the highest resistance to void 
formation of any type of insulation, because the oil under pressures 
higher than atmospheric prevents the formation of voids during 
temperature changes. 

Resistance to Heat. The maximum approved copper temperatures 
(at date given) for the types of insulations used in power cables at 
various rated voltages are given in Table XII, Appendix A. These 
approved temperatures are based on the heating of the insulation due 
to load current in the conductors and on the effects of dielectric losses 
upon insulation temperatures. Although each type of insulation has 
a maximum approved copper temperature at rated cable voltage, some 
types of insulation deteriorate more rapidly than others if subjected to 
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temperatures above these rated temperatures. Ordinary rubber 
compounds belong in this class. 

Specific Inductive Capacity. The specific inductive capacity or the 
dielectric constant of any material (abbreviated S.I.C. and represented 
by K) is defined as the ratio of the capacitance of a condenser with the 
material as a dielectric to the capacitance of a similar condenser with 
air as the dielectric. For air, the S.I.C. is unity: jRT = 1. Table I 
gives the approximate S.I.C. of the types of insulation used in 
power cables with their power factors, which vary with temperature. 
Because of dielectric constants greater than unity and the smaller 
spacings used in cable circuits, the capacitances and charging currents 
of cables are very much higher than those of overhead transmission 
circuits of the same length at the same voltage. 


TABLE I 

Approximate Specific Inductive Capacities and 
Power Factors of Insulation at 60 Cycles per Second 



Rubber 

Varnished 

Cambric 

Solid 

Paper 

Oil- 

Filled 

Gas- 

Filled 

Approx. SIC (K) 

5 

5 

4.0 

3.7 

4.0 

Power factor 

Not over 5% 




1.5% 


Power Factor in Per Cent 


Temperature, 
Degrees C* 

Varnished Cambric^ 

Solid Paper® 

Oil-Filled* 

Single Con¬ 
ductor and 
Shielded 
Cable 

Multi¬ 
conductor 
Belted Cable 

8 Kv and 
Over, Rated 
Volts, Phase- 
to-Phase 

50 

6.0 

8.0 



60 

7.0 

10.0 

0.90 

0.60 

70 

8.0 

12.5 

1.5 

0.75 

75 

8.7 

14.0 

1.8 


80 

9.6 

16.0 

2.1 

0.90 

85 

11.0 

18.0 

2.5 

0.97 

90 



3.0 

1.05 


* Uniform temperature throughout cable. 
^ See Bibliography. 


Leakance and Dielectric Loss. Charging currents flowing through 
cable insulation have power components. These power components 
cause a leakance or dielectric loss. Above very low voltages, the 
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dielectric loss at a given temperature, and i>o ionization, varies as, the 
product of the leakance and the square of the applied voltage. At 
rated voltage and temperature, the dielectric loss W per unit length 
of a balanced three-phase circuit is 

W=^3lVatl% [2] 

where Vai is positive-sequence voltage to neutral and is positive- 
sequence leakance to neutral. Let 

cos 8 = power factor of insulation in per unit at given temperature 

Cl = positive-sequence capacitance to neutral in farads 

bi — IvfCi — positive-sequence capacitive susceptance to neutral 
in mhos 

Yi = positive-sequence admittance to neutral in mhos 
gi = positive-sequence leakance to neutral in mhos 

Then 

1^1 = gi + jbi = gi + j2nfCi - Vg{ -I- bi (cos 8 +j sin 8 ) [3] 

From [3], 

gi = v'g^ -I- bicos 8 [4] 

Solving [4] for gi, 

gi = bi —p^=== = bi cot 8 = (2ir/Ci) cot 8 [5] 

V1 — cos^ 8 

Replacing gi in [2] by its value from [5], at rated temperature and 
voltage, the dielectric loss IFi in a symmetrical three-phase circuit 
under balanced operation is 

Wi = 3\Vai\H2^fCi)cot8 [6] 

For practical values of insulation power factor (see Table I), 
cot 8 = cos 8 , approximately, and [6] becomes 

Wi = 317„i|2(2ir/Ci) cos 8 [6o] 

In [6] and [6a], if Foi is in volts and 2vfCu the positive-sequence 
capacitive susceptance to neutral, is in mhos p)er 1000 feet, W\ will 
be in watts per 1000 feet of three-phase circuit. 

Equations [6] and [6a] developed for a three-phase circuit can be used 
to determine the positive-sequence dielectric loss under balanced 
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conditions in a symmetrical single-phase or n-phase circuit if 3 is 
replaced by 2 for a single-phase circuit and by n for an »-phase circuit, 
Vai and Cl being positive-sequence voltage and positive-sequence 
capacitance to neutral, respectively. 

Alternate Formula, The formula for dielectric loss given in the 
Underground Systems Reference Book^ is 


0.000106e^/n2A: cos B 


watts per foot of cable 


where 


e = voltage to neutral in kilovolts 
/ = frequency in cycles per second 

n = number of conductors (» = 1 for single conductor or 
multiconductor shielded cables) 

K = S.I.C. of insulation 
cos 6 = power factor of insulation in per unit 

G = geometric factor, which is related to C by the equation 
G = 0m69nK/C 

C = capacitance in microfarads per 1000 feet of cable. 


This formula, which checks [6a], also checks [6] for practical values of 
power factor. Values of positive-sequence capacitance to be used in 
[6], [6a], or [66] may be obtained from Fig. 17 (explained later). See 
Example 7 for application of these equations. As the power factor of a 
given insulation increases with temperature (see Table I), dielectric 
losses also increase with temperature. 

Low dielectric loss is desirable for the following reasons: (a) For 
a given type of insulation, quality varies inversely with dielectric loss. 
This criterion, however, does not hold when different types of insula¬ 
tion are compared; for example, when paper is compared with 
varnished cambric. (6) A low dielectric loss permits a cable to carry 
a higher load without overheating than it can carry if the loss is high. 
This is particularly important on high-voltage cable, (c) The 
dielectric loss, being in evidence 24 hours per day, produces an ap¬ 
preciable increase in the annual operating cost of the cable, especially 
at the higher voltages. 

Flexibility and Resistance to Moisture. Rubber compounds have 
the highest mechanical flexibility and the greatest resistance to 
moisture; varnished cambric is second in both of these qualifications; 
paper is third. Paper insulation always requires a moisture-proof 
finish; varnished-cambric insulation may or may not, depending 
upon where it is used. Low-voltage rubber-insulated cables with 
jackets of rubber compound having a high abrasive resistance are 
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frequently buried directly in the earth in locations where overh^s^d 
wires are considered undesirable. 

All cables must be flexible to a certain degree, as they are subjected 
to twisting and bending during installation, and also during service 
because of temperature changes. Installation of insulated cable 
requires care and skill, as the cable must not be bent more sharply 
than the minimum permissible bending radius either during or after 
installation. 

Maximum Voltage Rating of Insulation 

Paper-insulated cable has the highest dielectric strength, the highest 
allowable temperature, and the lowest dielectric loss of any of the 
insulations used in power cables; it also has the highest voltage rating. 

Solid paper-insulated cable is impregnated with a heavy viscous 
filling compound to limit migration but which may not always fill 
up all the voids which may be formed during temperature changes in 
service. These voids are small, but their dielectric strength is low 
since they are usually at low pressure. The thicknesses of insulation 
used with paper of the solid type are those required to reduce the 
possibility of failure due to the ionization of voids within the insula¬ 
tion to a minimum rather than those dictated by the dielectric strength 
of the material. As an increase in insulation thickness at high voltages 
does not warrant a proportional increase in voltage rating, physical 
dimensions become the limitation to the maximum voltage rating of 
solid paper above 69,000 volts for single-conductor cables or 46,000 
volts for three-conductor cables. 

Oil-filled paper-insulated cable is impregnated with a relatively thin 
liquid oil, maintained at a positive pressure at eill times by means of 
reservoirs, which prevents the formation of voids. Without voids in 
insulation of a given thickness, a cable can be operated at a higher 
voltage and also at a higher temperature. Oil-filled cable has been 
used for voltages up to 138 kv for single-conductor cables, and 69 kv 
for three-conductor cables, and can be made available for voltages up 
to 230 kv for single-conductor cables and 115 kv for three-conductor 
cables — values which will probably be increased in the future. The 
minimum economic voltage for three-conductor oil-filled cable at 
present, under ordinary conditions, is from 33 to 40 kv; but such 
cable has been used for voltages as low as 15 kv, where space is impor¬ 
tant or where there are very wide temperature changes or very high 
temperatures, and as low as 27 kv, where reliability is essential. 

In gas-filled paper-insulated cabled the sheathed cable is first vacuum- 
dried and impregnated with a heavy oil. The surplus oil is then 
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drained out and the drained space filled with dry nitrogen ^ main¬ 
tained under pressure. As with oil, the gas keeps voids filled with 
fluid under pressure. There are three distinct types of gas-filled 
cable systems: low-pressure, medium-pressure, and high-pressure. 

Low-pressure gas-filled cable employs an ordinary single lead sheath, 
and working gas pressure is thereby limited to an average of 12 lb per 
sq in. to prevent sheath creepage in service. The use of low-pressure 
gas-filled cable is limited to 40 kv and below. However, this voltage 
range covers the majority of cable installations in this country. 
Insulation thickness is less than for solid paper but greater than for 
oil-filled paper of the same rated voltage. The thickness of the lead 
sheath is comparable with that for oil-filled cable. 

In medium-pressure systems, increased working gas pressure allows 
material reduction in insulation thickness. To obtain the necessary 
mechanical properties, a sheath of unusual strength is needed. At 
the present time, such a sheath is usually of reinforced construction, 
commonly used where excessive pressures are encountered in oil-filled 
systems. This means that it is possible safely to increase working 
gas pressure to 40 lb per sq in. or higher with a co^responding increase 
in voltage rating as compared with low-pressure systems operating at 
12 lb pressure. For the same voltage rating the corresponding reduc¬ 
tion in insulation thickness is about 30%. This particular type of 
medium-pressure system has an economic voltage range from 40 
to 69 kv. 

In high-pressure systems, at a gas pressure of 200 lb per sq in., the 
reduction in insulation thickness and increase in working voltage stress 
are on the^same basis as those for oil-filled cable systems. Full ad¬ 
vantage of high gas pressure operation can be safely realized by draw¬ 
ing the cable into a welded steel pipe line, this pipe line being buried 
directly in the earth. There is also available the self-contained 
high-pressure gas-filled cable with specially reinforced sheath suitable 
for 200 lb pressure, and designed for installation in ducts. In certain 
situations this self-contained type can be used more effectively than 
the pipe type. 

Varnished Cambric. The dielectric loss in varnished cambric limits 
its maximum voltage rating, not only because of losses during normal 
temperature conditions, but also because of the possible effects of 
ionization of voids in the insulation. The increase in losses caused by 
ionization produces a rapid increase in power factor which results in 
increased losses and further increases in temperature. By limiting the 
voltage rating and the maximum permissible operating temperature, 
dielectric losses are limited to safe values. 
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Rubber Compounds. Rubber compounds are listed^ as Code Grade, 
Intermediate Grade, 30% Grade, and higher grade special-performance 
compounds. The maximum voltage rating of Code Grade is limited 
by its dielectric strength. For the better grades, one limitation is 
ionization of air in voids which may exist at the surface of the con¬ 
ductor with the consequent destruction of the rubber. Another is the 
difficulty of applying the heavy walls of insulation required at the 
higher voltages. A third limitation is the difficulty of justifying 
economically the use of rubber insulation at the higher voltages. 

Code, Intermediate, or other compounds of grades lower than 30% 
are not acceptable^ for circuit voltages of 5001 volts and over. Spe¬ 
cial-performance rubber compounds which are heat-resistant, moisture- 
resistant, and ozone-resistant are listed in reference 3 (see Table V, 
Appendix A) for voltages up to 27,000 volts, but are rarely used above 
15 kv. 


CABLE DIMENSIONS 

The principal dimensions to be calculated in the determination of 
the electrical characteristics of cable circuits are distances between 
phase conductors and diameters of sheaths. 

Round Conductors. The outside diameters of solid, standard 
strand, and annular round conductors are given in Tables II~IV, 
Appendix A. Round conductors of compact strands have diameters 
approximately 10% less than those of conductors of standard strands 
of the same circular mils of copper. 

Spacing between Phase Conductors. For a three-phase circuit of 
sin^-conductor cables a, &, and c, the geometric mean distance 5 
between axes of conductors is 

5 ^uh^ttc^hc 

where Sab* ^ac» and stc are the distances between the axes of the con¬ 
ductors indicated by the subscripts. 

In a three-conductor cable, the spacings between conductors can 
be determined from the type of cable and the insulation thicknesses 
given in the tables of Appendix A. For belted-type cable with round 
conductors, s in inches is 

s-=d + 2T [7] 

For type H (shielded) cables with round conductors, 

5 » d + 2r + 


[ 8 ] 
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where d * outside diameter of round conductor in inches (For con¬ 
ductors of compact strands, multiply d of non-compact 
equivalent conductor by 0.9.) 

T == thickness of conductor insulation in inches 
t' = allowance for shielding tape in inches. 

The equivalent spacing s between sector conductors for use in cal¬ 
culating zero-sequence impedance may be evaluated from [9] after Di 
has been calculated, or it may be calculated from [7] or [8], if d is mul¬ 
tiplied by a factor^ between 0.82 and 0.86. (See Example 4.) 

Equations [7] and [8] apply to cables with paper or varnished- 
cambric insulation. The shielding tape used with paper insulation is 
always intercalated with paper, which gives an equivalent thickness of 
8 mils, or 0.016 inch for 2 t' in [8]. The shielding tape used with 
varnished cambric is 3 to 5 mils thick and may have a fibrous tape in 
addition for mechanical reasons, which gives approximately 8 mils, 
or 0.016 inch for the term 2 t^ in [8]. 

In rubber-insulated multiple-conductor cables, the belted construc¬ 
tion is not used. In both shielded and non-shielded three-conductor 
rubber-insulated cables, except at very low voltages, rubberized tape 
of 10 mils minimum thickness is used to protect the insulation. To 
include the effect of overlap, add 2 X 15 mils = 0.030 inch to s in [7], 
and use 2(15 -f 10) mils = 0.050 inch in [8] for 2t\ 

Core Diameter of Three-Conductor Cables. The calculated diam¬ 
eter of a three-conductor cable under the sheath, called the core 
diameter, is also the calculated inside diameter Di of the sheath. 

With round conductors, Di can be expressed in terms of 5, the spacing 
between phase conductors, from the geometry of a three-conductor 
cable. Multiplying s in [7] or [8] by [1 + (2/\/3)] and adding twice 
the thickness of the belt for a belted cable and twice the thickness of 
the binding tape for a type H cable, Di in inches is then increased by 
3% to compensate approximately for manufacturing tolerances: 

Di = 1.03(2.1555 + 2t) [9] 

where t is thickness of belt or binding tape. The thickness of the belt 
is obtained from the tables of Appendix A. For paper or varnished 
cambric type H cable, 12J mils is allowed for binding tape, giving 
2t = 0.025 inch. With rubber-insulated cable, the binding tape is the 
same as that used over the conductor insulation; allowing for overlap, 
2t in [9] = 0.030 inch. 

For sector conductors of standard strands (non-compact), Di in 
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inches is approximately* < i 

D, = 1.03[2VJ + 4.5 (r + t') + 2 t] [101 

For sector conductors of compact strands, Di in inches is approximately* 

Di = 1.03I1.85-/I + 4.44(r + t') + 2 t] [10a] 

where A = cross section of sector conductor in circular mils X 10"^ 

T = thickness of conductor insulation in inches 

= allowance for shielding tape in inches for type H (shielded) 
cable (For belted cables, /' = 0.) 
t — thickness of belt or allowance for binding tape in inches. 

Equations [9]-[10a] give calculated values of D^ increased by 3% 
to compensate approximately for manufacturing tolerances; they 
should not be regarded as exact. The recommended thicknesses of 
conductor insulation and belt, given in the tables of Appendix A, are 
minimum approved thicknesses. When actual thicknesses are known, 
these known values may be substituted in the above equations with the 
factor 1.03 omitted. 

Outside .Sheath Diameter. A pure lead sheath (99.85% lead^’*) is 
the standard finish for underground paper or varnished-cambric- 
insulated cables in ducts, and is sometimes used with rubber-insulated 
cables. Pure lead is susceptible to some forms of corrosion. It is 
liable to be damaged by electrolytic action, and it may fail because of 
crystallization under vibration. An alloy in the lead (usually 2% tin) 
makes the sheath more resistant to crystallization. Alloy sheaths are 
used in locations where resistance to crystallization is essential. 

The minimum thickness of lead sheath for various core diameters 
Di is given in Table II for the general types of insulation.®"^ The 
outside diameter Do of the sheath is 

= A + 2L [11] 

or 

Do = A + 2L(1.03) [11a] 

where D,- is given by [9] for a three-conductor cable with round con¬ 
ductors and by [10] or [10a] for sector conductors. L is the thickness 
of the lead sheath in inches. The factor 1.03 in [11a], as in [9Hl0a], 
may be applied to 2L to compensate approximately for manufacturing 
tolerance. When D* and L are given, [11] should be used. 

* Empirical formula; sector lay-off determines constants which differ somendiat 
in sector conductors made by different manufacturers. 
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TABLE II 

Recommended Thickness of Lead Sheath 


Rubber® and Varnished Cambric^ 


Core Diameter 


Thickness of Lead Sheath 

Inches 


64th Inch Mils 

0 -0.425 


3 

47 

0.426-0.700 


4 

63 

0.701-1.050 


5 

78 

1.051-1.500 


6 

94 

1.501-2.000 


7 

109 

2.001-3.000 


8 

125 

3.001 and larger 


9 

141 

Solid Paper^ 

Oil-Filled Paper® 

^ ^ Thickness of 

Core Diameter t j i. 

Lead Sheath 

Core Diameter 

Thickness of 
Lead Sheath 

Inches 

Mils 

Inches 

Mils 

0 -0.462 

75 

0 -1.459 

no 

0.463-0.648 

80 

1.460-1.644 

115 

0.649-0.833 

85 

1.645-1.830 

120 

0.834-1.018 

90 

1.831-2.015 

125 

1.019-1.203 

95 

2.016-2.200 

130 

1.204-1.388 

100 

2.201-2.385 

135 

1.389-1.574 

105 

2.386-2.570 

140 

1.575-1.759 

no 

2.571-2.756 

145 

1.760-1.944 

115 

2.757-2.940 

150 

1.945-2.129 

120 

2.941-3.126 

155 

2.130-2.314 

125 

3.127-3.311 

160 

2.315-2.499 

130 

3.312-3.496 

165 

2.500-2.685 

135 

3.497-3.681 

170 

2.686-2.870 

140 

3.682-3.867 

175 

2.871-3.055 

145 

3.868-4.052 

180 

3.056-3.240 

150 



3.241-3.425 

155 



3.426-3.611 

160 



3.612-3.796 

165 



3.797-3.981 

170 



3.982-4.166 

175 




See Bibliography. 


D-C Sheath Resistance. The d-c resistance of the lead sheath at 
any temperature fC can be calculated from [2] and [7] of Chapter II 
when the resistivity p and constant-mass temperature coefficient of 
resistance a are known. Assuming a resistivity po at 0®C of 
20.4 X lO"”® ohm (cm cube) and a temperature coefficient a© at 0®C 
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of 0.00411, r, at 40'’C is 

f. = ^tl + (40-0)ao] (121 

Ao 

where fo length and Aq is area of cross section at 0®C, Neglecting 
change in dimensions with temperature, or assuming that the calcu- 
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Fig. 3. Resistance of lead sheath at 40®C. (Resistivity of lead = 20.4 X 10^ 
ohm (cm cube), and constant-mass temperature coefficient 0.00411 at 0®C.) 


lated values of f and A apply at 0®C, r, in ohms per 1000 feet at 40®C is 




H2£><i2[l>ilM22 II+ 40(0.00411)] 

2.54(2>? - D\) ^ 


0.143 


fl2a] 


where Do and Di are outside and inside diameters, respectively, of the 
sheath in inches. 
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For any given core diameter Di and sheath thickness in sixty- 
fourths of an inch, r, in ohms per 1000 ft at 40®C can be read directly 
from Fig. 3. Calculations were made from [12a], the thicknesses of 
lead given in Table II and Dq given by [11] being used. If [11a] is 
used for Do instead of [11], r, will be approximately 97% of its value 
read from Fig. 3. 

POSITIVE. AND NEGATIVE-SEQUENCE IMPEDANCES 

The equations developed in Volume I and summarized in Chapter I 
of this volume for the positive- and negative-sequence self-impedances 
(Zii and Z 22 ) and mutual impedances ( 2 ^ 12 , ^ 21 » etc.) between the 
sequence networks of unsymmetrical static circuits are applicable to 
cables. See [7H12] and [59]-[63] of Chapter I. 



0 0.1 0.2 0.3 0.4 0.3 0.6 0.7 ae as uo 1.1 1.2 1.3 1.4 1.5 1.6 1.7 i.a 1.9 2 j0 
CONDUCTOR SPACING (CENTER TO CENTER) IN INCHES 

Fig. 4 . Single-conductor, standard strand, and three-conductor cables without 
magnetic binder (for small spacings). Ohms per 1000 feet to neutral, at 60 cycles. 

Equation [59] of Chapter I, which gives the positive- or negative- 
sequence self-impedance of a three-phase circuit of identical parallel 
cylindrical conductors of outside diameter d and geometric mean 
spacing 5 between conductors at any frequency/, is directly applicable 
to a three-phase circuit of single-conductor or three-conductor cables if 
uniform current distribution in the conductors is assumed. In ohms 
per 1000 feet, 

Zii = Z 22 — Ta+ jx = fa +j ^0.0529 ^ logic + x^ [13] 

where ra and Xi are resistance and internal reactance, respectively, of 
one conductor a, and x is total reactance to neutral. The internal 
reactance x,* for tubular conductors is given in Fig. 1, Chapter II; 
for eolid conductors and conductors of concentric stranding, Xi i§ 
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given in Table I, Chapter II. For the lar^e conductors of many 
strands used in power cables, Xi approaches that of the solid conductor; 
and [13] in ohms per 1000 feet l^omes, approximately, 

Zii = Z22 = fa ~{‘jx 

= r« + i ^ ( 0.0529 logio j + 0 . 00575 ) [13o] 

As explained in Chapter II, skin effect may increase r and decrease 
proximity effect may further increase r and decrease x the total re- 



CONOUCTOM SPACING (CENTER TO CENTER) IN INCHES 

Fig. 5. Single-conductor, standard strand, and three-conductor cables without 
magnetic binder (for large spacings). Ohms per 1000 feet to neutral, at 60 cycles. 

actance to neutral. Tables II-IV, Appendix A, give skin-effect resist¬ 
ance ratios at 65®C for frequencies of 25 cps and 60 cps; for other tem¬ 
peratures and frequencies. Figs. 2 and 3 of Chapter II may be applied. 

Equation [13], under the stated assumptions, also gives the positive- 
sequence impedance to neutral in a single-phase or a two-phase circuit, 
analyzed by positive- and zero-sequence symmetrical components 
(Volume I, page 297). 

Positive- or Negative-Sequence Self-Reactances from Curves. Un¬ 
less a high degree of precision is required, the influence of skin effect 
and proximity effect upon reactance may be neglected, and positive- 
sequence reactance to neutral (also negative-sequence, in a three-phase 
circuit) may be calculated from [13] or read from Figs. 4^. Figures 
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4 and 5 apply to round conductors of standard concentric stranding in 
single-conductor or three-conductor cable. Figure 6 applies to single¬ 
conductor annular cables. The internal reactance Xi is included in 
these curves. 

For sector conductors, the reactance is approximately that deter¬ 
mined from Fig. 4 or Fig. 5 for a round conductor of the same cross 
section and the same insulation thickness, multiplied by the corre¬ 
sponding correcting factor of Table III. 



Fig. 6. Single-conductor, annular cables. Ohms per 1000 feet 
to neutral, at 60 cycles. 


Three-Conductor Cable with Lead Sheath. In a three-conductor 
cable, the phases are completely transposed so that the circuit is 
essentially a symmetrical one. Positive-sequence currents flowing in 
the conductors induce no resultant voltages in the negative- or zero- 
sequence networks; nor do they induce voltages in parallel circuits. 
It is standard practice to ground the sheaths of three-conductor 
cables at each manhole and at their terminals. With positive-sequence 
currents only in the conductors, no resultant longitudinal voltage will 
be induced in the sheath, and no resultant longitudinal currents will 
flow. However, eddy currents will flow in the sheath (whether 
grounded or ungrounded) because the three conductors are not equi¬ 
distant from individual points of the sheath. Eddy currents in the 
sheath increase the effective a-c resistance of the cable. Shielding 
tape or non-magnetic binding tape in contact with the sheath has 
slight influence on positive-sequence resistance, but magnetic binding 
tape increases the positive-sequence reactance. Table III gives 
correcting factors for three-conductor cables with lead sheaths to be 
applied to the d-c resistances of the conductors given in Appendix A. 
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TABLE III 

60-CTCLB CoUtBCTING FACTORS FOR ThREE-CONDUCTOR CABLES* 


1 

Conductor Size, 
A.W.G. or 
1000 Cir Mils 

-— 1 

D-C Resistance, 
Ohms per 1000 
Feet at 70®C 1 

Positive- 
Sequence 
A-C Resistance 
Factor 

Positive-Sequence 
Reactance Factors 

Magnetic 

Binder 

Sector 

Conductors.. 

8 

0.765 

1.00 

■DH 


6 


1.00 



4 

0.303 

1.00 

1.26 


2 

0.191 

1.01 

1.26 


1 

0.152 

1.01 

1.26 


0 

0.120 

1.02 

1.26 


00 

0.0952 

1.03 

1.26 


000 

0.0755 


1.26 


0000 

0.0598 

1.05 

1.26 


250 

0.0506 

1.06 

1.26 



0.0423 


1.26 

0.971 

350 

0.0362 

1.08 

1.26 

.... 

400 

0.0317 

1.10 

1.25 



0.0254 

1.13 

1.25 


600 

0.0211 

1.16 

1.24 


700 

0,0181 

1.19 

1.24 

0.930 

750 

0.0169 

1.21 

1.23 

0.926 


* The correcting factors in this table were derived from reference 1. 


These correcting factors include proximity effect, eddy-current losses 
in the sheath, and stray a-c losses in addition to skin effect; dielectric 
losses are not included. Correcting factors to be applied to the 
reactances read from Fig. 4 or Fig. 5 to include the effect of a magnetic 
binder in three-conductor type H cables are also given in Table III. 
The correcting factors in Table III are empirical, evaluated from test 
data they should therefore be regarded as approximate. 

Example 1. Find the positive-sequence self-impedance of a 38.3-kv, three-oon- 
ductor shielded cable, with 500,000-cm sector conductors and solid paper insulation, 
at an assumed copper temperature of 70^C, with (a) non-magnetic binder, (6) steel 
binder. 

Solution. From Table III, r = 0.0254 X 1.13 = 0.0287 ohm per 1000 feet. 
From Table IX, Appendix A, insulation thickness is 375 mils. From [8], for round 
conductors, 

« - + 2r + 2/' - 0.81S + 2(0.375) + 0.016 - 1.581 inches 
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From Fig. 4» with s »» 1.581, 

xn n 0.0370 ohm per 1000 feet 

(a) Applying the reactance correcting factor 0.952 for sector conductors from 
Table III, the positive-sequence self-impedance, with non-magnetic binder, is 

Zn ® 0.0287 -hiO.0352 ohm j)er 1000 feet 

(5) With magnetic binder, 3Cii with non-magnetic binder is increased by the factor 
1.25 from Table III: 

Zii = 0.0287 + j0.440 ohm per 1000 feet 

Single-Conductor Cables with Open-Circuited Lead Sheaths. 

Cable circuits are usually of such low impedance compared to the 
impedance of connected apparatus that any physical dissymmetry 
which may exist in the cable circuit is very unlikely to produce an 
electrical unbalance of any but the smallest magnitude. For those 
few cases in which the impedance of the cable circuit is a governing 
factor, or where an extremely high degree of precision is required, the 
method of symmetrical components may be applied to advantage. 
It should be remembered, however, that in cases where impedances 
met by phase currents are independent of their sequence, or where 
zero-sequence currents are absent, the use of the self- and mutual 
impedances of the conductors (Chapter I, [52]-[56]) may give simpler 
solutions than can be obtained by the method of symmetrical com¬ 
ponents. This point is illustrated in the development of [18]. 

Equations for unsymmetrical three-phase circuits in terms of 
symmetrical components, developed in Volume I, Chapter VIII, are 
summarized in Chapter I of this volume. Equations [7]~[9] express 
the positive-, negative-, and zero-sequence voltage drops in a three- 
phase circuit in the direction of current flow in terms of /ai, /o 2 » ^ao and 
the sequence self- and mutual impedances of the circuit. Z in these 
equations represents impedance, the first numerical subscript referring 
to the sequence of the voltage and the second to the sequence of the 
current producing the voltage. 

In three-phase circuits of identical single-conductor cables with 
sheaths open-circuited and no current-carrying elements except the 
phase conductors, the positive- and negative-sequence self-impedances 
are given by [13] of this chapter. The mutual impedances between the 
sequence networks are given by [60H63] of Chapter I. When the 
cables are located at the vertices of an equilateral triangle, Sab = Sac = 
sifci and there are no mutual impedances between the sequence net¬ 
works. 

When the cables are unsymmetrically spaced, the dissymmetry 
produces mutual coupling between the sequence networks. Positive- 
sequence currents in the circuit therefore induce negative- and zero- 
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sequence series voltages in the circuit betw^ its terminals* These 
voltages, when impedances are finite, cause negative- and zero- 
sequence currents to flow in the unsymmetrical .circuit and the con¬ 
nected system. In a system with negligible capacitance, ungrounded 
or grounded at one point only, there will be no zero-sequence currents 
unless the unsymmetrical circuit is part of a closed loop in the zero- 
sequence network. In a cable circuit during normal operation, the 
negative- and zero-sequence phase currents will be small. Neglecting 
their effects upon induced voltages, the series voltages Va 2 and Vao 
induced in the negative- and zero-sequence networks between the 
terminals of the unsymmetrical circuit are 


Va2 = Ia\Z2l 


[14] 


where lai is the positive-sequence current in the circuit, and Z 21 and 
Zoi are defined in [61] and [63] of Chapter I in terms of circuit dimen¬ 
sions. The resulting negative- and zero-sequence currents in the 
circuit are, approximately. 


Va2 j Z2\ 
— — la\ 

222 222 


j VaO j Zqi 

iaO = - = ial- 

200 2oo 


[15] 


where Z 22 and Zqo are the series impedances in the negative- and zero- 
sequence networks, respectively, of the system to currents flowing in 
the unsymmetrical cable circuit. When the negative- and zero- 
sequence diagrams of the system are given, 222 and 200 can be cal¬ 
culated. 


Example 2. In a three-phase 60-cycle circuit of single-conductor cables with 
sheaths open-circuited, the positive-sequence current is 100 amp; determine the 
negative- and zero-sequence voltages induced in the circuit between its terminals 
when one cable is equidistant from the other two in (a) a right-triangular arrange¬ 
ment, (6) a flat horizontal or vertical arrangement. 

Solution, (a) Let conductor a be equidistant from conductors h and c. Then 
SiA “ SoGf and Shc = y/lsah- The choice of the reference phase a is arbitrary, affect¬ 
ing the phase of the induced voltage with respect to the reference vector but not its 
magnitude. 

From [61] and [63] of Chapter I, in ohms per 1000 feet of three-phase circuit, 
Zn - i0.03S3 logic (0.00S31) 

Zn (0.00266) 
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From [14], with lai ^ 100 amp per phase, 

\vai\ * |/oi22i| “ 0.53 volt per 1000 feet 
|»ao| ** |/oi2oi| = 0.27 volt per 1000 feet 

(h) In a flat horizontal or vertical arrangement of cables and Sac = Sab, Sbc = 2sabi 
the mutual impedances and induced voltages will be twice those given in (a). 

The negative- and zero-sequence cur¬ 
rents resulting from these induced 
voltages can be determined when the 
negative- and zero-sequence diagrams of 
the system are known. The induced 
voltages are series voltages, not voltage 
to ground, and the resultant currents 
depend upon series impedances (Volume 
I, page 244). 

Voltages Induced in Sheaths of 
Single-Conductor Cables in Three- 
Phase Circuits during Normal 
Operation. In Fig. 7, let a, b, c 
represent the phase conductors 
and Xy yy z the sheaths enclosing 
conductors a, by c, respectively. 
Let Z with two subscripts, refer¬ 
ring to conductor and sheath, indi¬ 
cate mutual impedance. With 
the sheaths on open circuit, the voltage drops Vyy and Vg induced 
in sheaths Xy y, and z in the direction of current flow by current lay /&, 
and Ic in the conductors, in terms of mutual impedances between 
conductors and sheaths, are 

Vx = laZax + IhZhx + IcZcx 

Vy = laZay + IhZhy + IcZcy [16] 

Vz = laZaz + IhZhz + IcZcz 

With positive-sequence currents only in the phase conductors, lay /&, 
and le in [16] are replaced by /ai, a^Iau and alau respectively, giving 

Vx = lali^Zax d" O'^Zbx "4“ 0>Zcx^ 

Vy = lal {Zay + + aZe^) [17] 

Vz = laliZaz + a^Zbz + aZcz) 

The mutual impedances in [17] have no resistance components; 
their reactance components are lirf times their inductances. In 
Chapter I, the mutual inductance between two parallel non-concentric 



Fig. 7 . Three-phase circuit of single¬ 
conductor cables, a, h, and c are the 
conductors; Xy y, and z are their respec¬ 
tive sheaths. 
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conductors is given by [56]; the mutual ^ductance between two 
concentric conductors is given by [57], and approximately by [58]. If 
[56] and [58] of Chapter I, where Do and Di are outside and indde 
sheath diameters, respectively, are substituted in [17], the induced 
sheath voltages in volts per 1000 feet of three-phase circuit are, ap¬ 
proximately. 


Vx = jiai 0.0529 


Do -h Di 



£ac\ 

Sab) 


Fi, 0-0529^ (logic 




F, = jalai 0.0529 


Do + D. 


c . . ^6c\ 

i 2 Sac/ 


where s is distance between axes of the conductors indicated by the 
subscripts (see Fig. 7). 

The induced sheath voltages given by [18] apply to single-conductor 
cables in a three-phase circuit carrying positive-sequence currents 
when their sheaths are open-circuited and no currents can flow in them. 
In this case, it is unnecessary to determine the positive-, negative- and 
zero-sequence components of sheath voltages, the magnitude of the 
maximum voltage induced in any sheath being the important con¬ 
sideration. 

Symmetrical Components of Induced Sheath Voltages. The three 
sheaths x, y, z may be regarded as a three-phase circuit, parallel to the 
three-phase circuit consisting of conductors a, 6, c. If the phase order 
in this circuit is x, y, z, and x, the sheath of conductor a, is selected as 
reference phase, the induced sheath voltages in [18] can be resolved into 
their symmetrical components Vxi, Fx 2 , and Fxo by [4H6], Chapter I, 
Xt y, z replacing a, 6, c, respectively, in the equations 

Vxo = —i/alO.OlTd ^ f iogio-+ j logic 

OU \ Sbc 2 Sab/ 

where s = ^'^SahSacSbej Ia\ is in amperes, and 7*1, 7x2, and 7*0 are the 
positive-, negative-, and zero-sequence induced sheath voltages, 
respectively, in volts per 1000 feet of three-phase circuit. 
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In a symmetrical circuit, Sab - Sae “ Sbe- If this -substitution is 
made in [19], Vx 2 = Vxo = 0. In a symmetrical circuit, the sheath 
voltages induced by positive-sequence currents are positive-sequence 
voltages. In an unsymmetrical circuit, there will be small com¬ 
ponents of negative- and zero-sequence induced voltages. For both 
symmetrical and unsymmetrical circuits, the positive-sequence 
induced voltage Vxi is given approximately by the first equation in 
[19]. If [57] of Chapter I instead of [58] is used to determine [18] and 
[19], Vxi is 

V., - JI., ^ [o.0529 (log.. I - log,, a) + 0.0115] [20] 

where lai is in amperes and Vxi is in volts per 1000 feet of three-phase 
circuit. Vx2 and Fxo are the same as given in [19]. The equations for 
Vxi in [19] and [20] are given in slightly different form in references 2 
and 10, respectively. 

Example 3. In a three-phase 60-cycle circuit of single-conductor cable with 
dimensions in inches, Sdb = Sac = 6; Shc *= 6v^2; Di = 2; Do = 2.25. The sheaths 
are open-circuited. With positive-sequence currents only in the conductors, 
(a) what are the magnitudes of the voltages induced in the sheaths, and (6) what 
are the positive-, negative-, and zero-sequence induced sheath voltages in volts per 
ampere per 1000 feet of cable circuit? (c) With positive-sequence currents of 200 
amp in the conductors of a circuit 5000 feet in length, determine the maximum sheath 
voltage and the positive-sequence sheath voltage. 

Solution, (a) From [18], in volts per ampere per 1000 feet of three-phase circuit: 

= 0.0529 ^logio - 0.0398 

- 0.0529 jlogio logic = I 0-0438 -H j0.0069 | = 0.0444 

, - I 0.0438 - J0.0069 | = 0.0444 

jaloi I 

(6) i = "^6 X 6 X 6 -n/2 = 6.74 

From [19], the symmetrical components of sheath voltage in volts per ampere per 
1000 feet of three-phase circuit are 

^ -i0.0529 (logic -i0.0424 

=70.0353 logic■= -70.0053 

ial V2 

F-n 1 

^ » -i0.0176 logic «i0.0027 

V2 


Vx 

Hal 

Vy 

jovial 
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if (20] is used instead of [19] to calculate Vsi. , 

[»•“” - TMi ■«" ¥) + '’■"‘0 

-i0.0424 
Jal 

For the degree of precision used here, there is no appreciable difference in this problem 
between Vxi calculated from [19] and [20]. 

(c) In 5000 feet of circuit, if lai = 200 amp, the induced sheath voltages are 

|7^| = |F,| * 200 X 5 X 0.0444 « 44.4 volts 
17*11 « 200 X S X 0.0424 « 42.4 volts 

Positive-Sequence Mutual Impedance between Conductors and 
Sheaths. In a three-phase circuit of single-conductor cables under 
normal operation, the phase currents are approximately positive- 
sequence currents. It has been shown that positive-sequence currents 
in the conductors induce voltages in the sheaths of single-conductor 
cables which are largely positive-sequence voltages in an unsym- 
metrical circuit, and entirely positive-sequence voltages in a symmetri¬ 
cal circuit. 

Let Zxaii = positive-sequence mutual impedance between con¬ 
ductors a, ft, r, and their sheaths y, z, treated as a three-phase circuit 
with phase order x, y, s. Then from [19], in ohms per 1000 feet, 
Zaxll is 

-0.0529i log., 3 :^ PIl 

If Zax 2 i ~ Vx 2 llai nnd ^axOl — Vxo/^au from [19] in ohms per 
1000 feet, 

„ ^x2 •rt noefk f ^ab^ae . ’^^3 ^ 

Zax 2 i = = jO.0352 — f logio-J -r- logic — J 

Ia\ 60 \ Sffc 2 Sah/ 

[ 22 ] 

z,«,. -J0.0176i(lo8„^5^+i^log„^) 

lal 60 \ Sifc 2 Sab/ 

Equations [21] and [22], when multiplied by /«i, give the symmetrical 
components of voltage induced in the sheaths by positive-sequence 
currents in the conductors. As voltages are induced in the sheaths of 
single-conductor cables during normal operation whether the circuit 
is symmetrical or unsymmetrical, these voltages must be limited to 
safe values. 
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Methods of Sheath Operation. Sheaths of single-conductor cable 
may be operated (1) short-circuited or (2) open-circuited. 

(1) If the sheaths are short-circuited, they are usually bonded and 
grounded at every manhole. This method reduces the sheath voltages 
to zero, but permits the flow of sheath currents. 

(2) There are several methods of operating with the sheaths open- 
circuited. In each, sheath insulators which insulate the sheath 
sections from each other are introduced at every manhole or as often 
as necessary. 

(а) When a ground wire is used, one terminal of each sheath section 
is bonded to the ground wire. The other terminal being open- 
circuited, no current can flow in the sheath. The voltage induced in 
each of the sheath sections during normal operation can be determined 
as described above. 

(б) With cross bonding, connections are made across the sheath 
insulators between the sheaths of cables a and 6, h and c, and c and a, 
so that the sheaths are transposed electrically, although the conductors 
are not. The sheaths may be bonded together and grounded at the 
end of each complete transposition. Voltages induced in the sheaths 
by positive-sequence currents add to zero in any complete transposi¬ 
tion if the three lengths involved are equal; if the lengths are unequal, 
there will be small residual voltages which will produce sheath currents 
if solid bonding is used at the end of each complete transposition. 
Zero-sequence currents will flow in the sheaths exactly as they would 
in a system with short-circuited sheaths. 

(c) The impedance bond consists of impedances introduced in each 
cable sheath across the sheath insulators or in the bond wires. This 
impedance tends to limit sheath currents to predetermined values 
without eliminating currents of any sequence. 

{d) Bonding transformers^^ are small three-phase transformers 
connected Y-A; the Y terminals are connected to the insulated sec¬ 
tions of cable sheaths at their ungrounded terminals; the neutral of 
the Y is grounded, and the A is operated on open circuit. Positive- 
and negative-sequence sheath currents meet the magnetizing imped¬ 
ance of the transformer and are thereby strictly limited in magnitude; 
zero-sequence currents meet the short-circuit impedance of the 
transformer since the A secondary acts as a short-circuited coil to 
currents of zero sequence. 

Skin Effect and Proximity Effect in Lead Sheaths. With a given 
core diameter Dt, and thickness of lead t, Rdcy the d-c resistance of the 
sheath in ohms per 1000 feet, is given approximately by Fig. 3. The 
outside sheath diameter Do(—d), the ratio t/d, and y/f/Rde can be 
calculated, and the skin-effect resistance ratio determined from Fig. 3 
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of Chapter IL At frequencies of 60 cps or less, it can readily^ be 
shown that the skin-effect resistance ratio is unity for the lead sheaths 
used in underground cable. 

The positive-sequence proximity effect resistance ratio for a three- 
phase circuit consisting of three lead sheaths can be determined from 
Fig. 4(6) of Chapter II when x( = 0.0277V7Z^), t/d, and d/s are 
known. At frequencies of 60 cps or less, the proximity-effect resistance 
ratio will not differ materially from unity for sheaths in separate ducts. 

Effective Positive-Sequence Resistance and Reactance of a Three- 
Phase Circuit of Single-Conductor Cables with Sheaths Short-Circuited. 
The positive- or negative-sequence self-impedance of three sheaths in 
separate ducts, treated as a three-phase circuit, can be calculated from 
[13]. If Xt in [13] is omitted and d replaced by the average sheath 
diameter {Do + Di)/2, the impedance in ohms per 1000 feet is, ap¬ 
proximately, 

2ll(aheath) = J ^0.0529 ~ logio ^ + jXg = Z, [23] 

The d-c resistance of the sheath can be read directly from Fig. 3 in 
ohms per 1000 feet at 40®C and corrected to agree with the actual 
temperature and sheath resistivity, if known. As previously pointed 
out, skin effect is negligible in lead sheaths at frequencies of 60 cps 
or less; the effect of proximity upon resistance is also negligible when 
the sheaths are in separate ducts. 

The positive-sequence self-reactance of the sheath in [23] and 
the positive-seq^uence mutual reactance Xazw between conductors 
o, 6, c and sheaths x, y, z in [21] are the same. If ZiK^heath) = Z, = 
To +jXa, then Zxall = jXs- 

In a symmetrical circuit, let lai and Ix\ be positive-sequence con¬ 
ductor and sheath currents, respectively. Let Vai be the positive- 
sequence voltage drop in the circuit ahc in the direction of lai- If 
Zii is positive-sequence self-impedance of circuit abc with the sheaths 
open-circuited, then, with the sheaths short-circuited, 

Va\ = 7'alZii + Ix\Zxal\ = Ia\Z\\ + Ix\{jXs) 

[24] 

0 = ^al^xall d" 1x1^8 ~ Ial{jXB) "4“ Ix\{^8 ”1“ jXs) 


where Zn is given by [13] for the phase conductors, Zxaii = jx^ by 
[21], and Z, by [23]. Solving [24] for Ixi and Vai in terms of /«!, 


hi 


-I«i 


jXa 

Tb + jXo 




[25] 
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The effective impedance Zn of a symmetrical three-phase circuit 
of single-conductor cables with sheath short-circuited and positive- 
sequence currents only in the phases is 


Zii =» Zii -f 


r» +jxt 
= r'li +jx'ii 



[26] 


The power loss P in the symmetrical three-phase circuit under normal 
operation in watts per 1000 feet of three-phase circuit is 

P = 31 hi iMi = 3| hi 1=* (fa + [27] 

\ “T Xg/ 


where lai is in amperes and r and x are in ohms per 1000 feet. In an 
unsymmetrical circuit, the loss is somewhat greater because of negative- 
and zero-sequence sheath currents. 

With the sheaths short-circuited, the effective a-c resistance of sym¬ 
metrical cable circuits to positive-sequence currents during normal 
operation is increased from fa to rji, the value given in [26], and the 
effective reactance is decreased. The sheaths of single-conductor 
cable in separate ducts are short-circuited only when the load current 
is low; otherwise the losses may be excessive. 

Cables in the Same Duct. When duct and cable dimensions permit, 
the single-conductor cables of a three-phase circuit may be drawn into 
the same duct. This is common practice in low-voltage circuits. The 
positive-sequence mutual impedance Z^aii between. conductors and 
sheaths given by [21] varies with the log of the spacings between sheath 
centers. With the cables in the same duct, this mutual impedance, 
and therefore the induced positive-sequence sheath voltages, are lower 
than with the same cables in separate ducts. With smaller induced 
sheath voltages, and the partial neutralization of these voltages because 
of contact between sheaths, sheath currents and losses are very much 
less than when the same cables are placed in separate ducts and 
bonded. 


ZERO-SEQUENCE IMPEDANCES OF UNDERGROUND CABLES 

Calculated zero-sequence impedances of overhead transmission lines 
show a satisfactory agreement with field tests when test values of 
earth resistivity are used in the zero-sequence impedance equations. 
Underground cables are influenced by the presence of miscellaneous 
underground or surface conducting materials, such as steel rails, water 
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pipes, gas mains, subway structures. Theoretically, if the ear^ 
resistivity and the resistances, internal reactances, configuration, and 
dimensions of all cable elements, including miscellaneous conducting 
elements extraneous to the cable system, are known, calculation of the 
zero-sequence impedances of cables (although lengthy) could be 
accurately made. This information, however, is difficult and often 
impossible to secure. When the nature of the miscellaneous conduct¬ 
ing material is unknown, accurate results can be obtained only by field 
tests. Even if a measurement is made today, it may be different a 
year from now, as subsurface construction of a conducting character is 
frequently being changed; for example, trolley tracks may be removed 
or water mains added or relocated. However, in Ccises when miscel¬ 
laneous conducting material extraneous to the cables is unimportant 
in its effect, or its characteristics are known, the formulas given herein 
are applicable. Formulas will be given in a form convenient for 
evaluating the effects of miscellaneous conducting material. When 
extensive tests shall have been made on the installed cable systems 
throughout the country, empirical terms based on the location of the 
cables can be determined for use in these formulas. Such empirical 
terms have been determined and published for a large cable system.^^’^* 

Equations are developed in Chapter XI, Volume I, for the zero- 
sequence self-impedances of overhead transmission circuits and the 
zero-sequence mutual impedance between parallel circuits, with and 
without ground wires, in terms of self- and mutual impedances of 
earth-return circuits. These equations are directly applicable to 
cable circuits with non-magnetic elements if grounded sheaths are 
regarded as ground wires. Sheaths not grounded, or grounded at one 
terminal only of insulated sheath lengths, may be disregarded, as no 
longitudinal currents can flow in them. 

The equivalent circuits developed in Chapter VI, Volume I, to 
replace two or more parallel three-phase overhead circuits in the zero- 
sequence network in terms of the zero-sequence self-impedance of each 
circuit alone and the zero-sequence mutual impedance between the 
circuits, taken two at a time, can be applied to all types of three-phase 
cable circuits. With three-conductor cables, and symmetrical circuits 
of single-conductor cables, there are no mutual impedances between 
the sequence networks. In unsymmetrical circuits of single-conductor 
cables there are mutual impedances between the sequence networks 
which are usually unimportant, but can be evaluated from the equa¬ 
tions of Chapter XI, Volume I, if required. 

The equations developed for overhead transmission circuit will be 
rewritten in a form more convenient for cable calculations. 
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Self- and Mutual Impedances of Earth-Return Circuits 

In Volume I, Chapter XI, Carson and Riidenberg^s^® equations for 
the self-impedance of a conductor with earth return and the mutual 
impedance between two conductors with common earth return are 
given and applied. Carson’s equations, developed for overhead cir¬ 
cuits, involve the height of the conductors above ground; in a later 
paper,^® he shows that the variation of impedance with distance below 
the earth’s surface is relatively unimportant. If it is assumed that the 
self- and mutual impedances with earth return of cable conductors and 
sheaths, at the usual distances below the earth’s surface, are sub¬ 
stantially the same as they would be at zero height above ground, 
Carson’s equations with A = 0 are applicable to underground cables. 
Except for a small difference in the reactance components, equations 
for the self- and mutual impedances of earth-return circuit with A = 0 
given by Carson are in agreement with those given by Riidenberg 
which are independent of A, the height of the overhead conductor above 
ground or the distance of the insulated conductor below the earth’s 
surface. 

Zaa^g^ the self-impcdance of any cylindrical conductor a with earth 
return, and Zab^g^ the mutual impedance between any two parallel 
non-concentric cylindrical conductors a and b with common earth 
return, are given by the equations 

Zaa—g ~ *4“ "h I^g "I" j^aa—g [28] 

Zab-^g = Rg + jXab—o [29] 


where 

Rg = resistance of earth-return path 

= TT^f abohms per cm = 0.095 ohm per mile 

= 0.018 ohm per 1000 feet [30] 

Xaor^g = component of self-reactance with earth return external 
to conductor a 

yTp 1 

0.0529 logio TT-r-+ 0.2335t 

(f)^ J 

ohms per 1000 feet [31] 

Xa)-g *= mutual reactance with common earth return between 
a and b 


£ 

60 
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- i(o- 

60 \ 


0529 logio 


s^y/f 


+ 0.2335* 


) 


ohms per 1000 feet 
132] 


where p = earth resistivity in ohms (meter cube) 

/ = frequency in cycles per second 
da = diameter of conductor a in inches 
Sab = spacing between axes of conductors a and b in 
inches 

fa and {xi)a = effective a-c resistance and internal reactance, 
respectively, of conductor a» 


The term conductor here includes sheaths, ground wires or any 
current-carrying circuit element which can be represented by an 
equivalent cylindrical conductor. 



INCHES DISTANCE BETWEEN CONDUCTORS OR RADIUS OF CONDUCTOR 


Fig. 8. Sixty-cycle mutual reactance between two conductors or sheaths with 
common earth return, or self-reactance of conductor or sheath with earth return 
if radius is used as abscissa, p « earth resistivity in ohms per meter cube. 


Reactances of Earth-Return Circuits from Curves. The self¬ 
reactance with earth return external to a conductor and the mutual 
reactance between two non-concentric conductors with common earth 
return at frequencies of 60, SO, and 25 cps are given in Figs. 8, 9, and 

* Carson's equations with A « 0 were used to derive Xaa^g and in [31] 

and [32], If Riidenberg's equations had been used, the constant term in [31] and 
[32] would be decreased by 0.0035 (f/60) ohms per 1000 feet. 
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INCHES'-DISTANCE BETWEEN CONDUCTORS OR RADIUS OF CONDUCTOR ' 

Fig. 9. Fifty-cycle mutual reactance between two conductors or sheaths with 
common earth return, or self-reactance of conductor or sheath with earth return 
if radius is used as abscissa, p - earth resistivity in ohms per meter cube. 
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INCHES - DISTANCE BETWEEN CONDUCTORS OR RADIUS OF CONDUCTOR 


Fig. 10. Twenth-five-cycle mutual reactance between two conductors or sheaths 
with common earth return, or self-reactance of conductor or sheath with earth return 
if radius is used as abscissa, p earth resistivity in ohms per meter cube. 
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10, respectively. The reactances in these charts were calculated f«om 
Carson’s equations'* with h = Q. When determining the self¬ 
reactance with earth return external to the conductor, the abscissa 
is d/2, the radius of the conductor in inches. When determining the 
mutual reeictance between two non-concentric conductors with com¬ 
mon earth return, the abscissa is s, the spacing between the axes of the 
two conductors in inches. The ordinates are reactances in ohms per 
mile. These reactances must be divided by 5.28 to be expressed in 
ohms per 1000/eeL 

Lead Sheath with Concentric Inner Conductors. The self-im¬ 
pedance with earth return of a lead sheath w may be obtained from 
[28], [30], and [31] if w replaces a in [28] and [31]. The internal 
reactance {xi)v> corresponding to the flux in the lead is small (see 
Fig. 1, Chapter II) relative to the impedance of the earth-return path. 
Neglecting this internal reactance. 


-'10 to—(If 


= f ,1, + + jX 


toto—® 


[33] 


The mutual impedance, with common earth return Zaw-^g between 
sheath w and a concentric inner conductor a, ft, or c, can be evaluated 
by allowing to flow in sheath w and return in the earth with no 
current in the conductors. In [33], Rg + jX^^g is the component 
of self-impedance of Zy)<iD^g external to the sheath. This component, 
which is the impedance of the earth-return path for current is 
also the component of mutual impedance with common earth return 
between w and a, 6, or c external to the sheath. There is, in addition, a 
small component of mutual reactance Xaw between w and a, 6, or c, 
produced by the flux in the lead with /«, flowing in the sheath. With 
the flux in the lead neglected, or the sheath assumed to be infinitely 
thin (but retaining its resistance r,!,), the following equation applies: 




•— Zfffjp^g — Zcw—Q Rg“\“jXauh—g'“^‘ 


tvw-^g 


” Rg“^jX <u)<uif^g [34;] 


where Rg is given by [30] and 


^at0—0 


^ tP10—0 


£ 

60 


0.0529 logio 


v; 




+ 0.2335 


ohms per 1000 feet [35] 


can be calculated from [35] in ohms per 1000 feet or 
read from Figs. 8-10 in ohms per mile with dyj/2 the radius of sheath 
w in inches as abscissa. 

If it is required to include the internal self-reactance of sheath 
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w and the mutual reactance between a and w internal to the sheath, 
[33] and [34] become 

+ ww—g + (*.) V) [33o] 

— ^g “h ji^aw-^g “t" ^ato) — “1“ jf “h ^aio) [34flt] 

The internal self reactance Xi is given by [S5] of Chapter I, or Fig. 1 of 
Chapter II; the mutual reactance Xaw internal to the sheath may be 
evaluated by subtracting [52] from [57] in Chapter I and multiplying 
by Irf. The internal mutual reactance Xaw is slightly higher than the 
internal reactance because all the flux in the lead caused by 

current in the sheath links conductor a, but there are partial linkages 
with the sheath w. If and Xaw are assumed to be equal, they 
can be evaluated by subtracting [52] from [58] in Chapter I and 
multiplying by lirf; then, approximately, 

/ 2D 

Mw = (xaw) = 0.0529 — logio ^ohms per 1000 feet 

oO Dq 


where Di and Do are internal and external sheath diameters, respec¬ 
tively, and Do is the same as dy, used in [35]. If the value of Xt = Xaw^ 
given above, is added to = Xaw-g in [35] there results 


{Xaw — g'\“^ at(?) — \Xww—g'\‘ (^4)10] 


60 L 


0529 logio- 7 ^ +0.2335 ohms per 1000 feet 

l{Di+Do)Vf J 


Equation [35a] differs from [35] in that the average radius of the 
sheath is used instead of the outside radius. Equation [35] gives the 
component of self-reactance with earth return of sheath w and the 
component of mutual reactance between a and w with common earth 
return, external to the sheath. With the flux in the lead caused by 
current lyj in the sheath neglected, the reactance given by [35] is the 
total self-reactance of sheath w and the total mutual reactance be¬ 
tween a and w with earth return; [35a] gives these total reactances to a 
slightly closer approximation than [35]. 

In the work which follows, and Zaw^g as defined in [33] and 

[34] will be used. Except in the case of three-conductor cables with 
magnetic binders (where it is convenient to divide the zero-sequence 
self-impedance into components internal and external to the sheath) 
[33a]-[35a] will replace [33]-[35] if the average radius of the sheath is 
used instead of the outside radius in determining Z^w-^g and Zavh^. 
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Three-Conductor Lead-Covered Cables ^ 

In cables with non-magnetic hinders^ the copper shielding tape and 
non-magnetic binding tape in contact with the lead sheath carry so 
little current that their influence on zero-sequence impedances can be 
neglected. With a magnetic binder, zero-sequence currents flowing in 
the phase conductors induce voltages in the grounded sheath and the 
steel binder in contact with it which cause currents to flow in them. 
As the self-impedance of the lead sheath is very much lower than that 
of the steel binder, only a small portion of the total sheath and binder 
current will return in the binder. The binder as a path for zero- 
sequence currents can be disregarded, but as a path for flux it must be 
considered. Zero-sequence current returning in the sheath (assuming 
no current in the binder) will produce no flux in the binder because 
there is no flux within a hollow conductor carrying current. The 
flux external to the sheath produced by sheath current is not affected 
by the magnetic binder, but the flux within the sheath produced by 
zero-sequence currents in the conductors is affected. 

R. L. Webb and O. W. Manz, Jr., in analyzing tests^^ made on the 
27-kv, 60-cycle type H cables with steel binding tape of the Brooklyn 
Edison Company, separated zero-sequence self-impedances into their 
internal and external components, the periphery of the cable being the 
boundary between components. This method is presented in greater 
detail in a report^^ of the Edison Electric Institute and Bell Telephone 
System to which reference is made in their paper. 

If zero-sequence impedance is separated into its internal and 
external components, the effect of the magnetic binding tape on internal 
impedance can be taken into account. Another advantage is that the 
effects of water pipes and gas pipes on the external impedance can be 
more easily evaluated. Also, where there are many sheaths in the 
same duct bank, calculations are simplified by this division. 

Notation. In Fig. 11, let a, b, and c indicate the phase conductors, 
/flO the zero-sequence current per phase, and w the sheath of cable abc 
whose zero-sequence self-impedance Zoo is to be determined. Let A, 
B, and C be the conductors and v the sheath of a parallel cable; the 
zero-sequence mutual impedance Zom between circuits abc and ABC is 
to be determined. Assume circuit ABC to be grounded but open- 
circuited; then no current will flow in conductors A, B, and C, but 
voltages to ground will be induced in them by zero-sequence currents 
in circuit abc. Positive direction for induced voltage drop in circuit ABC 
will be taken in the direction assumed as positive for /ao- Let u be 
the sheath of a third parallel cable. Other sheaths and miscellaneous 
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conducting material not indicated in Fig. 11 may be present. Let 
/«,, and be the currents in sheaths w, v, and «, respectively, and 
Ig the ground current. Let * n indicate additional sheaths, 
ground wires, or miscellaneous conducting elements, if present, and 
Ipt^ •• In their respective currents. The zero-sequence self-impedance 
of the circuit abc and the zero-sequence mutual impedance between 



Fig. 11. Diagram indicating distances between sheath centers of cable abc with 
sheath cable ABC with sheath Vt and an additional cable with sheath u. 


circuits abc and ABC will be represented by Zoo and Zom» respectively, 
with additional subscripts to indicate the grounded sheaths. Thus, 
Zoo^wv is the zero-sequence self-impedance with only grounded 
sheaths w and v. In the three-conductor cables abc and ABC with 
sheath w and v, respectively, the following relations exist between self- 
and mutual impedances (see [33] and [34]): 


Z‘u)y)—g ~ ix V) “f" *4" jX ww—Q ^ ^w "f" Zaw — g 

Zato—0 ~ Ziy^^g = Zcw—g “ B.g ”1” jXaw—g ~ Bg "f" jl^ww—’O 
— Zyjw—g w 

Zw—g ~ {ty + Rg) + jXvv^g — Tv + Za v—g 
Zav— g ~ —g ~ Z^-^^g = Rg -|- jXav— g ~ Rg jX^jy^g 


where and can be obtained from [12] or Fig. 3, Rg from [30], and 
X fono^g X(ixi)-m.g and Xm-g X^p^g from [35] or Figs. 8-10, corre¬ 
sponding to radius of the sheath w or v in inches. 

The distance between axes of conductors a, b, c and A, B, C is also 
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the distance between axes of sheaths w and therefore, from [29],» 

ZaA-^g “ ^0 *4* a ** Zyfv^g = Zav-^g Z/i^^g « Rg ir 


where the mutual reactances in [37] correspond to the distance 
between the centers of sheaths w and v and can be read from Figs. 
8 to 10. Equations corresponding to [37] can also be written for the 
mutual impedances between cables with sheaths w and w, or v and 
which correspond to distances and respectively. (See Fig. 11.) 

One Grounded Sheath vo. With sheath w of cable ahc grounded, 
and conductors a, 6, c connected in parallel, assume a voltage E applied 
between ground and one terminal of the conductors with the other 
terminal grounded. The voltage drop around the closed loop con¬ 
sisting of conductor a with ground return is 


E — laoi^Zaa—g “4“ Zab—g *4“ Zac —“I” IwZa 


[38] 


where /ao is the current in conductors a, 6, and c, and 7^, is the current 
in sheath w measured in the direction of 7ao. 

The voltage drop in sheath w with earth return is 

IwZyjW—^g ”4" ^^iloZfiyj^g = 0 

I. - - 37.0 ^ = -3U - IV - » 9 I 

^ww—g ^V) "i ^avo-—g 


In a three-conductor cable, Zab^g = Zac^g. If Iw in [38] is replaced 
by its value from [39], and [38] then divided by 7ao, 2oo-.«> (the zero- 
sequence self-impedance with grounded sheath w) is obtained. 


^qw—g 


ZoOmmmfO — — Zf^d^g { ^Zqjf^g 3 | » 

laO ^ V) \ "a 


= (Z«a-» + - 3Z„^J + 3 - [40] 

^ w \ ^av)—g 

The term in parentheses in [40] represents the internal component of 
zero-sequence self-impedance. In this term, three times the impedance 
of the earth-return path common to sheath w and conductors a, 

ft, and c is subtracted from Zaa^g + IZah^g, leaving only their internal 
components. The second term in [40] represents the external compo¬ 
nent of zero-sequence self-impedance when there is only one grounded 
sheath w. 

Zero-sequence equations will be expressed in general form before 
the case of one grounded sheath is discussed further. 

Internal and External Components of Zero-Sequence Self- 
Impedance. Let the zero-sequence self-impedance of circuit ahc with 
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grounded sheath w and any number of other grounded sheaths be 
expressed as the sum of its internal and external components 
and Ze, respectively. 


Z ^/ I /y I ^ €X 

00 = ^00 *T = Zoo “T o-7| ■ ~ 

ftp "t" Zga; 

where 

^00 ~ (^oa—flr "" ^^aw^g) 


[41] 

[42] 


Ze = 3 


f ipZg. 


+ Zc; 


[43] 


The impedance Zga; in [43] is the component of impedance in parallel 
with ftp, the resistance of the sheath w of the cable abc whose zero- 
sequence self-impedance is to be determined. The factor 3 in [43] 
expresses Zg on a per phase basis. Zga; depends upon the number of 
grounded sheaths, their dimensions and location, earth resistivity, and 
extraneous conducting elements. It is to be evaluated for a given 
system. 

Internal Component of Zero-Sequence Self-Impedance. Zqq is 

constant at a given temperature for a cable with non-magnetic binder 
and may be evaluated by substituting [28], [29], and [34] in [42]: 


/ 


^00 = i 


0.159^ logio 
ou 


\ 



\ 


+ Xi 


ohms per 1000 feet 


/ 


[44] 


where fa and Xi are effective a-c resistance and internal reactance of one 
conductor in ohms per 1000 feet; da and are outside diameters of 
conductor a and sheath w\ and the total reactance term in parentheses 
corresponds to the flux within the periphery of the sheath produced by 
zero-sequence currents in conductors a, ft, and c. 

The internal zero-sequence self-impedance Zqo for a cable with non¬ 
magnetic binder can be calculated from either [42] or [44]. If [42] is 

used, Xaa Xab—gi and Xaw—g (= Xfviv^g) can be read from Figs. 8 to 

10 and expressed in ohms per 1000 feet. As [42] requires the subtrac¬ 
tion of relatively large quantities of comparable magnitudes, a higher 
degree of precision will usually be obtained by using [44]. 

Cables with Magnetic Binders. If there is a magnetic binder, 
correcting factors can be applied to the resistance and reactance com¬ 
ponents of Zoo calculated from [44]. 

The internal zero-sequence self-impedance of a 60-cycle 27-kv three* 
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conductor shielded cable with sector conductors of 350,000 cir mijis, 
350-mil solid paper insulatiop, 4-mil steel binding tape, and outside 
sheath diameter of approximately 3 inches was determined by lab¬ 
oratory tests^^*^^ at various current densities. (Results recorded in 
Fig. 4 of reference 12 and Fig. 12 of reference 13.) As the zero- 
sequence current in the conductors was varied from a very low value 
to a value (3/ao = 545 amp, approx.) which saturated the binder, the 
resistance and reactance components of internal zero-sequence im¬ 
pedance increased to their maximum values of approximately twice 
their corresponding values at very low current density and then de¬ 
creased to their constant saturated values. At saturation, the zero- 
sequence internal-reactance component was approximately 35% 
higher than its value at very low current density; the resistance com¬ 
ponent was not appreciably different for its value at very low current 
density. 

The results of these tests can be applied approximately to other 
three-conductor cables with magnetic binders if the total zero-sequence 
current 3Iao is high enough to saturate the binder (600 amp, approx.). 
This is usually the case when line-to-ground faults occur on grounded 
cable systems. Under this condition, until further tests are available, 
it is suggested that correction to the resistance component of Zqq be 
neglected and the reactance component given by [44] be increased by 
35%. As the internal impedance is only part of the total impedance, 
errors in the internal resistance and reactance components do not 
produce proportionate errors in the total zero-sequence self-impedance. 

Zero-Sequence Currents in Grounded Sheaths and Ground. The 
current /«, in the sheath w meets the resistance fy ,; the balance of the 
return current — (3/ao + Iw) meets the external impedance Ze*, 
which is in parallel with r^- The current ly, in the sheath w and lex in 
Zexi in the direction of /ao. are 

/»=-3/ao—145] 

Tw + Zex 

r —. ir 

J-eX ^ , ry 

“P ^ex 

= - (3/„0 + /») = /» + /. + /« + ••• + In m 

lex includes currents in the ground, in grounded sheaths exclusive of w, 
and in miscellaneous conducting elements. 

Zero-Sequence Mutual Impedance between Parallel Three-Phase 
Cable Circuits. The voltage drop Vao induced in the phase conductors 
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of cable ABC with sheath v, in the direction of Jaot is 

T^O “ Iw^Av>—g~i~^v^Av—g~\~^u^Au—g'\' * * * "i* ^n^An—g [47] 

If ZAa-g and ZAw-g in [47] are replaced by Zwv--gf ^Au^g by Z^U^gf 
ZAn^g by Zvvr-gi Iw by its values given in [45], and [47] then divided by 
/ooi the mutual impedance Zom between circuits abc and ABC is 
obtained: 

Z Vao 

Owi I n "i' Y ^Av^g I ♦ 

■*o0 “i ^eaj -^oO ^aO 

+ * • • + “ Zvn--g [48] 

AaO 

Evaluation of Ze». The external impedance Ze can be determined 
from [43] after the impedance Zex in parallel with ty, has been evaluated. 
One method of evaluating Zex is to derive first the equation for 7^,, the 
current in the sheath of the faulted cable, and then equate this value of 
Iw to Iw in [45] and solve for Zex- Equations have been developed in 
Chapter XI, Volume I, for overhead transmission circuits with one, 
two, and three grounded wires. From these equations, Zex can be 
evaluated for one, two, and three grounded sheaths or groups of 
sheaths. 

An alternate method of evaluating Ze*, and deriving equations for 
Zqoj Zomt Iwj hf lui j Ig is by means of equivalent circuits. Both 
methods will be given. The procedure in determining Ze* by means 
of field test will be outlined later. 

One Grounded Sheath w (Continued). Equating Iw in [45] to Iw 
in [39] of this chapter, and solving for Zex9 

Zex ~ Zaw^o ~ Zww—g [49] 

With Zex known, Zoo~ti;i 7^, and Ig = lex are calculated from [41], 
[45], and [46], respectively. Iw and Zoo~w (previously derived) are 
given by [39] and [40]. As there is only one grounded sheath, 
7t, = 7tt - 7n = 0. From [46], 


-37ao- 


Tw 


+ Za 


[50] 


From [48], the mutual impedance between circuit ahc with grounded 
sheath w and any multiconductor cable with ungrounded sheath i;, is 


Zom^v) 


3r wZ wv^g 


[51] 
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Two Grounded Sheaths to and v. (See 11.) Equations [(i|] 
and [62] of Chapter XI, Volume I, give and in terms of K 
Ju, in [61] is equated to /«, in [45], Zex can be evaluated. The following 
equations give Z«« and /«: 

z,. = Za^g - ^ [52] 


Iv 


““3/aO 


T y) 

fio “f“ 



[53] 


Iv “1” Ig obtained by substitution of Zgg 
from [52] in [41], [45], and [46], respectively. 

The zero-sequence self-impedance Zoo-ii>t> of the circuit abc is 


-'00—wv 


= z5o + 


ir^Ztx 

’’id + Zft 


3r, 


= Zoo +' 


0 


•aw~~g 


7^ \ 

^w^g) 


0 


+ z, 


^aw^g 


yZ \ 
^vn—0 \ 

Zw^g) 


[54] 


Ig — /«* Iv — 3/< 


aO 


fw + Ze 


( Zyy^g (y \ 

Zyy^g / 


[55] 


Iwt Ivt and Ig are not in phase and therefore their vector sum — 3Jao is 
not as high as their scalar sum. 

The zero-sequence mutual imped^ce Zom—wv between circuits abc 
and ABC with sheaths w and v grounded, obtained by substitution of 
Iv/Iao from [53] in [48] with = 0, and ZAv^g replaced by 

Zyy—g Tyj IS 


ZyDV^g 

iry^fy - - 


Zom—tpv — 


-'vy—g 


7w + Ze, 



[56] 


When sheaths w and v are identical, 

Zyow^g * Zyy^g ~ r«, + -Rg + jXwu^g ^ Tv, + Zaw^g 
Zaw—g “ ZAv^g ~ i?g “h jXyoyo^g = ZyoyD^g Tyg 


Ty + Zav^Q 


Sheath w and Several Additional Identical Grounded Sheaths. 

The equations developed above with sheath w of cable abc grounded, 
and one additional grounded sheath v, are approximately applicable 
when there are several additional grounded sheaths x, y, z, etc., if 
Zw^g represents the equivalent self-impedance with earth return of 
sheaths y, z, etc., and ZaV-^g — Zygy^g is the average mutual im¬ 
pedance with common earth return between phase conductors a, b, c 
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(or sheath w) and sheaths x, y, s, etc. This average mutual impedance 
corresponds to the geometric mean distance between the center of 
sheath w and the centers of sheaths x, y, z, etc. The equivalent self¬ 
impedance is determined as follows: 

For two identical sheaths x and y : 

Z'ov—g ~ 2 + Zxy-—^ 


For three identical sheaths x,y,z\ 


3 {Zxx—g "h ^Zxy — g) 


[57] 


For n identical sheaths: 


^VV—g — \^xx-~g H" (w \)Zxy—g\ 

n 


where n is the number of sheaths in addition to sheath w ; Zxx—g is the 
self-impedance with earth return of any one of the identical sheaths 
X, y, 2 , etc., and Zxy^g is the mutual impedance with common earth 
return corresponding to the geometric mean spacing between the 
sheaths x, y, 2, etc. 

Replacing two or more identical grounded sheaths by one equivalent 
grounded sheath is based on the assumption that the sheaths, exclusive 
of the sheath w of the faulted cable abc whose zero-sequence self¬ 
impedance is to be determined, carry equal currents. This is the case 
only when they are equidistant from sheath w and, when there are 
more than two sheaths, equidistant from each other as well. How¬ 
ever, the use of one equivalent sheath to replace several other identical 
sheaths produces but slight error in calculated zero-sequence 
impedances. 

Sheath w and Two Additional Dissimilar Grounded Sheaths v and u. 

If the sheaths exclusive of sheath w are dissimilar, or if there are sheaths 
and ground wires, it is necessary to consider two additional sheaths v 
and w, or an equivalent sheath and a ground wire or its equivalent. 
In Volume I, page 399, equations are given for the currents 7^, and 
lu in three ground wires w, v, and u. These equations are applicable 
to sheath w of cable abc^ sheath v of cable ABCt and to an additional 
sheath or group of similar grounded sheaths u. If numerators and 
denominators of these equations are divided by {Zw-gZ^u-g — Z^u--g) 
and Iw equated to ly, in [45], the impedance and /„ and lu in terms 
of 7ao, can be determined. 


[ 


^avh^g ' 


iZyyu — ^uw—g^vn—g 


-2Z. 


v)v-—g^ wu~~g^vu^g 


gZv\ 


Zyy^gZx 


uu—g 


-Z\ 


'»u— 




[58] 
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Iv 

lu 


3/aO 

"^SlaO 


H" ^ex 
T w ^ex 


^wv—g^uu—g ^wu — gZtfu^g 

ZwUgZuu—g ^VUr 


^wu — g^w—g ^wv—g^vu—g 

Zw—^g^uu—g ^w—flf 


[59] 

[60] 


/w, lexi and Zoo-wvM are obtained by substitution of Zex in [45], [41], 
and [46], respectively. 

Ig = lex -Iv-Iv> [61] 


By replacing and lu in [48] by their values given by [59] and [60] 
and simplifying, the zero-sequence mutual impedance between circuit 
abc and circuit ABC with grounded sheaths w, v, and Uy is 


-'Om—wvtt 


= 3 



Zuu--gZwv—g 

Zwu-^gZvu —1 

“f“ Zex 

Zvv—gZuu—g 

- 72 

^tu—g J 



[62] 


Equivalent Circuit for Determining Zero-Sequence Impedances. 

The equations given above for three-conductor cables were evaluated 
from work previously done on overhead transmission lines with ground 
wires. These equations can also be derived from the equivalent cir¬ 
cuits of Figs. 12 to 14. 

Figure 12(a) shows two three-conductor cables abc and ABC with 
sheaths w and Vy respectively. Figure 12(&) gives the zero-sequence 
equivalent circuit constructed on a per phase basis: all elements in the 
return path are multiplied by three and all return currents divided by 
three. Arrows accompanying Iw/^^ ^v/3, and Ig/3 indicate the direc¬ 
tion of current flow — not that assumed as positive in deriving the 
equations. Z^(a) is the zero-sequence internal impedance of cable 
abcy Z()o{A) is that of cable ABC. 

A voltage E is applied between circuit abc and ground with the con¬ 
nection at A open. lao is the per phase zero-sequence current. 1^, 
Iv, and Ig are three times the currents at w, v, and g, respectively. 
The zero-sequence self-impedance of the cable abc is E/Iao. The 
voltage to ground Va at A is the voltage induced in circuit ABC. The 
zero-sequence mutual impedance between circuits abc and ABC is 
VA/Iao- If sheath w (or v) is open-circuited, the connection to ground 
is broken at w (or v). If sheaths w and v are both open-circuited, all 
the current returns in the ground: Ig/3 = —/ao» the external 
impedance Ze — 3Zaw.^g. If sheath w is grounded and v open-cir¬ 
cuited, equations [39], [40], and [49H51] are obtained. If both sheaths 
are grounded, equations [52J-[56] are obtained. The zero-sequence 
self-impedance of circuit ABC and the currents Iy,y /«, and Ig are 
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determined in a similar manner by applying a voltage at A between 
drcuit ABC and ground with the connection at a open. 

Figure 13(a) shows three three-conductor cables with sheaths tv, v, 
and «. Cable A 'B'C' with sheath u is equidistant from the other two. 
Figure 13(i), similar to Fig. 12(d), is the zero-sequence equivalent 

\» -Vr 


(a) 



Fig. 12, («) Two three-conductor cables with grounded sheaths. (6) Zero- 

sequence equivalent circuit for (a) with voltage to ground E applied at a. 

circuit of Fig. 13(a). The zero-sequence self-impedance per phase of 
any one of the three-phase circuits abc, ABC, or A'B'C' and the mutual 
impedances between it and the other two circuits can be obtained by 
applying a voltage to ground E at terminal a, A, or A', respectively, 
with the other two terminals open. Figure 13(6) can be used to 
deidve equations [S8]-[62] when s^u = Svuf and therefore « 
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Zvu-f With s„u Svut the equivalent drcmt of Fig. 13(6) is oon* 
structed without mutual coupling devices. If distances between the 
three cables are unequal, or if there are more than three deaths to be 
considered, the a-c network analyzer can be used to advantage. 




Fig. 13. (a) Three three-conductor cables with grounded sheaths, where one cable 
is equidistant from the other two. (6) Zero-sequence equivalent circuit for (a). 

A-C Network Anal]rzer Equivalent Circuits. Figure 14(a) shows 
three three-conductor cables and one additional grounded sheath, 
ground wire, or pipe indicated by p. Figure 14(6), which is a zero- 
sequence equivalent circuit of Fig. 14(a) for use on the a-c network 
analyzer, is similar to Figs. 12(6) and 13(6) except for the mutual 
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coupling transformers with 1 : 1 turn ratios. It is used in the same 
way to determine the zero-sequence self-impedance of any one of the 
three-phase circuits, and the zero-sequence mutual impedance between 
these circuits. Currents in sheaths and ground, with zero-sequence 
current in any circuit, are also similarly determined. 



Zq * 3(ZQw^-ZQv-g-'ZQy.g«Zgp.g) Zy » 3(ZA’y^*Zoy.g>Zyy.g«>Zyp.g*2Zgp^) 

*3(ZiSy-g-Zov-g-Zvu-g-Zyp-g*2ZQp-g) * ^^PP-9*^Vp-fl*^Up-Q'*^0p-p ) 

(b) 

Fig. 14. (a) Three three-conductor cables with grounded sheaths and one pipe, 

ground wire, or additional sheath P. (b) Zero-sequence equivalent circuit for (a) 
for use on an a-c network analyzer. 

The equivalent circuit of Fig. 14(6) can be extended to include any 
number of parallel cables with grounded sheaths, and any number of 
ground wires or pipes. Such equivalent circuits are limited only by 
the number of mutual coupling transformers available on the a-c 
network analyzer. For pipes which parallel cables, the required in¬ 
formation is their diameters and internal inductances. Their self- 
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impedances with earth return, and the mutual impedances with conji- 
mon earth return between pipes and sheaths or ground wires, can be ob¬ 
tained from [28]-[32]. Where two or more pipes can be replaced by a 
single equivalent pipe, the number of circuit elements is reduced. As 
previously stated, when the nature of miscellaneous conducting 
material extraneous to the cable system is unknown, accurate values 
of zero-sequence self- and mutual impedances can be obtained only by 
field tests. 

Determination of the Impedance Zex in Parallel with r^;, the Sheath 
Resistance of the Cable abc, by Means of Field Tests. Eex^ at a 
given location in a given system, can be determined by tests as follows: 
The zero-sequence self-impedance of circuit abc is determined by test 
as the ratio of the zero-sequence voltage applied to the circuit to the 
average current in the phases. 

Zoo I the internal zero-sequence impedance of circuit abc with sheath 
w is calculated from [44] for a three-conductor cable with non-magnetic 
binder; it may be determined by test for cables with magnetic binders, 
as described in reference 12 or 13. The resistance of sheath w is 
determined by calculation or test. Zext the external impedance in 
parallel with fy,, is then evaluated from [41] where Zoo represents the 
measured zero-sequence self-impedance of circuit abc. Zex* deter¬ 
mined in this way, includes all grounded sheaths (exclusive of sheath w ), 
ground wires, ground, and miscellaneous conducting material. The 
general effect of extraneous conducting material, which parallels cable 
circuits, is to increase the resistance component and lower the reactance 
component of Zex calculated with such conducting material neglected. 

Example 4 illustrates the calculation of zero-sequence impedances of 
three-conductor cables with grounded lead sheaths. In these calcula¬ 
tions, the resistance of the conductors is corrected for temperature and 
skin effect. No correction is made for proximity effect. (See discus¬ 
sion of zero-sequence proximity effect in Chapter II.) 

Example 4. Calculate the zero-sequence self- and mutual impedances, and the 
sheath and ground currents in terms of lao, of the 60-cycle three-conductor cables 
with grounded sheaths shown in Fig. 15. Distance between duct centers is 4 inches. 
As there are tap points between buses, the self-impedance of each circuit and the 
mutual impedance between circuits are required. All cables are identical belted 
cables with 300,000-cm non-compact sector copper conductors. Thickness of con¬ 
ductor insulation, belt, and lead sheath are -H^inch, ^ inch, and inch, respectively. 
It is estimated that conductor and sheath temperatures are 70®C and 40®C, respec¬ 
tively; and that the earth resistivity p is 100 ohms (meter cube). There are no 
cables with grounded sheaths other than those indicated in Fig. 15; and there are 
no known miscellaneous conducting elements. 

As a matter of interest, determine the zero-sequence self- and mutual impedances 
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which would result if all zero-sequence current returned in the ground, and also if 
all returned in the sheath of the cable whose conductors carry zero-sequence current. 

Solution, Let the three-conductor cable whose zero-sequence self-impedance is 
to be determined be ahc with sheath w. In Fig. IS, there are three cases to be con¬ 
sidered; (o) one, ( 6 ) two, and (c) four cables with grounded sheaths in addition to 
the cable ahc with grounded sheath w. 



Fig. 15. Duct line for Example 4. All cables are 300,000 cir mils sector three- 
conductor (copper), belted cables with ^% 4 -in. belt, 1 % 4 -in. conductor insulation, 

and % 4 -in. lead thickness. 

(a) Two Identical Cables in Duct Bank, Let the second cable be with sheath 
V, Equations [52]-[56] apply to this case. 

As thicknesses of conductor insulation, belt, and lead are given, the factor 1.03 
will be omitted in the calculation of sheath diameters. From [10] and [11], D< 
and Do are 

Di - 2 VO. 3 OO + 4.5 (^) + 2 (^) = 2.417 inches 

D, = 27< + 2 (^) = 2.417 + 0.250 = 2.667 inches 

From [12] or Fig. 3, = 0.113 ohm per 1000 feet = sheath resistance. From Table 

III, Appendix A, 

da 0.631 inch « diameter of round conductor of same circular mils 

— 1.006 ss approximate skin-effect resistance factor 

Rde 

Ta * 0.0423 (at 70®C) X 1.006 = 0,0426 ohm per 1000 feet « conductor 
resistance, corrected for temperature and skin effect 
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ft 


The equivalent spacing Sab - s between sector conductors, evaluated from [9] Ij^r 
replacing Di by 2.417, 2t by 2(^), omitting the factor LC3, and solving for is 


S » Sab 


2.417 - 0.406 
2.155 


0.934 inch 


Determined from [7] with d replaced by 0.836d, s ^ Sab - 0.836 X 0.631 + 0.406 = 
0.934 inch. From Table II, Chapter II, (xi)a = 0.00575 ohm per 1000 feet (ap¬ 
proximately that of a solid round conductor). From [28]~[35] and Fig. 8, in ohms 
per 1000 feet 

+ 0.006^ = 0.0606 +70.272 
= 0.018 +7^ = 0.018 +70.241 

Zu^ - Zw-e - (0.113 + 0.018) +j— = 0.131 +70.233 = 0 267/60.6* 

ZaxD—o = Zav-o — Ztow^g — 0.018 4-i0.233 
From Fig. 15, Su,v — SAa — ^ inches. 

Zun,^ = ZaA^ = 0.018 = 0.018 4* 7*0.208 = 0.209/85.0® 

5,28 ———— 


z, 


(0.0426 + 0.018) +7l 


./ 1.405 
\ 5.28 


The internal zero-sequence self-impedance from [42] is 

Zjo 0 0<506 -h 7*0.272 -h 2 (0.018 -|- 70.241) - 3 (0.018 jO.233) 

« 0.0426 -f 7*0.055 

Calculated from [44], for greater precision and for check, 

2.667 

Zjo * 0.4426 -fil 0.159 logio "i' ! ''’' _ ' + 0.0058 


“ 3/0.631 

\ 2 


(0.934)* 


0.0426 + 70.0553 


From [52], 


0.018 + 7 O .233 -• 


(0.209/85.0*)* 


0.267/60.6* 


= 0.018 + 70.233 - (-0.054 + 70.154) = 0.072 + 70.079 = 0.107 /47.7* 
f«. + - 0.185 + 70,079 = 0.201 /23.1* 

3r«,2« 


r® + Ztx 


0.1805 /24.6* = 0.164 + 70.075 


From [54], the zero-sequence self-impedance Zva-m of either cable on a per phase 
basis in ohms per 1000 feet is 

Zm-u^ - (0.0426 +^.0553) + (0.164 + 70.075) = 0.207 + 7 O.I 3 O 
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From [45] and [S3], 

0.107 /47.7' 

I„ - -3^<rii o2oi /2i P “ (0.532 /24.6” ) = -3Iao (0.483 +70.221) 

0.113 0.209 /85.0° 

J* » -^^<^0 201 / 231 ” ^ 0.267 /60.6 ° “ (0.439/^) 


= -3Iao(0.439 + jO.OlO) 

If = -(3/«o + /» + Iv) = -3Iaa (0.078 - 70.231) = -3/„o (0.243 /-71,3° ) 

From [56], the zero-sequence mutual impedance Zow^wv between the two circuits is 
/ /« 

Zo«-«ni = -rvy « 0.113 X3(0.439+jUOlO) = 0.149 +i0.003 ohm per lOOOfeet 


(b) Three Identical Cables in Duct Bank, From Fig. 15, the three distances 
between cable axes are unequal. In the general case of three or more cables in the 
duct bank, the zero-sequence self-impedances of the cables will differ slightly from 
each other, and the mutual impedance between any two cables will differ from that 
between any other two. The average zero-sequence self- and mutual impedances 
can be determined by replacing all cable except abc with sheath w by an equivalent 
cable ABC with an equivalent sheath ii, where Zw-g is defined in [57], and the mutual 
impedances with common earth return ZoA-h = Zwv^g corresponds to the geometric 
mean distance {gmd) between axes of sheaths. If x and y indicate the sheaths of 
the two additional cables, 

Z^oxh~o “ Ziox—g “ Zxoy^g — Zxy—g 

where this average mu tual impedance w ith common earth return from Fig. 15 

corresponds to (4) (8)^4^ + 8^ = 6.6 inches. 

In ohms per 1000 feet, 

1.03 

Z^^g * 0.018 +j— = 0.018 + j0.195 = 0.196/84.7** 

5.2o 


From part (u)» r^ — 0.113; Zxow—g — 0.131 +j0.233; Zaw—g — 0.018 +j0.233; 
^00 “ 0.0426 +j0.0553. From [57], with two sheaths in addition to sheath w, 

Zw—o “ h i.^xx—g + Zxy—g) = ^ (.Zftnv —g + Ziov—g) 

= i [(0.131+i0.233)+ (0.018 +i0.195)] = 0.0745 +i0.214 = 0.227 /70.8** 

i Ttt, = 0.0565 


Zav^ = Zvf^g - ft, = 0.018 +7*0.214 = 0.215 /85.1** 

= mutual impedance with earth return between any conductor A and 
sheath v of the equivalent cable which replaces the two additional cables 


With Zww—gt Zaw—gt Zw—gt and Zav-t known, equations (S2]-[S6] can be applied 


Z»-« 


(0.196/84.7°)* 

~ 0.m770F ' = 0 “ -0.025 + 70.167 
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From [52], 

Z„ = 0.018 +j0.233 - (-0.025 H-j0.167) - 0.043+j0.066 - 0.079 /56.9» 
r„ + Z„ = 0.156 +i0.066 =« 0.169/22.9° 


3y'toZcx 
ftp "1“ Zex 


3 X 0.113 X 0.079 /56.9° 
0.169 /22.9° 


0.158/34.0° 


0.131 + y0.089 


The average zero-sequence self-impedance of the three cables from [54] is 

Zo(^—wp — Zoo_wxy — (0.043 -|-/0.055) -|- (0.131 -i-j0.089) = 0.174 -|-^.144 
From [45] and [53], 

= -3/ao(0.466 ^34.0° ) = -3/ao(0.386 -1-/0.260) 

/» = -3/ao(0.575 /-9.0°) = -3/ao(0.568 -/0.090) 


If = -(37x0 -!-/»+ 7.) = -37,rt(0.046 -/0.170) 

Ix = Iv = \lv “ -37ao(0.284 -/0.045) 

From [56], the average mutual impedance between cables is 

I 

Zom-tpp = = _rp — = 0.098/9.0° = 0.097 -/0.015 

7oo - 


(c) Five Identical Cables in Duct Bank. This case is similar to part (6) and will be 
solved in a similar manner. With four cables in addition to cable abc with sheath w, 

» = 4 in [57] and the gmd between axes of cables is "n/"( 4)®(4\/2)*(8) (4\/S)* (8\/2) 
= 6.5 inches. In ohms per 1000 feet, 

Zm-o = 0.018 = 0.018 -f-/0.197 = 0.198/84.8° 

5.2o 

and Z'qq same as in parts (a) and {b) 

z„~t = + IZ,^) - .J^[(0.131 -I-/0.233) -f- 3(0.018 -1-/0.197)] 

= 0.046 -1- /0.206 = 0.211/77.4° 


r, - ^ = 0.028 

4 


Zav-q = Zm-t - rv = 0.018 -f-/0.206 

Z.™ . (0.198/84.8°)* 

- .. . . - 0.1855/92.2° - 

Z„-g 0.211 /77.4° - 

Z„ » 0.018 + jO.233 - (-0.007 -I-/0.185) 

r„ -f Z„ = 0.138 -I-/0.048 = 0.146 /19.2° 


-0.007 -f-/0.18S 

- 0.025 -t- /0.048 = 0.0541/62.5° 


3f«Z 


ex 


0.126 /43.3° - 0.092 -f-/0.087 


r«, + Z„ 
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From [54], the average zero-sequence self-impedance of the five cables is ^os-w* ■■ 
Zoo-«mxtM - (0.043 -t-j0.055) + (0.092 -i-i0.087) - 0.134 -l-i0.142 
From [45] and [53], 

0.0541 /62.5* 

/, - -3/.o - - - y^ = -3/ao(0.37l /43.3» ) = -37„o(0.270 -[-iO.254) 


4 


0.113 0.0198 /84.8° 

0.146 /19.2° ^ 0.211 /77.4° 


3/„o(0.715 /-11.8° ) 


- -3/«o(0.709 -jO.148) 

lo - -(3/oo -!-/« + 7.) = -37„o(0.021 - j0.106) 

The average current in the four additional sheaths is 

7* - 7x - 7, = 7, - = -37,o(0.181 /-11.8° ) = -37ao(0.179 - j0.037) 


From [56], the average zero-sequence mutual impedance between cables is 

ten “ ^Om—touxv* “ ~ 0.0601 — j0.0125 

laO 

= 0.0614 / — 11.8** ohm per 1000 feet 

If all zero-sequence current returns in the ground (which could happen only with 
ungrounded sheaths), the zero-sequence self-impedance Zoo of any one of the cables is 

Zoo “ Zoo—flr •f 2Za6-0 = Zjo + SZaw^g = 0.0966 + 70.754 ohms per 1000 feet 

The zero-sequence mutual impedance Zow between circuits depends upon the 
distance between circuits. With 5a^ = 4 inches, 

Zom = SZaA-o “ 3(0.018 + 7 O. 2 O 8 ) = 0.054 +7*0.624 ohms per 1000 feet 

If all zero-sequence current returns in the sheath w of cable abc (which could 
happen only with infinite earth resistivity and the sheaths other than w carrying no 
current), 

Zoo-to “ -^io + = (0.0426 + 7*0.0553) + 3(0.113) « 0.382 +7*0.055 

Ifg = — 3/aO 

If all the current returns in the sheath w of the cable carrying zero-sequence 
current, zero-sequence mutual impedances between cables will be zero. The voltage 
induced in a neighboring cable by the current in the three conductors will be com¬ 
pletely canceled out by the voltage induced by the same current returning in the 
sheath. 


Circuits of Single-Conductor Cables 

The sheaths of single-conductor cables may be operated short- 
circuited or open-circuited, as explained under “ Methods of Sheath 
Operation above. In determining zero-sequence impedances, there 
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are two general cases to be considered.: (1) np currents in the sheaths 
of the single-conductor cables and (2) currents in these sheaths, 

1. Sections of Cable Sheaths Insulated from Each Other with One 
Terminal Only Grounded, or Bonded to a Ground Wire or Grounded 
Neutral Conductor. As the sheaths carry no longitudinal currents, 
they may be ignored in the calculation of zero-sequence impedances. 
With no miscellaneous conducting elements, calculations are similar 
to those for overhead circuits of the same number of phases and the 
same number of ground wires, all grounded sheaths in the duct bank 
being treated as ground wires. 

Equations are given in Volume I, Chapter XI, pages 388-404, for 
determining zero-sequence self- and mutual impedances, and currents 
in ground wires and ground, in three-phase overhead transmission 
circuits with no ground wires, one ground wire, and two or three 
dissimilar ground wires. Equations for the zero-sequence self¬ 
impedances of single-phase and two-phase circuits with grounded 
neutral conductors are given in Volume I, page 428. These equations 
are applicable to three-phase and single-phase circuits of single¬ 
conductor cables, where no current flows in their sheaths, if all 
grounded sheaths in the duct bank are treated as ground wires. 

Voltages Induced in Conductors of a Multiconductor Control or Power 
Cable with Grounded Sheath, Of interest is the voltage induced in any 
conductor ^4 of a multiconductor control or power cable with grounded 
sheath v, by zero-sequence currents in a three-phase circuit abc of 
single-conductor cables with no currents in their sheaths. 

With sheath of the multiconductor cable groundedj but no other 
grounded sheaths or ground wires in the duct bank, the zero-sequence 
self-impedance Zoo-v of circuit abc, the current /v, and the mutual 
impedance Zom-v between circuit abc and any conductor A of the 
multiconductor cable are, respectively, 


z~ 

Zoo_ = Zaa + 2Zs5_p - 3 

163] 



T 

J^V = "-»5ia0 y ’ 

[64] 

^v\h-g 


rw Iv ^ Zot?—y 

Z^Ow—» — y. — 3rv y 

Lati ^vv —y 

[65] 


where bars over the subscripts indicate that geometric mean distances 
are used in determining mutual impedances. Thus ^ corresponds 
to S ^ ^SabSaeSbe ; ZaS-y Corresponds to *>5^ SavSbvSev$ Otc. 
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With a second grounded sheath or ground wire u in addition to 
grounded sheath v in the duct bank, as indicated in Fig. 16, 




■3/„o 


Zqy—g^uu —g ^au — g^vtt—g 

7 7 —7^ 

^w^g^utt—0 


■31, 


aO 


Zau—g^w—g Zav^gZ^u-^g 

Z^^O^gZuu—g Z^y^g 


[ 66 ] 

[67] 


^00—vtt Zaor-^g + IZah^g + Zav—g 

■^aO 


A- — Z- 

I j ^au- 


au—g 


[ 68 ] 


‘*0fnr~-vu 



[69] 


With more than one grounded sheath or ground wire in addition to 
grounded sheath v in the duct bank, [66]-[69] can be approximately 

applied if all identical sheaths in¬ 
cluding V are grouped into one 
equivalent sheath v, and all identi¬ 
cal ground wires into one equiv¬ 
alent ground wire u, Z^y^g and 
Zuu--g are evaluated from [57], and 
geometric mean distances are used 
in determining mutual imped¬ 
ances with earth return between 
equivalent sheath v and equiva¬ 
lent ground wire w, and between 
conductors and equivalent sheath 
or ground wire. 

With two dissimilar sheaths and 
a ground wire: if it is necessary to 
consider one ground wire (or group of ground wires) p and one 
grounded sheath (or group of sheaths) u in addition to grounded sheath 
V of the multiconductor cable, the currents /p, 7^, and U in terms of 
7ao can be calculated from the equations for currents in three dis¬ 
similar ground wires, given on page 399, Volume I, if replaces w 
in these equations. The zero-sequence self-impedance of a 

three-phase circuit of single-conductor cables with no currents in 
their sheaths and the mutual impedances Zom-pttv between circuit 
abc and a conductor A of the control cable with sheath v are, 



Fig. 16. Three-phase circuit ahc of 
single-conductor cables with open-cir¬ 
cuited sheaths, a multiconductor cable 
ABC with grounded sheath r, and a 
ground wire or additional grounded 
sheath w. 
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respectively, 

^OO—puv “ ^aa—g + IZah-^Q + Z-a^ 


!L 4- 7— 


^Om—pttv •“ I- 

/ 


Ll A. 7— h. 

-r ^ap^g j 
ioO *aO 


Equivalent Circuits for A-C Network Analyzer. When there are 
more sheaths and ground wires to be considered separately than can be 
conveniently handled by equations, solutions can be made on an a-c 
network analyzer if mutual coupling transformers are used. The 
equivalent circuit of Fig. 14(i) is applicable when there is a three- 
phase circuit abc of single-conductor cables with no currents in their 
sheaths, a grounded sheath (or group of grounded sheaths) w, a 
ground wire (or group of ground wires) p, and a multiconductor power 
or control cable ABC with grounded sheath if the connection be- 
tween w and ground is opened and the internal zero-sequence self¬ 
impedance Zoo(a) and the impedance are replaced by a single 
impedance Za at either location, where 


Zaa—p *4“ 2Z^_ 


4" Zav—g Zs 


The internal zero-sequence self-impedance Z'oq{A) and Z'oo(A') indi- 
cated in Fig. 14(A) are not required in determining the zero-sequence 
self-impedance of circuit abc nor the mutual impedance between circuit 
abc and any conductor A of the multiconductor cable with grounded 
sheath v. 


Example 5. Given: A 60-cycIe, three-phase circuit of 69-kv single-conductor, 
hollow core, oil-filled, lead-covered cables. The conductors are 1,100,000 cm stranded 
conductors of 1.365 inches outside diameter and 0.650 inch inside diameter. Insu¬ 
lation sleeves are introduced in the sheaths at manholes, the sheath being grounded 
on only one side of the sleeves. The cables are in separate ducts of a duct bank of 
eight ducts, arranged two across and four deep with 6 inches between duct centers. 
The three-phase circuit occupies the two first-row ducts and one second-row duct. 
In the other second-row duct, a multiconductor control cable with ground sheath 
and a 4/0 hard-drawn copper ground wire have been installed. The diameter of the 
control cable under the lead is 0.816 inch; lead thickness is 5/64 inch; outside 
diameter is 0.972 inch. The four lower ducts at present are empty, but a second 
identical three-phase circuit of 69-kv single-conductor cables will be installed later. 
It is estimated that earth resistivity p is 100 ohms (meter cube); copper temperature 
of power cable is 75°C; control cable sheath temperature is 40®C; and ground wire 
temperature is 25°C. 

(a) Determine the zero-sequence self-impedance of the three-phase cable circuit, 
the currents in sheath, ground wire and ground, and the voltage induced in a con¬ 
ductor of the control cable in terms of the zero-sequence current per phase in the 
three-phase circuit. Determine also the voltage induced in a conductor of the 
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control cable, (b) with the ground wire removed, and (c) with the ground wire re¬ 
moved and the sheath of the control cable on open circuit, (d) Repeat (a), assuming 
that the second three-phase cable circuit has been installed. 

Solution, (a) Let a, 6, c be the conductors of the installed three-phase cable 
circuit, A any conductor of the control cable with sheath and u the ground wire. 
The arrangement is similar to that of Fig. 16, except that u and v are in the same duct. 

Equations [66]-[691 are applicable for part {a). 

Sab ~ Sav =*JiS = V6X6X 6\/2 = 6.73 inches 

Under the assumption that u and v are in contact, Svu = 2 tfv + ^u) = 0.747 inch. 
If the ground wire is buried in the concrete or installed in another duct, Svu will have 
a higher value. 

From Volume I, page 500, d„, and X£ for the 4/0 ground wire at 25®C are du = 
0.522 inch; = 0.276 ohm per mile; Xt = 0.039 ohm per mile. 

The d-c resistance of conductors a, 6, and c from [17], Chapter II, at 75®C, in¬ 
creased by 3% to allow for spiraling, is = 0.0118 ohm per 1000 feet. (di)a = 
0.650 inch; (do)a = 1.365 inch. From Fig. 3, Chapter II, the skin-effect resistance 
ratio, with VflRdc = 71.5 and t/d = 0.26, is 1.028. ra = 0.0118 X 1.028 = 0.0121 
ohm per 1000 feet. Conductor internal reactance Xi corresponding to di/do — 
0.650/1.265 - 0.48, read from Fig. 1, Chapter II, is 0.0038 ohm per 1000 feet. 

From Fig. 3, with Di - 0.816 inch and a lead thickness of ^ inch, == 0.535 ohm 
per 1000 feet. From [30], Rg = Raa-o ^ Rab-g — Rvu-g ~ 0.018 ohm per 1000 feet. 

Self- and mutual reactances with earth return may be determined from Fig. 8, or 
calculated from [31] and [32]. The latter method was used in determining the values 
given below, where all impedances are in ohms per 1000 feet. 

Za^o = (0.0121 + 0.0180) +7(0.2481 + 0.0038) = 0.0301 + 7*0.2519 
Zvv^g == (0.535 +0.0180) +7*0.2559 = 0.553 +7*0.2559 = 0.609 /24.83® 

+ 7*0.2702 = 0.0703 +7*0.2702 

ZsB-g = Zsh-^o = Z-^^g = 0.0180 +7*0.1955 « 0.1963 /84.74® 

Zvu^g = 0.0180 + 7*0.2461 

With ground wire u and control cable with sheath v in the same duct, Z'Sh^o =* 
Z'^g. In this particular example, Z-^B^g = Z^v-g = Z-^ln^g, 

Zuu—g Zvu—g ~ 0.0523 +i0.0241 = 0.0576 /24.74° 

Z,. - Zvus = 0.535 +70.0098 = 0.535 /1.05° 

Zuu—gZvv—g ” —0.0303 +70.1674 
“ -0.0603 + 70.0089 

Zuu-eZ.,-e - ZL-, = 0.0300 + 70.1585 = 0.1613 /79.28° 

From [66] and [67], with Z’Si-n = ZoJ-,, /. and /« are 
(0.1963 /84.74°) (0.0576 /24.74°) 

* - 


/0.276 \ 


-3/ao(0.0606 +70.035) 
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/« ” ~3/o0‘ 


(0.1963 /84.74*) (0.535/1.05*) 


-3/.o(0.651 /6.51*) 


0.1613/79.28’ 

- -3/„o(0.647 + j0.074) 

/, - -(3/ao + /. + lu) - -3/ao(0.292 - jO.109) » -3f.o(0.312 /-20.5» ) 

From [68] and [69], the zero-sequence self-impedance Zoo-m and the mutual 
impedance Zom-vu between circuit abc and conductor A are 

ZoO— Mi ™ Zaa— 0 "h 2Za6_^ ~ Zotf —g 

laO 

= 0.0661 -I-iO.643 - 3(0.708 -|-i0.109) (0.0180 -f i0.1955) 

= 0.0661 + jOM3 - (-0.0257 -hiO.421) = 0.092 4-70.222 

Zo»-tt, = -rv4^ - 3 X 0.535 X 0.0701/30.2° = 0.1125/30.2’ 

laO - 

The voltage to ground Vao induced in any conductor A of the control cable with 
ground sheath v and a ground wire u in the same duct bank is 

Vao = laoZmo-vu = lao (0.1125 /30.2^ ) volts per 1000 feet of conductor A 

where lao is the zero-sequence current per phase in the three-conductor cable. 

(6) With the ground wire removed, Zom-v given by [65] is 

. 3,. £2=! - - 0.5, V5W 

““ ' 2rw 0.6W /24.83- '- 

The voltage-to-ground V to induced in conductor A of the control cable is 

Vao = laoZom-v = /ao(0.517 /59.9*' ) volts per 1000 feet 


(c) With no ground wire and the sheath of the control cable on open circuit, the 
mutual impedance Zom between circuit abc and conductor A is 

Zom - SZ'^-.g = SZ-^^g = 3 (0.1963/84.74®) = 0.589/84.7® 

The voltage to ground VaO induced in conductor A of the control cable is 
Vao = laoZom = /oo(0.589 /84.7®) volts per 1000 feet 

(d) As the second three-phase circuit is operated with sheaths on open circuit, it 
will have no effect upon the calculations made under (a), unless an additional control 
cable with or without a second ground wire is installed. If this is the case, as an 
approximation, the two control cables can be replaced by one equivalent control 
cable and the two ground wires (if there are two) by one equivalent ground wire and 
[66]-[69] can be applied, as explained below these equations. The average self¬ 
impedance of the two power circuits and the average mutual impedance between 
power circuits and conductors of the control cables will be obtained if both power 
circuits are considered in determining geometric mean distances between power 
circuits and equivalent control cable, and between power circuits and equivalent 
ground wire. 
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2 . Currents in the Sheaths of Single-Conductor Cables. (See 
** Methods of Sheath Operation'' above.) When the single-conductor 
cable sheaths are operated short-circuited (bonded and grounded), or 
when operated open-circuited with cross bonding and the sheaths 
bonded and grounded at the end of each completed transposition, 
zero-sequence currents can flow in the sheaths. If impedance bonds or 
bonding transformers are used, zero-sequence sheath currents are 
reduced in magnitude from their values obtained with sheaths short- 
circuited, or open-circuited with cross bonding. This effect can be 
included in zero-sequence impedance calculations by adding the 
impedances of the impedance bonds or the leakage impedances of the 
bonding transformers to the self-impedances with earth return of the 
sheaths. 

Three-Phase Circuits with Sheaths Short-Circuited (Bonded and 
Grounded). In a three-phase circuit of identical single-conductor 
cables, let a, ft, c represent the phase conductors and jc, y, z their 
respective sheaths which have equal resistances rx. In a symmetrical 
circuit, with only zero-sequence currents in the phase conductors, the 
sheath currents will be equal. This is approximately true in an 
unsymmetrical circuit. If it is assumed that the sheaths carry equal 
currents, they may be replaced by one equivalent sheath with self¬ 
impedance Zyjyj^g aud cquivalcnt mutual impedance Zaw^g with the 
phase conductors, where 

Zwvy^o = + IZ^^g) = self-impedance with earth return 

of equivalent sheath w [72] 

Zaw^o = ^(Zax^g + IZay^g) = mutual impedance with earth re¬ 
turn between phase conductors 
and equivalent sheath w [73] 

Zxx^g ~ self-impedance with earth return of sheaths x, y, or z 

Zax-^g = mutual impedance with common earth return between any 
conductor and its concentric sheath 

= average mutual impedance with common earth re¬ 
turn between sheaths x, y, z, or between conductors 
abc and the sheaths x, y, and z which are non-con- 
centric, and corresponds to the gmd between sheaths 

3ince Zxx—g ~ "4“ Zax—g 2-nd Zay-^g ~ Zxy—Qf Zy)>u}^gf and Zd^D^g in 

[72] and [73] may be written 

Zww^g ~ d" “H J’i {^xx-^g "t" 2Xx%f^g) =* Rg jXwvf^g [74] 
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Rg 4“ "5 (.^xx^g "f“ 2Xxg-^g) *= Rg 4" Xv)^Uh-g “ Zyfyf^g — [7S] 


where fy) ra*/3 3.ncl Xyjyj^g — 3 (-^afa !—g 4” ^Xxy —g)i d.n(i Xxx^g 3inci 
X^^g are given by [31] and [32], respectively, if subscripts x and y 
replace a and b in these equations. 

With three single-conductor cables replaced by one equivalent cable 
with sheath w, where the self-impedance Zy,y,^g of the sheath with earth 
return and the mutual impedance Zaw^g between sheath and conduc¬ 
tors with common earth return are given by [74] and [75], respectively, 
the equations developed by three conductor cables with grounded 
sheaths can be applied. In applying these equations, the gmd between 
the axis of any sheath or conductor and the axes of sheaths jc, y, z are 
used to determine mutual impedances with earth return between that 
sheath or conductor and circuit abc or equivalent sheath w. 

Single-Phase Circuits. The sheaths x and y of two single-conductor 
cables a and b with sheaths short-circuited can be treated as one equiva¬ 
lent sheath of self-impedance f 4- Zxy^g) SLtid mutual 

impedance with the phase conductors Zaw-g = h(^ax-g + Zay^g). 
With the two grounded sheaths replaced by one equivalent sheath, 
zero-sequence impedances of single-phase cable circuits are calculated 
just as single-phase overhead transmission circuits with ground wires. 


CAPACITANCE OF UNDERGROUND CABLES WITH LEAD SHEATHS 

The capacitance C between an insulated round wire within a con¬ 
centric sheath and the sheath is^’^ 

^ 7.354 X 

C ---microfarads per 1000 feet [76] 

logio^' 

where K is the specific inductive capacity (S.I.C.) of the insulation; 
d is the diameter of the conductor; Di is the inside diameter of the 
sheath or the outside diameter of the insulation if shielding tape is used. 
If the sheath is grounded, [76] gives the capacitance to ground. 

Single-Conductor Cables. The positive-, negative-, and zero- 
sequence capacitances Cn, C 221 and Coo, respectively, of a three-phase 
circuit and the positive- and zero-sequence capacitances C\\ and Coo 
of a single-phase or two-phase circuit of single-conductor cables with 
grounded sheaths are the same as the capacitance of one of the con¬ 
ductors to its sheath given by [76]. 

Type H Cables. As the shielding tape around the conductors is in 
contact with the binder tape which is in direct contact with the sheath, 
the shielding tape and sheath are at the same potential. For deter- 
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mining capacitances, the three-conductor type H cable may be treated 
as three single-conductor cables having the same conductor diameters 
and insulation thicknesses; Cn = C 22 = Coo can therefore be deter¬ 
mined from [76], if d is conductor diameter and Di = d + 2T, where T 
is thickness of conductor insulation. Likewise, for the two-conductor 
type H cable, Cn = Coo is determined from [76]. 



Fig. 17. Capacitive busceptance of cables. 

/ S.I.C. 

b = 27r/C = “T X - - - r -- X (value read from chart) 

60 3.8 

The broken curve in Fig. 17 gives the positive-, negative-, and zero- 
sequence capacitive susceptance in micromhos per 1000 feet of three- 
phase circuits of single-conductor or type H three-conductor cables 
with round conductors, calculated from [76] at a frequency of 60 cps 
and a specific inductive capacity (S.I.C.) of K — 3.8. At any other 
frequency or specific inductive capacity, the value read from the curve 
is to be multiplied by (//60) X (K/3.8). (See Table I for approxi¬ 
mate values of K.) This curve can be used also to determine the 
positive- and zero-sequence capacitive susceptance of single-phase and 
two-phase circuits of single-conductor or two-conductor type H cables. 
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For three-conductor type H cables with sector^ conductors, the capacH 
tances are approximately those of a cable with round conductors of 
the same circular mils and the thickness of conductor insulation. 

Three-Conductor Belted Cables. Two insulation thicknesses are 
to be considered in belted cable, the conductor insulation of thickness T 
and the belt of thickness L Figure 18, taken from the Underground 
System Reference Book^ page 297, gives geometric factors versus 
(T + t)/d with t/T as parameter for belted cables with round con¬ 
ductors (and corrections for sector conductors) from which their 
positive-, negative-, and zero-sequence capacitances can be determined. 
The general capacitance equation* is 


O.OmnK 


microfarads per 1000 feet of cable 


where K = specific inductive capacity (S.I.C.) 
n = number of conductors 
G = geometric factor from Fig. 18. 

The geometric factor for single-conductor and multiconductor 
shielded cables is indicated in Fig. 18 by G. Instead of using [76] for 
determining the positive-, negative-, and zero-sequence capacitances of 
single-conductor and type H cables, [77], with w = 1 and G read from 
Fig. 18, could have been used as well. 

Zero-sequence geometric factors for two-, three-, and four-conductor 
belted cables are indicated by Gi ; positive-sequence geometric factors 
for three-conductor cables by G 2 . Positive-, negative-, and zero- 
sequence capacitive susceptances of three-conductor belted cables with 
round conductor, calculated by means of these geometric factors, are 
given by the solid curves of Fig. 17 for a frequency of 60 cps and 
K = 3.8. The correcting factor to be applied to the values read from 
the solid curves of Fig. 17, to obtain capacitive susceptances of belted 
cables with sector conductors of the same circular mils and insulation 
thicknesses is the reciprocal of the sector correction factor given in 
Fig. 18. (Note that the abscissa in Fig. 18 is not the same as that in 
Fig. 17.) 

Example 6. Determine the positive- and zero-sequence capacitive susceptances 

and 60 in micromhos per 1000 feet of the following cables in a three-phase system 
with grounded neutral. 

(а) 34.5-kv, 50-cycle, three-conductor, type H (shielded) cable with 500,000-cir 
mils copper sector conductors and solid paper insulation. 

(б) 15-kv, 60-cycle, three-conductor belted cable with 350,000-cir mils’copper 
round conductors and varnished-cambric insulation. 

(c) Repeat (p) with sector conductors, 
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Solution, The approximate values of S.I.C. from Table I and the insulation 
thickness of Appendix A will be used. 

(a) From Tables III and IX, Appendix A: d (of equivalent round conductor) * 
0.815 inch, T *= 0.375 inch. T/d = 0.46 inch. At 60 cps and S.I.C. = 3.8, from 
the broken curve of Fig. 17, 5ii = boo - 37 micromhos per 1000 feet. At 50 cps 
and S.I.C. » 4.0, 

50 4.0 

^11 = 2>oo = TT X — X 37 « 32.5 micromhos per 1000 feet 
60 3.8 


The capacitive susceptance of sector conductor in three-conductor type H cables 
is approximately that of round conductors of the same circular mils and insulation 
thickness. 

(b) From Tables III and VII, Appendix A: d = 0.682 inch; T = 0.203 inch; 
t *= 0.109 inch; T/d = 0.298; t/T = 0.538. From Table I, the S.I.C. for varnished 
cambric is 5. Values read from the solid curves of Fig. 17, multiplied by 5/3.8, are 


= 34 X — = 44.7 micromhos per 1000 feet 
3.8 


&0 = 17.5 X — - 23.1 micromhos per 1000 feet 

3.0 


(c) From (6), (T + t)/d - 0.458. 

From Fig. 18, sector correction factor == 0.80. 

hi = 44.7/0.80 = 56 micromhos per 1000 feet 

bo =s 23.1/0.80 = 29 micromhos per 1000 feet 

Example 7. Determine the dielectric loss under normal balanced operation of 
the cable described in part {b) of Example 6 at 70®C. 

Solution. From Table I, the 60-cycle power factor of varnished-cambric insula¬ 
tion in belted cable at 70°C is 12,5%. 

For substitution in [6] or [6a], 

, 15,000 

Vai = positive-sequence voltage to neutral = —— = 8660 volts 

Vs 

From Example 6, 6i = (Itt/Ci) — 44.7 X 10*“® mhos. 

cos $ = 0.125, cot B = 0.126 

Substitution of the above values in [6] and [6a], respectively, gives 

W = 3|8660|2 (44.7 X lO"®) X 0.126 *= 127 watts per 1000 feet 
W = 3|8660|2 (44.7 X 10"®) X 0.125 = 126 watts per 1000 feet 
The following values are required for substitution in [66]: 
e = 8.66 kv; / = 60; « = 3; X - 5; cos B = 0.125 
G 2 [from Fig. 18 corresponding to (T -f t)/d =* 0.458 and t/T « 0.538] «=» 2.13 
From [66] for 1000 feet of three-conductor cable, 

0.106 X (8.66)2 X 60 X 32 X 5 X 0.125 


W 


2.13 


125 watts per 1000 feet 
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CHAPTER IV 

TRANSFORMERS AND AUTOTRANSFORMERS 

The apparatus which has largely contributed to the flexibility and 
adaptability of alternating-current supply, and is responsible for its 
successful application, is the transformer. It enables the voltage to 
be changed very easily to that best suited to the requirements en¬ 
countered in each part of the power system. Alternating-current 
electric power can be generated at moderate voltage (usually 13.8 kv 
for large machines) so as not to require a large ratio of insulation to 
copper, then stepped up to ten or twenty times this voltage for 
economical transmission to distant load centers. Normally, a power 
system consists of several networks at different voltage levels, the 
networks being connected to each other by transformers or auto¬ 
transformers. From the high-voltage main transmission lines, the 
voltage may be reduced in successive steps to a lower-voltage trans¬ 
mission network, a primary distribution network, and finally 
to the users’ circuits. 

The transformer also provides a convenient means for electrically 
insulating from one another various parts of a system. Two utility 
companies may be interconnected for purposes of selling or buying 
power or for emergency support, without requiring similar methods of 
neutral grounding. The methods of grounding at the different voltage 
levels of any one system need not necessarily be the same, although 
proper system protection requires that the various grounding methods 
and protective equipment be coordinated. 

A transformer accomplishes its dual function by close electro¬ 
magnetic coupling between circuits. As the transformer has ordi¬ 
narily no moving parts, there need be no compromise between best 
magnetic characteristics and highest mechanical strength in the choice 
of steel for the core; steel which keeps the required magnetizing 
current and iron losses associated with the coupling to a minimum 
can be selected, and the coils can be insulated with shields and fluid 
insulation which provide a higher breakdown strength than can 
readily be attained with other types of apparatus. 

Fundamental Theory 

For two electromagnetically coupled coils, if iron saturation and 
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losses are n^lected, the two voltage equations ^ay be written 

d . . d . 

“ Lii ^ *1 + *’1*1 + iis ^ *2 

d . d . 

62 — Li2 — *1 + L2i ^ *2 + *' 2*2 


f 


( 1 ] 


where subscripts 1 and 2 refer to coils 1 and 2, respectively, ei and 
are instantaneous voltages across the coils, ii and ^2 instantaneous 
currents in the coils, ri and r 2 coil resistances, Ln and L 22 coil self¬ 
inductances, and Li 2 mutual inductance between the two coils. For 
sinusoidally alternating current, where the rate of change of current 
(dildt) is Ivf times the current, shifted in phase by 90®, (see [52H54], 
Chapter II), the two circuit equations may be written vectorially as 

Vi = (fi +jXii)Ii +jXi2l2 

[ 2 ] 

^2 = jXl2^l + (^2 +i^22)‘^2 

where V and I indicate vector voltage and current, respectively, and 
X = IvfL. 

The total flux linking the transformer coils consists of mutual flux 
and leakage flux. Mutual flux links both coils. The leakage flux of 
either coil is that portion of the flux linking the coil which does not 
also link the other coil. The rate of change of mutual flux determines 
the induced voltages in the coils which are in direct proportion to the 
number of turns in the coils. Voltages induced by mutual flux are 
called indtcced voltages as distinguished from terminal or applied 
voltages. 

With coils 1 and 2 having turns Ni and N 22 respectively, on the 
same iron core, the path of the mutual flux which links both coils is 
in the iron. The permeance P 12 = P 21 of the mutual flux path is 
therefore the permeance of the iron core. Under normal operation, 
the leakage flux associated with either coil is very small relative to the 
mutual flux. The paths of the leakage fluxes, being largely in air, 
have approximately constant permeances. The corresponding leak¬ 
age reactances at constant frequency are therefore substantially 
constant. To simplify the problem, the resistance ti and the leakage 
reactance x\ of coil 1 may be treated as an external impedance ri + jxi 
in series with the coil; similarly, the resistance r 2 and the leakage 
reactance X 2 of coil 2 may be considered an external impedance 
^2 + i ^2 in series with coil 2. With this arrangement, the permeances 
Pii and P 22 of coils 1 and 2, respectively, with the permeance of the 
leakage flux paths neglected, are the permeances of the iron core; 
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they are therefore equal to the mutual permeance P 12 . From [48] 
and [49] of Chapter II, with Pu = P 22 = Pi 2 f the self-inductance 
minus the leakage inductance in coils 1 and 2 and the mutual induct¬ 
ance between the coils, when expressed in henries, are in the proportion 
Nl:Nl: NiN^. 

Let all quantities be expressed in per unit, based on a common 
kva with base or unit voltages in the two coils in direct proportion to 
their turns. Based on the same kva, the per unit self-impedance in 
any circuit varies inversely as the square of the base voltage in that 
circuit, and the per unit mutual impedance between two circuits 
inversely as the product of the base voltages in the two circuits. 
Therefore, in per unit 

Xii — ^1 = X22 — 3^2 = X12 

Equations [2], with X 12 replaced by Xm, subscripts 1 and 2 replaced 
by p and 5 to indicate primary and secondary windings, respectively, 
positive direction of Ig opposite to Ip in the coils, and all quantities in 
per unit, may be written 

Vp = (fp + jXp)Ip jXm{Ip - Is) 

V. = jx^dp - I.) - (r. + jx.)Is 

where tp and r, are resistances, and Xp and Xg are leakage reactances 
in primary and secondary windings, respectively, and Xm is mutual 
reactance between windings. 

The per unit equivalent circuit which satisfies equations [3] is 
shown in Fig. 1(a), with the addition of the resistance component 
Rh^e of the mutual branch which depends upon hysteresis and eddy- 
current losses in the iron core. In Fig. 1(a), Vp and Vg are per unit 
voltages, and Ip and Ig are per unit currents in primary and secondary 
windings, respectively; V^ is the per unit voltage induced in both 
windings by the mutual flux. 

Components of Mutual Impedance. At constant applied frequency, 
iron losses vary approximately as the square of the induced voltage. 
They can therefore be taken into account in an equivalent circuit by 
placing a resistance branch in parallel with the magnetizing branch. 
In Fig. 1(a), the resistance branch Rh+e of the mutual impedance 
parallels the magnetizing impedance jxm- The power component of 
the exciting current flows through the resistance branch Rh^e and is in 
phase with the induced voltage; the magnetizing component of the 
exciting current flows through the magnetizing impedance and is in 
quadrature with the induced voltage; both components of exciting 
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current flow through the resistance and leahj^e reactance of the 
winding supplying the exciting current. 

At no load and rated voltage, the exciting current flowing in the 
closed winding causes small resistance and leakage-reactance voltage 
drops in that winding; these voltage drops at no load, however, are 
negligible relative to the applied rated voltage. Therefore the per 
unit mutual impedance at rated voltage may be considered equal to the 
per unit exciting or self-impedance of the winding at rated volt^e. 



ZERO-POTENTIAL BUS 


( 0 ) 


I (fp+rs)+J(*p+*$)*Zp8 2 



ZERO-POTENTIAL BUS 


(b) 

Fig. 1. Per unit equivalent circuits for two-winding transformer, (o) Exciting 
current included, (b) Exciting current neglected. 

In determining mutual impedance from exciting impedance at rated 
voltage by test, it is immaterial which winding is used; expressed in 
per unit on the same kva base and with base voltages directly propor¬ 
tional to the number of turns in the windings, the exciting impedance 
(neglecting the small no-load resistance and leak^e-reactance voltage 
drops) is the same referred to either winding. Because of voltage 
limitations in testing equipment, the low-voltage winding is the one 
usually tested for the exciting impedance. By measuring watts and 
current with rated voltage applied at rated frequency, both the 
magnetizing component and the power component of the exciting 
impedance can be obtained at rated voltage and frequency. 

Mutual Impedance Infini te. There are many system problems in 
which the required degree of precision is such that exciting currents 
can be neglected, in short-circuit calculations, for example. Stated in 
another way, the mutual impedances between transformer windings 
are so large relative to the other impedances in the system that they 
can be considered relatively infinite for determining currents and 
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voltages within the required degree of precision. In such cases, the 
equivalent circuit of Fig. 1 (a) reduces to that of Fig. 1 (6) in which 
there is a single series impedance Zp, = (r^ + r«) + j{xp + x^) be¬ 
tween primary and secondary terminals. This impedance, which is 
the sum of the resistances and leakage reactances of the two windings, 
is usually called the leakage impedance. It is also called the short- 
circuit impedance between windings; the mutual impedance at rated 
voltage being very high relative to the leakage impedances, their sum 
can be determined by applying a voltage to one winding with the other 
winding short-circuited. When mutual impedance is assumed 
infinite, leakage impedance is the same referred to either winding if 
expressed in per unit, the kva base being common to both windings 
and the respective voltage bases being in direct proportion to the 
number of turns. 

Exciting Currents and Impedances. Although there are many 
conditions under which exciting currents can be neglected, and self¬ 
impedances of windings and mutual impedances between windings 
considered infinite relative to the other system impedances involved, 
there are also conditions under which this is not the case. It is then 
necessary to consider exciting currents and impedances and the effects 
of various degrees of saturation upon them. As the exciting or 
self-impedance of a winding is determined with all other windings 
open, it is often called the open-circuit impedance. 

Exciting Currents. When a sinusoidal voltage is applied to one 
winding of a single-phase transformer, with the other winding or 
windings open, the exciting current consists of fundamental-frequency 
and odd harmonic terms of magnitudes depending upon the character¬ 
istics of the iron and the maximum flux density at which it is operated. 
In general, the higher the flux density, the higher the ratios of har¬ 
monics to fundamental, the ratio of third to fundamental being the 
highest. 

In transformer banks of three single-phase units or in three-phase 
transformers under balanced operation, third harmonics and their 
multiples are equal in magnitude and in phase in the three phases, and 
are therefore zero-sequence quantities. The other harmonics are 
positive- or negative-sequence quantities, as they differ in time phase 
by 120® in the three phases.^ If the primary or secondary windings 
of a three-phase transformer or transformer bank are connected in A, 
third-harmonic exciting currents (and their multiples) will flow in the 
A because of its low third-harmonic zero-sequence impedance; this 
will tend to prevent the appearance of third harmonic currents and 
voltages (and their multiples) in the transmission line supplying the 
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transformers. The other odd harmonic curr^^ts, however, will be 
present. Inductive coordination measures may be required when 
communication circuits parallel transmission lines because of harmonic 
exciting currents. But, in a power system study where currents and 
voltages of fundamental frequency are required, harmonics in trans¬ 
former exciting currents being but a part of a normally small current 
(itself often neglected) need not be considered unless exciting currents 
themselves are of importance. With harmonics neglected, the rms 
value of the exciting current is approximately fundamental-frequency 
exciting current. Values of rms exciting current at rated voltage 
between 3 and 5% of rated current are common; but exciting currents 
as high as 10% or as low as 1% of rated current may occur.^ 

Transformer Excitation Curves. The magnetic reluctance of the 
path of the mutual flux in iron is not constant but depends upon the 
degree of saturation in the iron. There are two types of saturation 
curves for a given transformer. One, called the d-c magnetization 
curve, gives instantaneous currents versus flux. It is similar to the 
curve of peak current versus peak applied sinusoidal voltage. This 
type of saturation curve is used in determining instantaneous currents. 
The other type, used where fundamental-frequency currents and 
voltages only need be considered, gives rms exciting currents versus 
rms applied sinusoidal voltages. The latter type for power trans¬ 
formers (transformers, for example, larger than 500 kva) is illustrated 
in the saturation curves of Fig. 2, where ordinates are fundamental- 
frequency voltages in per unit of rated voltage, applied to one winding 
with the other winding or windings open. The abscissas are rms 
exciting currents in per unit of rms exciting current at rated voltage. 

Abscissas in Fig. 2 multiplied by per cent exciting current at rated 
voltage give exciting currents in per cent of rated current. For 
example, if exciting current at rated voltage is 5% of rated current, 
at 140% voltage and with excitation curve A of Fig. 2 it will be 
9.5 X 5 = 47.5% of rated current. 

Curve A of Fig. 2 is similar to the excitation curves of many large 
power transformers now in service which were installed before the 
development of transformers of the new strip steels. The exciting 
current at rated voltage for such transformers may be from 2.5 to 5% 
of rated current. Smaller power transformers, operated at the same 
flux densities as that of curve i4, will have higher exciting currents at 
rated voltage. 

Curve B of Fig. 2 is a typical excitation curve of the more recently 
developed power transformers of the new strip steels which are 
operated at maximum flux densities appreciably higher than the older 
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steels. The exciting current at rated voltage of such transformers is 
of the order of 1% of rated current. 

Exciting Impedance. Because of the variation of maximum flux 
density in the iron core with applied voltage, the fundamental- 
frequency equivalent circuit of Fig. 1 (a) is not the same at all voltages. 
Test data from which the equivalent circuit can be constructed are 
usually given at rated voltage. The resistances and leakage reactances 
of the windings are approximately the same at all voltages. On the 
basis of the assumption that core losses vary approximately as the 
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Fig. 2. Transformer saturation curves. 


square of the induced voltage, the resistance branch Rh+e of the mutual 
impedance can be assumed constant at the value determined at rated 
voltage. This assumption, however, does not hold when the iron is 
fully saturated, because the core loss is then less than that which 
corresponds to the square of the induced voltage and a constant 
Rh+e determined at rated voltage. However, the variation of Rh^e 
with voltage has much less influence on the magnitude of the exciting 
impedance than the variation of the magnetizing reactance Xm- From 
the transformer excitation curve (similar to those given in Fig. 2) 
and the per unit exciting current at rated voltage, the ratio of the 
applied rms sinusoidal voltage to the rms exciting current at any 
applied voltage can be obtained. Neglecting harmonics, this ratio 
gives the per unit magnitude of the fundamental-frequency exciting 


















[Ch. IV] 


EXCITING CURRENTS AND IMPEDANCES 


119 


or self-impedance of the winding. When thp power factor of the 
exciting impedance at rated voltage is given or can be assumed, at 
any voltage can be calculated as illustrated in Problem 1. 

When the power factor of the exciting current is not given, it may 
be taken as approximately 20% at rated voltage and frequency for 
power transformers at the usual operating flux densities, and at very 
high flux densities as approximately 25%. 

Problem 1. The exciting current of a two-winding transformer at rated voltage 
is 5% of rated current; its saturation curve is given by curve A of Fig. 2. What is 
its approximate per unit magnetizing reactance Xm (a) at rated voltages and (b) at 
1.50 times rated voltage? Assume a power factor of 20% for the exciting current 
at rated voltage, (c) Repeat (a) and (b) using curve B of Fig. 2, with 1% exciting 
current and 25% power factor at rated voltage. 

Solution, (a) Let lex = exciting current in per unit of rated current. With all 
quantities in per unit based on the transformer rating, 

Vp = 1.0 

and 

lex - 0.05 /- cos-"^ 0.20 = 0.05 /-78.5^ = 0.010 -i0.049 

With fp and Xp of the primary winding (which are small relative to and Xm) 
neglected, per unit Rh-\-e and Xm are 

1.00 1.00 

(b) At 1.50 times rated voltage, from curve A of Fig. 2, 

lex = 0.05 X 13,5 = 0.675 per unit of rated current 
If Rh+e is assumed constant at 100 per unit, 

1.50 


Im — y/ (0.675)^ — (0.015)^ = 0.675, approximately 
1.50 




0.675 


= 2.22 per unit 


(fi) For curve B of Fig. 2, at rated voltage with all quantities in per unit, 
lex = 0.01/- cos-^ 0.25 = 0.0025 -^0.00968 


Rh+9 


1.00 

0.0025 


-- 400; Xm 


1.00 

0.00968 


= 103.3 


Curve B of Fig. 2 has not been extended to 1.50 times rated voltage; but at 
approximately 1.30 per unit voltage, the iron is fully saturated and the curve becomes 
a straight line of approximate slope (1.30 — 1.25)/22. At 1.50 per unit voltage, 

I„ = O.Ol[22 + ( 1.50 - 1 . 30 ) , 30 ^^ = 1-10 
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As is largely magnetizing current [see (b) above], Xm, is approximately 

Xm - j-Jq “ 1.36 per unit 


Problem 1 illustrates the variation in transformer magnetizing 
reactance with voltage. It will be noted that at 1.50 per unit voltage 
and the rated exciting currents and excitation curves considered, the 
magnetizing reactance Xm remains fairly large relative to the leakage 
reactances whose sum is usually between 0.05 and 0.15 per unit. At 
very much higher values of voltage, the leakage reactance of the 
winding supplying the exciting current is a more important part of the 
exciting impedances and should be considered in determining magnetiz¬ 
ing reactance, if the self-reactance is to be divided into leakage and 
magnetizing reactance. 

The total per unit self-reactance Xpp (leakage plus magnetizing 
reactance) of a winding with other windings open at a voltage E 
above the voltage at which full saturation occurs is given approxi¬ 
mately by the equation 


Xpp 


^ Xm + Xp 


E(Es - Eq) 
{E £o)-^-^ea; 


[4] 


where lex = per unit exciting current at rated voltage 

E = given per unit voltage (above saturation voltage) not 
shown on excitation curve 

Ee = any per unit voltage shown on excitation curve at which 
this curve has become a straight line 
s = ratio of exciting current at E^ to rated exciting current 
jEo = per unit voltage corresponding to zero times rated excit¬ 
ing current, obtained by projecting the straight-line part 
of the excitation curve to the vertical axis. (See curve 
5, Fig. 2.) 


As the voltage E above saturation voltage is increased, the self¬ 
reactance of the winding approaches the reactance of an air-core 
reactor of the same dimensions. This reactance is always greater than 
the leakage reactance. 

Validity of the Use of Components in Calculations Involving Trans¬ 
formers. When symmetrical or other components are used in solving 
unsymmetrical three-phase system problems, equivalent circuits are 
required to replace the transformer bank in each of the component 
networks. As the application of methods of components is based upon 
superpositions, they can be rigorously applied to transformers only if 
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the parameters of the transformer are constant^ however, they can be 
satisfactorily applied in many cases by assuming constant parameters, 
provided their variations would have negligible influence on calcula¬ 
tions within the degree of precision required. In unsymmetrical 
short-circuit calculations, for example, exciting currents are usually 
neglected because they are a negligible part of the total short-circuit 
current. Neglecting exciting current is equivalent to assuming that 
the mutual impedance between windings and the self-impedances of 
windings are infinite relative to the other impedances of the system, 
and that the resultant calculated voltages across transformer windings 
will be below normal or not sufficiently above normal to invalidate 
this assumption. In general, if mutual impedances between trans¬ 
former windings and the self-impedances of the windings can be 
assumed infinite relative to the other impedances of the system, a 
transformer bank can be replaced by equivalent circuits with exciting 
current neglected in the component networks, and a solution obtained 
by a method of components in which calculated values are within the 
usual required degree of precision. 

Although a transformer bank of three identical single-phase units is 
physically a symmetrical circuit, it is not electrically symmetrical 
when the voltages across windings are badly unbalanced. Because 
of their non-linear character, the exciting impedances of the windings 
in this case are unequal and the circuit unsymmetrical in the three 
phases. However, the dissymmetry can be neglected where the un¬ 
balanced exciting impedances remain very large relative to other 
system impedances. In such cases, it makes little difference in 
calculations whether normal or infinite exciting impedance is used in 
the equivalent circuits. On the other hand, if transformer exciting 
impedances and other system impedances are of the same order of 
magnitude, the transformer bank cannot be even approximately 
represented by equivalent circuits of constant impedances in the 
component networks. The effects of saturation on magnetizing 
reactance must be taken into account as well as the fact that the 
transformer bank is an unsymmetrical circuit. 

A method of including the effects of saturation on magnetizing 
reactance in an unsymmetrical circuit is given in Chapter V for the 
case of one or two open conductors in a circuit supplying ungrounded 
and unloaded transformers, where the capacitive reactances of the 
circuit and normetl transformer magnetizing reactance are of the same 
order of magnitude. 

Balanced Three-Phase Operation. The above discussion does not 
apply to balanced three-phase operation in which there are only posi* 
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tive-sequence quantities and superposition is not applied. A mutual 
impedance, corresponding to balanced voltages (see Problem 1); can 
be used in the positive-sequence equivalent circuit of Fig. 1 (a) for the 
transformer, regardless of its magnitude. This is done in power system 
calculations under normal operating conditions when a higher degree 
of precision is required than would be obtained by neglecting trans¬ 
former exciting current; calculations of power loss and voltage 
regulation are examples. 

FUNDAMENTAL-FREQUENCY EQUIVALENT CIRCUITS 

In developing equivalent circuits in this chapter to replace trans¬ 
former and autotransformer circuits in the component networks, a 
physically symmetrical three-phase transformer circuit will be assumed 
to be electrically symmetrical also. This is equivalent to neglecting 
the effect of transformer saturation on exciting impedances. The 
validity of the equivalent circuits can be tested by determining result¬ 
ant voltages across transformer windings by means of the equivalent 
circuits; if such resultant voltages do not appreciably change the 
magnitude of the assumed exciting impedance (including infinite 
assumed exciting impedance), the equivalent circuits will, in general, 
be adequate. 

Multiwindings. Transformers with more than two windings are 
common. For example, there may be two generators connected to 
individual primary windings with a common secondary, or a single 
primary may serve two separate secondary circuits; a third (tertiary) 
winding may supply a synchronous condenser, or a third A-connected 
winding in a Y-Y-connected transformer bank may be used to suppress 
undesirable harmonic voltages. Transformers with four windings, 
although not so common as two- and three-winding transformers, are 
found in service; and five-winding transformers are a possibility. 

Open-Circuit and Short-Circuit Impedance Tests, The impedances 
required in constructing equivalent circuits for multiwinding trans¬ 
formers can be obtained from open-circuit and short-circuit impedance 
tests. Open-circuit impedance tests give the open-circuit or self¬ 
impedances of the various windings with all other windings open. 
Short-circuit impedance tests give the short-circuit impedance be¬ 
tween two windings with all other windings open. As the mutual 
impedance is very high relative to the leakage impedances (except 
at voltages above full saturation, not considered in this chapter), 
short-circuit impedance tests between windings give substantially the 
leakage impedances between windings taken two at a time with all 
other windings open. 
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Per Unit Equivalent Circuits. Unless otherwise specified, a}l 
equivalent circuits for transformers and autotransformers developed 
in this chapter are per unit or per cent equivalent circuits which 
are the same referred to all windings. In the equivalent circuit for a 
multiwinding transformer, base voltages in the various windings are in 
direct proportion to the number of turns in these windings. If base 
voltage is taken as rated voltage in a specified winding, base voltages 
in the other winding or windings are their open-circuit voltages with 
rated voltage applied to the specified winding. These base voltages 
will be called base winding voltages. The leakage impedances between 
windings are based on the same kva; if given impedances between 
windings are based on different rated kva’s, they must be expressed on 
the same base kva before the equivalent circuit is constructed. (Per 
unit impedances vary directly as base kva and inversely as the square 
of base voltage.) 

The per unit equivalent circuit given in Fig. 1 (a) of this chapter for a 
two-winding single-phase transformer with exciting current included 
was developed from equations based on the theory of electromagnetic- 
ally coupled coils. The same equivalent circuit, given in Volume I, 
page 39, Fig. 14(e), was developed by setting up an assumed three- 
terminal equivalent circuit with three branch impedances to be 
evaluated. These branch impedances were evaluated by equating 
open-circuit and short-circuit impedances in the actual transformer to 
those in assumed equivalent circuit. Either of these methods, or a 
combination of the two methods, can be used to develop equivalent 
circuits. In any case, it is necessary'^ that the equivalent circuit have 
the same number of terminals as the transformer has windings, with an 
additional terminal connected to zero-potential if exciting current is 
included; it must also have as many independent branch impedances 
as there are independent short-circuit impedances between windings 
taken two at a time with the other windings open. 

TRANSFORMER BANKS OF THREE IDENTICAL SINGLE-PHASE UNITS 

In the following discussions of banks of two-, three-, four-, and five- 
winding transformers, it is assumed that windings are connected in 
Y or A. Scott-connected and zigzag-connected windings are discussed 
at the end of this chapter. 

In the component networks of a three-phase system, base kva is 
kva per phase, and base voltages in the circuits at the transformer 
terminals are line-to-neutral voltages. 

In developing equivalent circuits for banks of three identical single¬ 
phase transformers, the per unit equivalent circuit for the single-phase 
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unit is first determined. Rated voltage in one winding is selected as 
base voltage for that winding; base voltages in the other windings are 
then determined from turn ratios, so that base voltages in windings are 
in direct proportion to the number of turns in the respective windings. 
Base kva is the same for all windings. The equivalent circuit for a 
single unit is also the equivalent circuit to replace the transformer bank 
in the positive- and negative-sequence networks. With Y-connected 
transformer windings, base line-to-neutral voltage in the three-phase 
circuit connected to the Y is the same as base winding voltage. With 
A-connected windings, base voltage in the A and base Hne-to-line 
voltage in three-phase circuit connected to the A are the same as base 
winding voltage; line-to-neutral voltage in the connected circuit is 
I/V 3 times base winding voltage. The per unit impedance per phase 
of a A-connected circuit based on line-to-line voltage is the same as that 
of its equivalent Y based on the same kva and line-to-neutral voltage. 
Therefore, in determining currents and voltages outside the transformer 
bank, A-connected windings can be understood to be replaced by 
Y-connected windings of the same per unit impedances. Positive- 
sequence line currents and voltages to neutral in passing through a 
Y-A or A-Y transformer bank are shifted 90® in phase — whether 
forward or backward can be determined from the transformer con¬ 
nection diagram — whereas negative-sequence currents and voltages 
are shifted 90® in the direction opposite to the positive-sequence shift. 
(Volume I, pages 101-105.) Except for this shift in phase, positive- 
and negative-sequence equivalent circuits are independent of the 
manner of connecting the windings (Y or A); they are also independent 
of the method of grounding. 

Zero-Sequence Equivalent Circuits. Although zero-sequence 
equivalent circuits depend upon the manner of connecting the windings 
(Y or A) and the method of grounding, they can be obtained from the 
per unit equivalent circuit for the single-phase unit by the following 
modifications: 

1. The equivalent impedance of a A-connected winding is shorted 
to the zero-potential bus of the zero-sequence network; but there is no 
connection between the equivalent circuit and the circuit at the A 
terminals. See Figs. 3(c) and 4(d). 

2. The connection to the circuit at the terminals of an ungrounded 
Y-connection winding is open. See Fig. 4(/). 

3. An impedance Zn between the neutral of a Y and ground is 
expressed in per unit on system kva per phase and base line-to-neutral 
voltage in the Y-connected windings. ZZn in per unit is then added 
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to the impedance viewed from the Y terminal^ See Figs. 3(c) and 
4(d). 

4. An impedance Zn in the comer of a A is expressed in per unit on 
system kva per phase and base line-to-line voltage in the A circuit. 
Zn/3 in per unit is then added to the equivalent impedance of the A. 
See Figs. 3(d) and 4(/). 



Fig. 3. Y-A bank with (a) neutral grounded through Zn, {b) Zn in a corner of the 
A, and (c) and (d) zero-sequence equivalent circuits for (a) and (6), respectively, 
where Zt — Zp« = leakage impedance between windings. 


Two-Winding Transformers. Per unit equivalent circuits to replace 
the transformer are shown in Figs. 1(a) and 1 (6), with exciting current 
included and neglected, respectively. These are also the equivalent 
circuits to replace the transformer bank of three single-phase units in 
the positive- and negative-sequence networks. 

Zero-sequence equivalent circuits for two-winding transformer banks 
with exciting current neglected are shown in Fig. 18, page 102, Volume 
I, when the neutral of the Y-connected windings is solidly grounded or 
ungrounded. Impedances Zn in the neutral of the Y and in a comer 
of the A of a A-Y bank are shown in Figs. 3 (a) and 3 (b) of this chapter; 
their zero-sequence equivalent circuits with exciting currents neglected 
are given in Figs. 3(c) and 3(d)^ respectively. As the zero-sequence 
network is constructed on an equivalent per phase basis, 3Zn is added 
to Zt with Zn in the neutral of the Y, and Zn/3 is added to Zt with Zn 
in a comer of the A, where Zt is the per unit leakage impedance per 
phase of the bank. 3Zn and Zn/3 are expressed in per unit on the 
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same kva per phase as Zt ; base voltage for 3Zn is base line-to-neutral 
voltage of the Y-connected circuit; for Zn/3 it is base line-to-line 
voltage in the A circuit. The following example illustrates the 
calculation of Zq for the two cases. 

Problem 2. A transformer bank connected Y-A of three single-phase units each 
rated 1667 kva, 26.5 kv/46 kv Y- 4.6 kv, with 7 per cent reactance, has (a) 10 ohms 
reactance in the neutral of the Y; (b) 10 ohms reactance inserted in a corner of the 
A, Y solidly grounded. Determine the zero-sequence reactance Xo viewed from the 
Y terminals of the bank in per cent on a three-phase kva base of 5000 kva (1667 
kva per phase). 

Solution. Base line-to-neutral voltage in the Y-connected circuit is 26.5 kv; 
in the A-connected circuit, base voltage is the line-to-Iine voltage 4.6 kv. 

(а) 3Z„ = = 7-1%: *0 = (7 + 7.1)% = 14.1% 

7 ^ ^ V 1667 

(б) -f = (76)^ X ~ i6 “ *» = (7 + 26.2)% = 33.2% 

Note: The Y-Y bank and the Y-Y-A bank with the neutrals of the Y's grounded 
through a common impedance are discussed under autotransformers. 

Three-Winding Transformers. The per unit equivalent circuit 
for a three-winding transformer with exciting current neglected, given 
in Fig. 16(6), page.42, Volume I, is repeated in Fig. 4(a) of this 
chapter. This circuit is also used to replace a transformer bank of 
three identical single-phase units in the positive- and negative- 
sequence networks. As a first approximation, the exciting current 
can be included in this equivalent circuit by connecting the per unit 
mutual impedance between point J and neutral N, as indicated in 
Fig. 4(6). In Figs, 4(a) and 4(6), subscripts p, s, and t indicate 
primary, secondary, and tertiary windings, respectively. Zp, Z,, and 
Zt, which are the equivalent per unit leakage impedances of these 
windings, are determined as follows: 

~ h^^ps “h Zpt Zst) 

^8 = |(2p8 + — Zpt) [5] 

Zt = ^{Zpt + Zst Zpg) 

where Zpg, Zpt, and Zgt are per unit short-circuit impedances of the 
two windings indicated by the subscripts with the third winding open, 
based on the same kva per phase and base winding voltages which are 
in direct proportion to their turns. The per unit mutual impedance 
at rated voltage can be determined as for the two-winding transformer. 
It is approximately equal to the per unit self-impedance of any winding 
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less the average equivalent leakage impedance.. For greater precision,^ 
the four-terminal equivalent circuit of Fig. 5(a) may be evaluated. 

Zero-sequence equivalent circuits for banks of three-wipding trans¬ 
formers with exciting current neglected are shown in Fig. 18, page 102, 
Volume I, for ungrounded or solidly grounded Y-connected windings. 
Figure 4(c) of this chapter shows a three-winding Y-Y-A transformer 



Fig. 4. Three-winding transformer banks, (a), (b) Positive-sequence equivalent 
circuits with exciting current neglected and included, respectively, (c) Y-Y-A bank 
with impedance Zn in neutral of Y. (d) Zero-sequence equivalent circuit for (c). 
(«) Y-Y-A bank with impedance Zn in corner of A. (/) Zero^sequence equivalent 

circuit for (e). 

bank with the secondary windings connected in Y and grounded 
through an impedance Zni the zero-sequence equivalent circuit is 
shown in Fig. 4(d). This equivalent circuit is similar to the corre¬ 
sponding circuit with solidly grounded Y*s except that 3Zn is added to 
the equivalent impedance of the F-connected windings which are 
grounded through Zn- Expressed in per unit, 3Zn is based on system 
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II4.S kv 


69 kv 


kva per phase and the base Une-to-neutral voltage of the Y-connected 
circuit in which it* is located. The voltage at the neutral of the Y is 
not given directly by Fig. 4(d) but can be determined by multiplying 
the zero-sequence current per phase at 5 by 3Zn. 

Figure 4(e) shows an impedance Zn inserted in a corner of the A 
tertiary of a Y-Y-A bank. As for the two-winding bank, this is 

equivalent to \Zn in each phase of 
the A and therefore \Zn is added 
to the equivalent impedance of the 
tertiary winding, as shown in Fig. 
4(/), where \Zn is expressed in 
per unit on the system base kva 
per phase and base line-to-line 
voltage in the A. 

Four-Winding Transformers. An 
equivalent circuit for a single-phase 
four-winding transformer with ex¬ 
citing current neglected must have 
four terminals and at least six in¬ 
dependent impedances correspond¬ 
ing to the six short-circuit imped¬ 
ances between the four windings 
taken two at a time, with the 
other two windings open. If pos¬ 
sible, the equivalent circuit should 
be free from internal negative im¬ 
pedance links, so that it can be 
used on either the d-c or the a-c 
calculating table. The equivalent 
[131 for evaluation of branch impedances, circuit shown in Fig. 5(a) de- 
(6) Per cent equivalent circuit for trans- by F. M. Starr, « satisfies 

these conditions. The four termi¬ 
nals 1, 2, 3, 4 of Fig. 5(a) corre¬ 
spond to the four windings. In this circuit there are eight impedances, 
but only six of them are independent. The six branch impedances 
a, 6, c, d, 6, and f in the assumed equivalent circuit of Fig. 5(a) are to 
be evaluated in terms of the six measurable per unit short-circuit im¬ 
pedances between transformer windings. Let Z with two subscripts 
represent these impedances, the subscripts referring to the two wind¬ 
ings considered. Thus, Z 12 is the per unit short-circuit impedance 
between windings 1 and 2, with windings 3 and 4 open. 

The transformer impedances and the branch impedances of Fig. 5 (a) 


34.9 kv 



5kv 


(b) 


Fig. 5. (a) Assumed equivalent circuit 
for four-winding transformer. See [7]- 


former bank of Problem 3 with reactances 
in per cent based on 11,667 kva per phase. 
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are related by the equations 


Z\2 ■“ ® "1* i 

Ziz = o + c + 
Zu a + d + 

Zii = 6 4- c + 

Z24 = 6 + d + 
^84 = c 4* d + 


(2s4-/)/ 

2(e+/) 

(e+Z) 

2 

(2/+e)e 
2 («+/) 
(2/+e)e 
2 (e + /) 
(e+/) 

2 

(2e+/)/ 

2(e+/) 


If a, b, c, and d are eliminated from these equations, there results 
(Z18 + Z24 — Z12 — Z34) = 7 —= Xi 


e" 

V^) 

f 


(ZlZ + Z24 — Z14 — Z23) = f I f\ ~ -^2 

From [7], e and / can be evaluated in terms of Ki and Kz which are 
determined from given transformer impedances. 

e = Vk^i + Ki [8] 

/ = V^i + K 2 [ 9 ] 

The indicated roots in [8] and [9] have plus and minus values, but 
only the positive values of the roots will be considered here since it is 
desired to avoid negative values for e and /. With e and / known, 
a, 5, c, and d from [6] are 


Z 12 

+. 

Zl4- 

- Z 24 

«/ 



2 


■2(«+/) 

Z 12 

± 

Z 28 - 

- Z 18 

«/ 



2 


' 2(6+f) 

Z 28 

_+ 

Z84 - 

- Z 24 

ef 



2 


2(e +f) 

Z84 

+. 

Zl4 - 

~ ^18 _ 

«/ 



2 


~2(e+f) 
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It is desirable that links e and / be positive, which in turn requires 
that 

Ziz + Z24 > Z12 + Z34 
Ziz + Z24 > Zi4 + Z23 


These relations can always be satisfied if care is taken in assigning the 
numbers 1 , 2 , 3, and 4 to transformer windings. To illustrate, let the 
six impedances of a four-winding transformer, whose windings are 
Vy Xy y, and z, be grouped in three pairs as follows: 


Zvx + Zyz = A 

Zvy + Zxz = B 
Zvz + Zxy = C 


[15] 


One of the indicated sums must be larger than either of the other 
two. Suppose that B is larger than either A or C. Then, referring 
to equations [14], let Zvy + Zxz correspond to Z 13 + Z 24 . This means 
that the letters Vy y, Xy and z must correspond with the numbers 1 , 3 , 2 , 
and 4, respectively, in order to satisfy equations [14]. 

The impedances as defined and used above include both resistance 
and reactance components. If resistance is to be included, a simpler 
procedure is to determine the equivalent circuit on the basis of leakage 
reactances only and then to add to the four radial links a, &, c, d of 
Fig. 5(a) the resistances of their respective windings. 

A four-winding bank of three single-phase units is replaced in the 
positive and negative-sequence networks by the equivalent circuit of 
Fig. 5(a) for a single-phase unit, windings connected in A being under¬ 
stood to be replaced by their equivalent Y’s, as for the two- and three- 
winding banks. The same circuit is also used in the zero-sequence 
network with the modifications previously explained. 


Problem 3. A transformer bank of three single-phase four-winding units is 
between circuits which have line-to-Iine voltages at no load of 114.5 kv, 69 kv, 34.5 
kv, and 5 kv. The transformer windings connected to the circuits are designated 
arbitrarily as r, 3C, y, and z, respectively. The six measured per cent short-circuit 
reactances between windings, taken two at a time with the other windings open based 
on 11,667 kva per phase and no-load voltages are: 


Circuit Kilovolts 

Per Cent 


(Line-to-Line) 

Reactance 

Symbol 

114.5 to 69 

3.95 

Zvz 

114.5 to 34.5 

13.30 

Zvy 

114.5 to 5 

23.00 

Zvz 

69.0 to 34.5 

10.60 

Zxy 

69.0 to 5 

19.00 

Zxz 

34.5 to 5 

8.70 

Zyt 
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Construct the per cent equivalent circuit with exciting qjrrent neglected for use in 
the positive-sequence network. 

Solution, The connection of the windings (Y or A) is not given, nor is it required 
for the positive- or negative-sequence equivalent circuit when given reactances are 
based on the same kva per phase and base voltages in direct proportion to the number 
of turns. 

By inspection, Zvt 4* Zxy is greater than Zvx + Zyg or Zgy Zx», which indicates 
that V, s, X, and y should correspond to 1, 3, 2, and 4, respectively, in the equivalent 
circuit. If the above reactances are substituted in [7]-[13], the following values for 
the links of the equivalent circuit in per cent will be computed: 

e = 7*26.17 a =7*0.71 c =7*5.94 

* =7*6.52 h = -7*2.64 d = -7*3.11 

Note that all links except h and d are positive. Since these two negative reactances 
are small and appear in the radial links of the circuit, they may be added algebraically 
to reactances of transmission lines connected to the transformer, and negative links 
may thereby be avoided. 

If it is desired to include resistance in the circuit, as previously indicated, the 
per cent resistances of the windings based on 11,667-kva per phase may be added to 
the four radial links as indicated in Fig. 5(6) by the symbols ri, r 2 , fs, and r 4 . 


Four- and Five-Tenninal Equivalent Circuits. The equivalent 
circuit for the four-winding transformer given above, and that for 
the five-winding transformer which follows, are not restricted in their 


application to transformers but can 
be used to represent other four- or 
five-terminal circuits. 

Five-Winding Transformers. In 
a five-winding transformer there are 
ten measurable short-circuit imped¬ 
ances between windings, taken two 
at a time with the other windings 
open. An equivalent circuit for a 
five-winding transformer, with ex¬ 
citing current neglected, must there¬ 
fore have five terminals and ten 
independent branch impedances. 
The equivalent circuit shown in 
Fig. 6, developed by L. C. Aicher, 
Jr.,® satisfies these conditions. 

Let the five windings be num¬ 
bered 1, 2, 3, 4, 5. The ten short- 



Fig. 6 . Assumed equivalent circuit 
for five-winding transformer. See [17]- 
[19] for evaluation of branch imped¬ 
ances. 


circuit impedances between windings, taken two at a time with the 


other windings open, will be designated by Z with two subscripts 


indicating the two windings involved. The ten impedances are 
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Zlit Zut Zi4, Zi5, Z28f Z 24 » Z26» Zz 4 t Z35, Z45. In determining these 
impedances in per unit, base voltages in the various windings are in 
direct proportion to their turns, and all impedances are based on the 
same kva per phase. 

In the equivalent circuit of Fig. 6 , the five terminals marked 1, 2, 
3, 4, 5 represent the corresponding terminals of the five windings. 
The radial links at the terminals are indicated by Z with the subscripts 
of their terminals. The five impedances in the mesh are indicated 
by Ze, Z7, Zg, Z9, Zio- 

There are ten equations relating the ten short-circuit impedances 
of the transformer and the ten impedances of the equivalent circuit; 
the short-circuit impedances between transformer windings taken two 
at a time with the other windings open must equal the impedances in 
the equivalent circuit between the same terminals with all other 
terminals open. 

Let Ze = Zg + Z 7 + Zg + Z 9 + Zio = sum of the five mesh 
impedances. With this simplification, the ten equations relating 
impedances in transformers and equivalent circuit are 


Z12 = Zi + Z2 + — (Z7 + Zg + Z9 + Zio) 


Zi 3 ~ Zi + Zg H ——- (Zg -f Z9 Zio) 
Zu = Zi + Z4 H ——— (Zg + Z7 -t- Zg) 


Z\z = Zi + Zg + (Zg -h Z7 + ^8 + 29) 
Z23 Z2 + Z3 + (Zg + Zg + Z9 + Zio) 


Z24 = Z2 + Z4 H ——- (Zg ■+• Z9 -h Zio) 

Z26 = Z2 + Zg + - t - — ■ (Z7 + Zg -f Z9) 

Zz 4 = ^8 + Z4 (Zg + Z7 + Z9 + Zio) 

Zzz = Z3 + Zg -i ——- (Zg -J- Z7 + Zio) 

Z46 = Z4 + Zg + — (Zg + Z7 Zg + Zio) 

where Zt = Zg Zj Zs -h -f- Zio- 


[16] 
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Simultaneous solution of the above equations gives the ten im^ 
pedances of the equivalent circuit in terms of the transformer short- 
circuit impedances. Solution is most simply performed by additimis 
and subtractions of the ten initial equations of [16] to obtain ten new 
equations of which five contain none of the radial impedances 
(Zi, Z 2 , Zs, Z 4 , Zg), and five contain only one of these impedances. 

Let 


L 

M 

P 

Q 

s 


ZlZ + ^24 ~ ■ 2 i 4 
Zi 4 + Z26 — Z16 
•^24 + ■^36 ~ •Z34 
ZlZ + Z26 — Z12 


Z 28 

Z24 


2Z6Z8 

Zt 

ZZbZq 

Zt 


_ 2 Z 7 Z 9 
Zt 


Zzz 


2 Z 7 Z 10 

Zt 


Zu + Z3B — Z; 


13 


Z45 


ZZgZio 

Zt 


[17] 


In the five equations above, the radial impedances Zj, ^ 2 f ^3i ^4» 
and Zs have been eliminated. 

The five equations which contain only one of the radial impedances 
are obtained by adding two of the initial equations and subtracting a 
third. 

Let 


K = 

Z 12 

+ 

^23 • 

“ Zi3 = 

2 Z 2 

N = 

Z 12 

+ 

Zi5 “ 

- Z 26 ~ 

2 Zi 

0 = 

eo 

+ 

^34 “ 

- Z 24 = 

2 Z 3 

R - 

Z84 

+ 

^46 ' 

" Zz5 = 

2 Z 4 

r = 

Ziz 

+ 

^46 - 

- Zi4 =s 

2 Z 5 


+ 

+ 

+ 

+ 

+ 


2Z6^ 

Zt 

2ZeZio 

Zt 


IZjZs 

2 Z 8 Z 9 


2Z9Z10 

Zt 


[18] 


The radial impedances in the above equations can be determined when 
the mesh impedances are known. 

The five mesh impedances can be expressed in terms of one of these 
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impedances, for example, Ze. From the first of equations [17], 


(Ze + Z7 + Zg + Z9 + Zio) 


— ^ _L _L 1 _L — 

2 Us ^ 28 Zg Zg / 


The ratios of the other mesh impedances to Zg can be determined from 
[17] in terms of the known values L, M, P, Q, and 5, and substituted 
in the above equation to obtain Zg. From [17], the other mesh im¬ 
pedances are expressed in terms of Zg; and from [18], the radial 
impedances are expressed in terms iV, AT, 0 , P, T and the mesh 
impedances: 

Z7 = ^Z6 

M 

„ S , PS „ 

* Q ^ MQ "" 

„ M ^ PS ^ 

® L LQ ^ 


rj ^ 2gZlO 


Za = - - 


^ T Z 9 Z 10 

■ 2 “ “zT 

where Zj = Ze + Z 7 4" Zg -|- Zg + Zjo. 

The impedances of the equivalent circuit of Fig. 6 are given in [19] 
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in terms of constants determined from the transformer short-circuit 
impedances in the manner defined in [17] and [18]. The per unit 
equivalent circuit for the single-phase transformer is also th^ positive- 
or negative-sequence equivalent circuit; and the zero-sequence 
equivalent circuit can be obtained from it as previously explained and 
illustrated for two- and three-winding transformers. 

BANKS OF SINGLE-PHASE AUTOTRANSFORMERS 

The autotransformer has a continuous winding, part of which is 
common to the two circuits connected to its terminals. See Fig. 7 (a). 
The portion of the winding between L and N is common to both the 
high- and low-voltage circuits and is called the common winding; 
the portion of the winding between H and L is called the series winding; 
the total winding between H and N is the series-common winding. 
Expressed in amperes, the current in the series winding is the same as 
the current /jy at the high-voltage terminal; the current in the common 
winding in amperes is the difference between the currents II and In 
at the low- and high-voltage terminals, respectively. 

Autotransformers for three-phase systems may be banks of three 
single-phase units, or three-phase autotransformers. The most com¬ 
mon connection of the windings is in Y; the neutral of the Y may be 
solidly grounded, grounded through impedance, or ungrounded. 
There is frequently a third winding connected in A, called the tertiary 
winding; more than three windings are occasionally used. 

Autotransformer Banks of Three Identical Single-Phase Units. 
When there is no fault or dissymmetry inside the bank, equivalent 
circuits for autotransformer banks, as for transformer banks, are 
conveniently expressed in terms of impedances in per unit (or per 
cent), based on the same kva per phase and on base voltages in the 
windings which are directly proportional to the number of turns in 
the windings. Equivalent circuits with exciting current neglected 
will be developed for the autotransformer bank shown in Fig. 7(6) 
with windings connected in Y, the neutral grounded through an 
impedance and a A-connected tertiary. These equivalent circuits 
will then be evaluated for the bank with solidly grounded neutral, with 
and without A tertiary; and for the bank with ungrounded neutral 
and a A tertiary. 

Let the leakage impedances between windings be represented by the 
following symbols: 

Z«c-c = impedance between series-common and common windings 
Zsc— • = impedance between series-common and series windings 
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Fig. 7. (a) Single-phase autotransformer with indicated currents in amperes. (6) 

Autotransformer bank with A tertiary and neutral grounded through Zn with indi¬ 
cated currents in amperes, (c) Per unit equivalent circuit to replace (b) in the 
positive- or negative-sequence network, where Z^, Zff, and Zr are given by [20]. 
(d) Per unit equivalent circuit to replace (b) in the zero-sequence network where Z* , 
Zy, and Z* are to be evaluated. (See [32] for this evaluation.) (e) Per unit resonant 
A to replace an ungrounded autotransformer bank with A tertiary in the zero- 
sequence network, where Z^^, Zj/rt and Z^r are to be evaluated. (See [39] for 
this evaluation.) (f) Auxiliary zero-sequence equivalent circuit for ungrounded 
autotransformer bank with A tertiary where voltages at L and if are referred to 

neutral. 


Z«c-« ** impedance between series-common and tertiary windings 
Ze^i impedance between common and tertiary windings 
Zc^ ss impedance between series and common windings 
Zs^t impedance between series and tertiary windings 
Uof fitt nt = turns in common, series, and tertiary windings, respec¬ 
tively 

f»c — total turns in series-common winding 
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where the impedances are in per unit on the same kva base per phasCf 
and base voltages in the windings are directly proportional to the 
number of turns in these windings. These impedances can be ob¬ 
tained by test in a manner similar to that used to obtain impedances 
between transformer windings. The per unit short-circuit impedance 
between any two windings is obtained with the third winding open 
and is the same referred to either winding. 

The positive- or negative-sequence equivalent circuit, which is 
unaffected by the neutral connection, is indicated in Fig. 7(c). This 
equivalent circuit is similar to that of a three-winding transformer 
bank and is determined in a similar manner. (Volume I, page 42.) 
The impedances Zl, Zjy, and Zt to be inserted in Fig. 7(c) to obtain 
the positive- or negative-sequence equivalent circuit are 

Zl = |(Z,c-c + Zc^t — Ztc-i) 

Z/f = ^(Zac—c “h 2«c —t ^c—t) [20] 

~ ^(^«c—< “}" Zc^i Zac_c) 

It will be noted that the current in the common winding is not 
represented in Fig. 7(c). Its value in amperes is the difference be¬ 
tween II and Ihj when both are expressed in amperes. 

If there is no A tertiary, or no circuit connected to the A tertiary, 
the point T will be open-circuited in the positive- and negative- 
sequence networks, and the impedance between L and H becomes 

Zl + Zh = Zac^c 

The equivalent circuit is then similar to that of the two-winding 
transformer with exciting current neglected given in Fig. 1(6), with 
Zac^c replacing Zp*. 

Zero-Sequence Equivalent Circuits. Figure 7(d) shows a zero- 
sequence equivalent circuit for the autotransformer bank of Fig. 7 (6) 
in terms of Z*, Zy, and Z* which are to be evaluated. This equivalent 
circuit was first evaluated by Summers and McClure the evaluation 
given here is not that used in their development. 

In Fig. 7(d), the terminal of Z, is shorted to the zero-potential bus; 
there is no connection between the equivalent circuit and the terminal 
T of the A. The currents /l, Ih^ and It are zero-sequence currents at 
terminals H and L and in the A, respectively, in per unit of base 
currents in these respective circuits. Arbitrarily assumed directions 
of current flow are indicated by arrows. Viewed from the terminals, 
the direction of current flow at H and L (whether toward the auto¬ 
transformer and its equivalent circuit or toward the external circuits) 
will be the same in the actual as in the equivalent circuit. With 
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exciting current neglected, the direction of It will be such that the 
algebraic sum of the ampere-turns in each of the single-phase auto¬ 
transformers is zero; in the equivalent circuit, the sum of the currents 
flowing towards a point (here the neutral of the equivalent Y) must be 
zero. In Fig. 7(ft), the ampere-turns resulting from Ii, flowing from 
L to iV is balanced by the ampere-turns resulting from In flowing from 
N to H plus those resulting from It in the same direction as /jy. 
Therefore in the per unit equivalent circuit of Fig. 7 (rf), /l = /jy + It- 

Voltages at H and L are per unit zero-sequence voltages referred to 
ground. Let 

Vnh and Vnl — voltages to neutral at H and L in per unit of high 
and low base voltages, respectively 

Ini Vn = current in the neutral and voltage at the neutral in 
per unit of base line current and base line-to- 
neutral voltage, respectively, in the low-voltage 
circuit 

Vn 

Zn = T— = neutral impedance in per unit of base ohms in the 
^ low-voltage circuit 

Zni iNy and Vn are here arbitrarily defined in terms of base quantities 
in the low-voltage circuit; they could as well have been defined in 
terms of base quantities in the high-voltage circuit. 

Since the equivalent circuit has three terminals, three equations 
must be written relating the indicated unknown impedances Z,, Zy, 
and Zz of the proposed equivalent circuit to the known impedances in 
the actual circuit: 

1. With the high-voltage terminals open in Fig. 7(6), the per unit 
zero-sequence impedance of the autotransformer bank viewed from 
the low-voltage terminals is Zc—t + 3Zn- With point H open in the 
equivalent circuit of Fig. 7(d), the impedance viewed from L is 
Zx + Zg. The equation relating the zero-sequence impedance of the 
equivalent circuit and that of the autotransformer bank for this 
condition is 

Zx + Zg = Zc—t + 3Zn [21] 

2. Similarly, with the low-voltage terminals open in Fig. 7 (6) and 
the terminal L open in Fig. 7(d), the zero-sequence impedance viewed 
from H is 


Zy + Z,^ Z^ 4- SZu (— X-)' 

\«C -h »«/ 


[ 22 ] 
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where the second term on the right-hand side of [22] gives the neutral 
impedance in per unit of high-volt^e base impedance. 

3. With the A tertiary open or removed, the current in per unit is 
the same at the high- and low-voltage terminals. 

Ih^Il^ I [23] 

where I is the current in either winding in per unit of base current in 
that winding. The per unit impedance between H and L in the 
circuit of Fig. 7(6) with the A open is — Vh)II- The per unit 
impedance in the equivalent circuit of Fig. 7(d) between H and L 
with Zz disconnected from the zero-potential bus and on open circuit 
is Zx + Zy. Therefore, 

Vl - Vh 

Zx + Zy^ [24] 

where (Fl — Vh)!! is to be evaluated. 

With the A tertiary open or removed, the voltages at H and L 
referred to neutral are independent of the voltage above ground of the 
neutral. In per unit, with direction of current flow as indicated in 
Fig* 7 (6) by arrows, 

Vnl Vnh = IZsc-^c [25] 

The neutral current /jv in amperes is three times the difference 
between the currents at the low- and high-voltage terminals when 
both are expressed in amperes. In per unit of base current in the low- 
voltage circuit, with Ih in per unit of base current in the high-voltage 
circuit multiplied by ndinc + n«) to refer it to base current in the 
low-voltage circuit, 




Replacing II and Ig in [26] by I from [23], 


= 37 (—^) 
\»c + n,/ 


In per unit of base voltage in the low-voltage circuit, 


Vif — IgZg — ilZg 


Tie + n. 


Vg VgL 


«e + «. 


+ Vnl 
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In per unit of base voltage in the high-voltage circuit, with Vy in 
[28] multiplied by tiefitte -f- «») to express it on this base voltage, 

Vb = Vy ^ -1- VyH = 3IZy -— Tg + Vya [30] 

Substitution of [29] and [30] in [24], with Vyj, — Vya replaced by 
IZ,e-c from [25], gives 

Z, + Z„= ~ -I- 3Zy (—5—y [31] 

/ \Wc + nj 

Simultaneous solution of [21], [22], and [31] gives the values of 
Zxj Zy, and Zg to be substituted in the equivalent circuit of Fig. 7 (d): 

Zx — ^(Zsc^c + Zc^t ““ Zsc^t) + 3Zjsr —--— 

tie + ris 

i (Z.^c + - Z^t) - 3Zy ■ [32] 

\nc -r fi's) 


Zg = ^(Zac—f + Zc—« — Zac—c) + 3Z]^ --- 

Wc + fls 

If Zn — 0, ZjB, Zy, and Zg are the same as Zl, Zh, and Zy, respectively, 
given by [20]. 

The equivalent circuit of Fig. 7{d) can be used to replace the auto¬ 
transformer bank in the zero-sequence network for any unbalanced 
operating condition where exciting current can be neglected and the 
dissymmetry is outside the bank. From it, the zero-sequence currents 
and voltages at the terminals L, H, and in the A (zero-sequence 
voltage across A windings is zero) in per unit of base currents and 
voltages in the high, low, and tertiary circuits, respectively, can be 
obtained. 

The neutral of the Y is not represented in the equivalent circuit; 
therefore the current flowing from the neutral and the voltage-to- 
ground of the neutral are not given directly. The zero-sequence 
current in the common winding is the difference between the zero- 
sequence currents at the low- and high-voltage terminals when both are 
expressed in amperes. The current flowing in the neutral grounding 
impedance is three times the zero-sequence current in amperes in the 
common winding. The voltage above ground of the neutral in volts 
is the product of the current flowing from the neutral to ground in 
amperes and the neutral impedance in ohms. 

With solidly grounded neutral^ Zn = 0, and the zero-sequence 
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equivalent circuits, with and without a A tertiary, are the same as th^ 
corresponding positive-sequence equivalent circuits, except that the 
equivalent impedance Zt of the A tertiary is shorted to the zero- 
potential bus in the zero-sequence network, whereas in the positive- 
sequence network it may be connected to a three-phase circuit or left 
open. 

With no A tertiary, the impedance Z* in Fig. l[d) is disconnected 
from the zero-potential bus, and the equivalent circuit for the auto¬ 
transformer bank in the zero-sequence network reduces to the im¬ 
pedance between L and H given by [31]. 

The Y-Y transformer bank and the Y-Y-A bank with neutrals 
grounded through a common impedance Zn and exciting impedance 
neglected can be replaced in the zero-sequence network by equivalent 
circuits similar to those for the autotransformer bank with neutral 
grounded through Zj^, without and with a A tertiary, respectively. 
The per unit leakage impedance between the high- and low-voltage 
transformer windings will replace Z«c~c in [31] and [32], and the per 
unit impedances between the tertiary and the high- and low-voltage 
windings, respectively, will replace Z«c-t and Zc^t in [32]. 

In the autotransformer bank with ungrounded neutral and A tertiary, 
Zjf = 00 ; and the three impedances Z®, Zy, and Z« of the equivalent 
Y of Fig. 7 (d) given by [32] become infinite. A zero-sequence equiva¬ 
lent circuit for the autotransformer bank can be obtained by converting 
the equivalent Y to an equivalent A before equating Zv to oo. A 
more direct procedure is to evaluate the elements of the equivalent A 
directly from the actual circuit. Figure 7(e) shows the assumed A 
with indicated impedances Zlh^ Zltj and Zht^ which are to be 
evaluated. 

Three equations are needed to relate the three impedances in the 
equivalent circuit to impedances in the autotransformer bank, corre¬ 
sponding to three assumed operating conditions: 

1, With either the high- or low-voltage terminals of the auto¬ 
transformer bank open and zero-sequence voltages applied to the 
other terminals, no current will flow. The impedance of the equiva¬ 
lent circuit for this condition must therefore be infinite, or 

Zht{Zlh + Zlt) ^ ^ 

Zht + Zlh + Zlt 
Equation [33] is satisfied if 

Zht + Zlh + Zlt ®= 0 [34] 

With Zlh + Zht + ^tT “ 0» A cannot be replaced by an 
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equivalent Y of finite impedances. An equivalent A in which the sum 
of the three branch impedances is zero is called a resonant A. 

2. If zero-sequence voltages are applied to the low-voltage terminals 
of the autotransformer bank with the high-voltage terminals shorted 
to ground, or vice versa, zero-sequence currents will flow in the three 
series windings and in the A tertiary, but no current will flow in the 
three common windings. The current flowing in the series and 
tertiary windings meets the impedance which, as defined, is the 
same in per unit referred to either of these windings, base voltages 
in the windings being directly proportional to the number of turns in 
the windings. To refer in per unit to the low-voltage winding 
it is multiplied by (Wg/nc)^; to refer it to the high-voltage winding it 
is multiplied by [njiric + Wg)]^. 

With the high-voltage terminals shorted to ground, and zero- 
sequence voltage Vl applied at the low-voltage terminals, in per unit. 



In the equivalent circuit for this condition, 

Vl _ ZlhZlt 
II ^lh + Z,LT 


From [35] and [36], 


ZlijZlt 
Zlh + Zlt 



[37] 


3. The corresponding equation, with the low-voltage terminals 
shorted and zero-sequence voltage Vh applied to the high-voltage 
terminals, is 


ZlhZht 
Zlh + Zht 



[38] 


Solution of the simultaneous equations [34], [37], and [38] gives 
Zlh = Zs^t 


n! 


+ M.) 


Zlt = 
Zht = 


n, 

tie 

n. 


tie + n. 


[39] 
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Equations [39] give the impedances to be inserted in the equivalent 
A of Fig. 7(e). With the equivalent A replacing the autotransformer 
bank in the zero-sequence network, the three sequence networks can 
be set up on an a-c network analyzer and connected to satisfy given 
operating conditions; or, in analytic solutions, the impedances of the 
equivalent circuit can be combined with other system impedances in 
the usual manner to obtain the zero-sequence impedance of the system 
viewed from any point outside the autotransformer bank. With any 
one of the three terminals H, L, or T open-circuited, the impedance of 
the equivalent circuit is infinite when exciting currents can be neglected. 

The discussion given in the following chapter of open conductors 
in circuits supplying ungrounded transformer banks can be applied 
by analogy to circuits supplying ungrounded auto transformer banks. 

The voltage of the ungrounded neutral above ground cannot be 
obtained directly from the equivalent circuit of Fig. 7(e). But in a 
system study, after the per unit zero-sequence currents and voltages 
at the auto transformer terminals L and H have been determined, the 
equivalent circuit of Fig. 7(/), with Zt shorted to neutral N and 
Zhi Zl, and Zy defined by [20], can be used as an auxiliary circuit 
to determine the per unit zero-sequence voltages-to-neutral Vnl and 
FATjy at L and H, respectively. Then, subtracting Vnl from Vl 
(or Vnh from Fjy), the voltage above ground of the neutral is obtained 
in per unit of base voltage in the low- (or high-) voltage circuit. Thus, 
from Fig. 7(/), 

Vnl = ItZt + IlZl 
It = II ^ Ih 

and in per unit on the low-voltage base, the voltage above ground 
Vn at the neutral is 

Fiv = Fl - FiVL = Fl - ItZt - IlZl [40] 

If It in [40] is replaced by II Ihj 

Fj^ = Fx, ~ IUZt + Zl) + IhZt [41] 

Equation [41] is independent of /r; II and Ih are per unit currents 
in the directions indicated by arrows in Fig. 7(f); with either I lot 
Ih the reverse direction, the sign preceding /l or in [41] should 
be reversed. 

Relations between Autotransformer Impedances. Although six 
impedances between windings have been listed and defined for the 
autotransformer bank with A tertiary, only three are independent when 
exciting current is neglected. The impedances usually given are 
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Zac-^-et Zgc-^if and the other three impedances can be determined 
from them, if required. 

The impedance Z^c^c can be determined by applying a voltage Vs 
to the series-common winding with the common winding shorted as 
in Fig. 8(a) and measuring the current In at the high-voltage terminal, 
the ratio Vh!Ih giving the impedance Z^c^, If Vh and /jy are in 
volts and amperes, respectively, Z«c_c will be in ohms, referred to the 
series-common winding; if and In are in per unit of base current 
and voltage, respectively, in the high-voltage circuit, Zgc-c will be in 
per unit. Since Zac^c in per unit is the same referred to either winding. 



Fig. 8. Circuits for determining leakage impedances of autotransformer and rela¬ 
tions between them. 


it could also be determined by applying a voltage Fl to the common 
winding, with the series-common winding shorted, and measuring the 
current /x, at L, the ratio Vl!Il giving Zc-«c = Z«c-c in per unit. 

From Fig. 8(a) it may be seen that, with the common winding 
shorted, the voltage F^r in volts applied to the series-common winding 
is also the voltage F^ across the series winding, and the current In 
in amperes at the high-voltage terminal is also the current Is in the 
series winding. In Fig. 8(a) the ratio VuIIhj where Vs and Ih are 
in volts and amperes, respectively, can be used to determine the 
impedance Z«-c in ohms between the series and common windings 
referred to the series winding: 

Vh (volts) __ Vs (volts) 

Ih (amp) Is (amp) 

= Zac—c in ohms referred to series-common winding 
= Za-c in ohms referred to series winding 

In per unit on the same base kva per phase and with base voltages 
directly proportional to the number of turns in the respective windings. 



[42] 
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In Fig. 8(jb), with Vg api^ied to the series-common winding and 
the series winding shorted, the ratio Vg/Ig where Vg and If are in 
volts and amperes, respectively, gives both and Ze_, in ohms. 
Therefore in per unit. 



Substitution of [42] in [43] gives 



As the leakage impedance between any two windings is measured 
with all other windings open, the presence of a A tertiary will not 
affect [42H44]. 

The impedance Z«_(, which is the only impedance required to 
construct the resonant A to replace the ungrounded autotransformer 
bank with A tertiary in the zero-sequence network, can be expressed 
in terms of the impedances Z,c-e, and Z^-t. With Fs applied 

to the series windings and the tertiary winding shorted, as indicated 
in Fig. 8(c), and all quantities in per unit of their respective base 
quantities. 


Z^t = 


Va 


Is 
It = Is 


[45] 

[46] 


In volts, Fs = Vgg — VifL’, and in amperes, Ig = Is and /i — 
Ih — 0» since the current in the common winding is zero. These 
equations expressed in per unit are 


Vs 


n, n. 


Ih = Is 


We + n, 

W, 


[47] 

[48] 


» » We Wc 

It — Ig -;- * la — 

We + W, W, 


[49] 


From [48], [49], and [46], 

Ig-Ifls^lT^ [50] 

The equivalent circuit of Fig. 7(/), between H, L, and N, with Zt 
shorted to neutral N and the per imit impedances Zg, Zt, and Zt 
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defined in [20], can be used to determine the voltages at H and L 
referred to neutral in terms of and To satisfy [SO], 

the directions of In and II in Fig. 7(/) must be reversed. Then 

Vnh = ItZt + Ih^h [51] 

Vnl = ItZt — IlZl [52] 


If It, III, and II in [SI] and [S2] are replaced by their per unit values 
in terms ol Is from [46], [48], and [49], respectively, and Zt, Zh, and 
Zjr, by their values given in [20], and if [51] and [52] are then sub¬ 
stituted in [47], Vs in terms of Is is obtained. Substitution of Vs/Is 
in [45] gives 




ftc + Its „ flc 


8C—t ■ 


na 


— Zc^t -h Zac^t 

fla 


ndnc + fla) 




Also, from [S3] and [42], 

na 


Zac^t = Za^t 


nc + »« Wc + n^ 


-Zc 


UcHa 


(nc + na)^ 


GENERATORV-^ri^.V 

X|»X2*I8% 


H 220 KV 


TRANSF 

X|*I0% 


LINE 
X|*X2» 5% 
12 % 


LINE”^ 1*0* 


10' 24% 


AUTO 

»sc-c* 6-64% 
*$c-fH.3 % 
Kc><.l6.3 % 


<0) 


[S3] 


[54] 


EilO 


124 

.jTHRT^ 


L j8.52 -jU07 H 1*2 
-nnnp— I -IF 


Irfl 1*6.78 




r 

^Voo 


ZERO-POTENTIAL BUS 


(b) 

Fig. 9. (a) One-line system diagram showing one phase of autotransformer bank 

with A tertiary and neutral grounded through Zn, with line-to-ground fault at F. 
Per cent reactances are based on 20,000 kva per phase. (&) Per cent zero-sequence 
impedance diagram of (a) with Zn = jll.86 ohms. 

Problem 4. In the one-line system diagram of Fig. 9(a), the autotransformer 
bank consists of three identical single-phase units. Base winding voltages in the 
common, series, and series-common windings arel54/\/3 kv, 66/\/3 kv, and 220/\/3 
k\% respectively. The number of turns no, na, and Hc -|- ««are in the ratio 7 : 3 :10, 
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respectively. Resistances are not given. The reactances between windings, based 
on 60,000 kva (20,000 kva per phase) and base winding voltages are 

Xge—e 6.649^J Xgc—t “ Xe—t^ 16.3% 


The A winding is rated 13.8 kv and 10,000 kva per phase. A line-to-ground fault 
occurs at F. 

Draw the zero-sequence network of the system showing the autotransformer bank 
between iJ, L, and the zero-potential bus. Determine the zero-sequence voltages 
and currents at the high- and low-voltage terminals and at the neutral, and the current 
in the A tertiary. 

(a) The neutral is grounded through a reactance of 11.86 ohms. 

(ft) The neutral is ungrounded. 

Solution, (a) In per cent on the low-voltage common winding base. 


ZZn 


= 7*3 


11.86 X 60,000 
(154)2 10 


= 7*9.0% 


From [32] with resistance neglected, 

Zs = j[^(6.64 + 16.3 - 11J) +9^] =i8.52% 

Zy =i[i(6.64 + 11.3 - 16.3) - 9^j^] = -jl.07% 

Z, =ij^|(11.3 + 16.3 - 6.64) + = j16.78% 


By substituting these values of Z*, Zy, and Z, in Fig. 7(d), the equivalent circuit 
of the auto transformer bank is obtained. The zero-sequence network of the system 
is shown in Fig. 9(ft) with impedances in per cent. 

Viewed from the fault at F, 


Zo 


.42.52 X 16.78 
^ 59.3 


-il.07 +il2 =j22.9S% 


= j(18 + 10 + 8 + 6.64 + 5) = i47.64% 

Zi -|- Z2 H“ Zo = jl 18.23% = 7*1.182 per unit 

With unit voltage at F before the fault, the components of per unit fault current 
at F are 

lal « /a2 = /oO = * -jOMS 

From the sequence networks, the symmetrical components of current and voltage 
are determined in the usual manner, and from them the phase currents and voltages. 

The zero-sequence currents at if, L, and N in the directions indicated by arrows in 
Fig. 9(a) are 

Iff ■" 2 ao ** —70.845 per unit 


* -j0.84S X 


60,000 
\/3 220 


-7I33 amp 
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II « lao X « —iO.239 per unit 
60,000 

= -^*0.239 X — 7 :-» —j53.7 amp 

\/3 1S4 

/j\r = 3 (II ““ /^) amp = 7*238 amp 

Fat * InZn =7*238 X 7 II .86 X 10 "* kv = -2.82 kv 



(b) 

Fig. 10 . (a) Per unit zero-sequence impedance diagram of Fig. 9 (a) with Zn = «. 
Per unit zero-sequence voltages at L, if, and F are indicated. Per unit zero-sequence 
currents are enclosed in parentheses with accompanying arrows indicating assumed 
directions. (&) Auxiliary zero-sequence per cent impedance diagram, with voltages 
at H and L referred to neutral. 


The per unit zero-sequence current in the A tertiary in the direction indicated, 
based on 13.8 kv and 20,000 kva per phase, is 

/r = /iy - /l = -7*0.845 -f 7*0.239 = - 7 O. 6 O 6 

Based on 13.8 kv and 10,000 kva per phase, 

10,000 

It = - 7 * 1.212 per unit » — 7 * 1.212 X = -7*878 amp 

13.0 


( 6 ) The reactance is the same in per cent referred to the series and tertiary 
windings, base voltages in these windings being 66/\/3 kv and 13.8 kv, respectively. 
In per cent based on 20,000 kva per phase, calculated from [53] is 
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Substitution of in [39] gives the branch impedances of the equivalent circuit of 
Fig. 7(e) to replace the autotransformer in the zero'sequ^nce network: ' 

Zlh * i6.6%; Zlt • ~i22.0%; Zht •* ilS.4% 

The zero-sequence network of the system is shown in Fig. 10(a). Viewed from the 
fault in per cent, 

•9 __*_ I /I 


Zo « j- 


+ il2 = j33.3% 


" (-62.3+6.6) + 15.4 ' 

Zi and Z 2 viewed from the fault are unchanged by ungrounding the neutral of the 
Y; Zi - Z 2 - 47.6%. 

Zi+Z2 + Zq^ j33.3 +i2(47.6) * il28.5% 

With unit voltage at F before the fault, the components of per unit fault current 
at F are 

lal Ia2 laO ~ .. - q - =* -“j0.77S 
Jl.ZoD 

In the per unit zero-sequence network of Fig. 10(a), the division of per unit 
current in the various branches and the zero-sequence voltages at H, L, and F are 
indicated. 

Vao (at the fault) » --laoZo = jO.778 X 70.333 

220 

«» —0.259, based on —kv 

V3 

/k laO — —7*0.778 per unit 
60.000 

s= —7*0.778 X —7: - = — 7 * 122.5 amp 

V322O 


Vh =* 7*0.778 X 7*0.213 = —0.166, based on —kv 

Vs 

, 15.4 -22 

II = lao X - ■ - " X “ 77 “ = - 7 O .545 per unit 
—40.3 12 

60,000 

* — 7 * 0.545 X —7: - = -7*122.5 amp 

\/3 154 

Vl * 7 O .545 X 7*0.34 * —0.185, based on 154/\/3 kv 

Per unit It can be obtained as the algebraic sum of the currents in the two branches 
of the resonant A connected to the zero potential bus; or from II and In: 

It ^ Ih II — —7*0.233 per unit 

20.000 

•* — 7 O .233 X " g ** —7*335 amp 

The current in the series winding in amperes is 

la ^ Ih •• —7*122.5 amp 
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Base current in the series winding is 60,000/(\/3 66) =» S2S amp 
Is “ ' “ -iO-233 per unit 

As a check on numerical calculations, Is and It are equal in per unit, and the current 
in the common winding (II — Ih) in amperes is zero. 

The per unit voltage at the neutral of the ungrounded Y of the autotransformer 
bank based on 154/\/3 kv can be obtained from [41] or from Fig. 10(ft). Zl, Zh^ 
and Zt, calculated by substituting Zac-u and Zt-t in [20] arej5.82%, jO.82% 
and j 10.48%, respectively, and the zero-sequence currents and voltages at L and H 
are given above. From [41], 

Vn * -0.185 - (-7*0.545 XiO.163) -1- (-7*0.778 X 7 O.IO 48 ) = -0.192 per unit 
154 

* -0.192 X —= = -17.1 kv 

V3 

Exciting Currents in Banks of Single-Phase Autotransformers. 

These currents have been neglected, and the mutual impedances 
between windings have been assumed to be infinite in the development 
of the positive-, negative-, and zero-sequence equivalent circuits given 
above. If exciting current' is considered, the equivalent circuits for 
the autotransformer bank without a A tertiary will have three termi¬ 
nals; with a A tertiary, there will be four terminals. Magnetizing 
reactances are subject to saturation, and therefore autotransformer 
banks in which phase voltages across windings are badly unbalanced 
are unsymmetrical in the three phases and cannot be accurately 
represented by equivalent circuits in the sequence networks; however, 
they can be satisfactorily represented when mutual- and self-imped¬ 
ances of windings are large enough, relative to other system impedances 
involved in calculations, for their variations from constant values to 
have negligible influence on calculated values, within the required 
degree of precision. The discussion of overvoltages across transformer 
windings applies also to overvoltages across autotransformer windings. 

THREE-PHASE TRANSFORMERS AND AUTOTRANSFORMERS 

Transformers. In three-phase transformers, the windings for the 
three phases are on separate legs which form part of the same iron core. 
There are two types of three-phase transformers in general use: the 
core type and the shell type. In the core-type transformer, the legs 
are in parallel and terminate in iron yokes. The usual core-type 
transformer has three legs, but there may be two additional outside 
l^s of smaller cross section without windings, making a total of five 
l^s. In the three-legged core-type transformer, there is a closed 
magnetic circuit for positive- and negative-sequence fluxes since their 
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sum is zero, but the return path for zero-sequ^ce fluxes is in air. A 
cross section of the iron core of a three-legged core-type transformer is 
shown in Fig. 11(a). In the five-legged core-type transformer, there 
is an iron return path for zero-sequence fluxes through the legs without 
windings. In the shell-type transformer, the three legs carrying the 
phase windings are within the iron core. The windings of the middle 
phase are reversed in standard shell-type construction. A cross 
section of the iron core is shown in Fig. 11(6). Because of the outside 



Fig. 11. Cross sections of iron cores of three-phase transformers, (a) Core type. 

(b) Shell type. 


iron, there is a closed magnetic circuit for zero-sequence fluxes as well 
as for positive- and negative-sequence fluxes. With either type of 
three-phase transformer, there may be two, three, or more windings 
per phase. 

Equivalent circuits to replace three-phase transformers in the 
sequence networks are determined from open-circuit and short- 
circuit impedance tests in the same way as those for transformer banks 
of single-phase units. Open-circuit impedance tests give the self¬ 
impedances per phase of the various windings measured from their 
terminals with all other windings open; short-circuit impedance tests 
between two windings give the impedance per phase measured from the 
terminals of one winding with the second winding shorted. In three- 
phase transformers, the term winding includes the three phase wind¬ 
ings. For the two-winding transformer, the two windings will be 
called high- and low-voltage windings, indicated by H and L, respec¬ 
tively. In the three-winding transformer, the third winding will be 
called the tertiary winding, indicated by T. The voltage of the 
tertiary winding may be higher or lower than that of the high- or low- 
voltage winding. All impedances will be expressed in per cent or per 
unit based on the kva rating of the transformer and on voltages in the 
windings directly proportional to the number of turns in the windings. 

Positive- and Negative-Sequence Equivalent Circuits. Since the 
positive- and negative-sequence flux paths for both types of three- 
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phase transformers are principally in iron, the self-impedances of the 
windings are very high. When expressed in per unit or per cent, the 
open-circuit impedances for all windings are very nearly equal. Also, 
the short-circuit impedances between two windings are very nearly 
equal if measured from the terminals of either winding. Because 
the mutual reactance between windings is high relative to the leakage 
reactances, the short-circuit impedance between two windings is very 
nearly equal to the sum of the resistances and leakage reactances of 
the two windings. In the usual system problem, positive- or negative- 
sequence exciting currents can be neglected. The three-phase two- 
winding transformer is then replaced by a single impedance equal to the 
short-circuit impedance. Three- and four-winding transformers are 
replaced by three- and four-terminal equivalent circuits, respectively, 
similar to those for transformer banks of three single-phase units. 

Zero-Sequence Equivalent Circuits. In the transformer bank of 
three single-phase units, the open-circuit and short-circuit zero- 
sequence impedances are the same as those of positive sequence if the 
paths for currents of both sequences are the same. This may not be 
the case in three-phase transformers. 

The following discussion of zero-sequence open-circuit and short- 
circuit impedances of core-type and shell-type three-phase trans¬ 
formers, together with figures and typical values of impedances, is 
taken directly from a paper® by A. N. Garin. In this paper, a distinc¬ 
tion is made between the complete zero-sequence equivalent circuit 
and the abbreviated equivalent circuit. The complete equivalent 
circuit is determined from open-circuit and short-circuit impedance 
tests in which paths are provided for zero-sequence currents in all 
windings. For example, the zero-sequence self- or open-circuit 
impedance of a A-connected winding can be obtained in test by 
impressing a voltage in a corner of the A with all other windings open, 
the ratio of one-third the impressed voltage to the A current giving the 
zero-sequence self-impedance per phase of the winding. With a 
second winding shorted, the short-circuit impedance measured from 
the A is obtained in a similar manner. The abbreviated equivalent 
circuit shows the transformer as seen from the system. Although 
insufficient for a complete solution of the transformer, it gives all the 
information needed for system calculations and, incidentally, all the 
information that can be obtained by testing the transformer without 
disturbing its internal connections. The complete zero-sequence 
equivalent circuit is determined from the open-circuit and short- 
circuit impedances in a manner similar to that used to determine the 
positive-sequence equivalent circuit for a two-winding transformer 
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with exciting current included. The abbreviafted equivalent circuit 
can be obtained from the compilete equivalent circuit if connections to 
the system are left open for A- or ungrounded Y-connected windings 
and if terminals of equivalent impedances of A-connected windings 
are shorted to the zero-potential bus. 

Short-circuit zero-sequence impedances for transformers of either core 
or shell type are practically as free from saturation as the positive- 
sequence short-circuit impedances, and the departures from symmetry 
are seldom large enough to be detected by the usual commercial test. 



PER CENT ZERO-SEQUENCE VOLTAGE 
( 0 ) 



(b) 


Fig. 12 . (a) Typical open-circuit zero-sequence impedance curve for a three-phase, 

three-legged core-type transformer. (6) Tank of a three-phase, three-legged core¬ 
type transformer acting as a A-connected winding. 

Open-circuit zero-sequence impedances of core-type and shell-type 
transformers are so different that they must be described separately. 

In the three-legged core-type transformer, the positive-sequence flux 
paths are principally in iron while the sum of the zero-sequence fluxes 
in the three legs returns by air. The zero-sequence open-circuit 
impedance of any winding is therefore much lower and much less 
subject to saturation than the positive-sequence open-circuit im- 
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pedance. The open-circuit zero-sequence impedance, as measured 
at the terminals of any winding, rarely exceeds 100%, and is more 
likely to be about 50%, based on the transformer rating. The 
variation of impedance with zero-sequence voltage is usually quite 
moderate, as shown in Fig. 12(a). The maximum value of impedance 
is found ordinarily at less than 5% zero-sequence voltage. The 
ratio of this maximum value to the final value, which is practically 
reached at 30% zero-sequence voltage, seldom exceeds 1.5 and may be 
less. The current in the three phases of a Y-connected winding or the 
voltage across the three phases of a A-connected winding (with an 
impressed voltage in a corner of the A) are usually equal to within 
5%. During zero-sequence tests, no part of the core becomes satu¬ 
rated so long as zero-sequence voltage docs not exceed 100%. 

The transformer tank, as a rule, has no measurable influence on 
positive-sequence open-circuit impedance, but zero-sequence currents 
are similarly directed in the windings of the three phases and induce 
an oppositely directed current in the tank wall, so that in effect the 
tank acts as if it were a high-impedance A-connected winding. See 
Fig. 12(ft). This A effect of the tank brings about a further reduction 
in the magnitude of the open-circuit zero-sequence impedance and a 
still closer balance of the currents of the three phases. 

Thus, on open-circuit zero-sequence impedance test, a three-legged 
core-type transformer approaches quite closely the ideal symmetrical 
non-saturating circuit. During a line-to-ground fault, simultaneous 
excitation by voltages of several sequences, as determined by the 
system and the location of the fault, may result in saturation of parts 
of the core. The return path for the zero-sequence component of total 
flux, however, still lies outside the core iron, and the method of sym¬ 
metrical components remains applicable, although in some cases its 
accuracy may be somewhat reduced. 

A shell-type core provides a closed magnetic circuit both for positive- 
and for zero-sequence fluxes, but, except at very low excitation, the 
positive- and the zero-sequence open-circuit impedances are of a 
different order of magnitude. Open-circuit zero-sequence impedance 
of a shell-type transformer, as measured at the terminals of any wind¬ 
ing, reaches its maximum value of several thousand per cent at about 
20% zero-sequence voltage, Fig. 13(a), and then decreases very rapidly 
with increasing voltage, so that at 75% to 100% excitation it ranges 
between 500% and 100%, based on the rated kva of the transformer. 
This rapid decline is due to accelerated saturation of a part of core iron 
by the zero-sequence flux. 

Owing to the reversal of windings of the middle phase, the flux 



[Ch. IVl 


ZERO-SEQUENCE EQUIVALENT CIRCUITS 


155 


density in the four shaded cross members of the pore, Fig, 13(6), at any; 
zero-sequence voltage is twice the density at the same positive- 
sequence voltage. For normal designs, zero-sequence voltage from 
60% to 75% will result in full saturation of these parts of the core. 
The currents in the three phases of a Y-connected winding during the 
open-circuit zero-sequence impedance test are unbalanced, the current 



PER CENT ZERO-SEQUENCE VOLTAGE 
(o) 



100 100 100 


lo*" 


(b) 

Fig. 13. (a) Typical open-circuit zero-sequence impedance curve for a three-phase 

shell-type transformer. (6) Saturation of core iron by zero-sequence flux in a three- 
phase shell-type transformer. 

in the middle phase being 25% to 50% higher than the average value. 
This unbalance is also due principally to the reversal of the windings 
of the middle phase. Without a A-connected winding or a neutral 
tie (for example, a Y-Y transformer with the neutral of one Y only 
grounded), the zero-sequence equivalent circuit of the shell-type trans¬ 
former would be an unsymmetrical circuit, subject to rapid saturation. 
However, on account of third-harmonic current requirements, shell- 
type transformers are seldom operated without a A-connected winding 
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or a neutral tie. Any connection providing a path for third-harmonic 
currents will also provide a path for zero-sequence currents of operat¬ 
ing frequency and will convert open-circuit zero-sequence impedances 
at terminals of other windings into short-circuit zero-sequence im¬ 
pedances, which, as stated above, satisfy the requirements of symmetry 
and are much less affected by saturation. 

Five4egged core-type transformers have open-circuit zero-sequence 
characteristics intermediate between those of the shell type and the 
three-legged core type. As in shell-type transformers, the core 
provides a closed magnetic circuit for the zero-sequence flux, which 
in a normal design saturates at relatively low zero-sequence voltage. 
As in three-legged core-type transformers, the windings of the middle 
phase are not reversed and, at zero sequence voltages sufficient to 
saturate the outside legs, the A effect of the tank comes into play. 

For core-type transformers the resistance component of short- 
circuit zero-sequence impedances is usually somewhat higher than the 
resistance component of corresponding positive-sequence impedances; 
but, in general, for both core-type and shell-type transformers the 
resistance components of corresponding short-circuit impedances of 
the two sequences are of the same order of magnitude. The resistance 
components of open-circuit zero-sequence impedances may be ap¬ 
proximated by assuming the power factor of these impedances to be 
about 30% for core-type transformers and to vary from about 50% 
at low zero-sequence voltages to about S% at high zero-sequence 
voltages for shell-type transformers. Thus, in system calculations 
zero-sequence impedances of transformers may usually be treated as 
pure reactances. 

The value of zero-sequence resistance is not a reliable criterion of the 
ability of a transformer to carry zero-sequence currents of a specified 
duration without objectionable overheating, since it does not determine 
the magnitude of zero-sequence currents, nor does it give any informa¬ 
tion on the distribution of zero-sequence losses in the windings, the 
core, and the structural parts. The core and the structural parts may 
reach higher temperatures than the windings and are more likely to 
develop local hot spots. In practice, the magnitude and the distribu¬ 
tion of zero-sequence losses, which are largely under the designer’s 
control, are of importance only in exceptional cases when load currents 
contain a large zero-sequence component or when line-to-ground 
faults cannot be cleared within a few seconds. 

Zero-Sequence Equivalent Circuits for Two-Winding Three-Phase 
Transformers. In the three-legged core-type transformer, since 
exciting current cannot be neglected, the complete equivalent circuit 
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for a two-winding transformer will have three terminals H, L, and M, 
as in Fig. 14(a), where the branch impedances Zb, Zl, and Zu are to 
be evaluated. Terminals H and L of the equivalent circuit correspond 
to the high- and low-voltage terminals, respectively, of one phase of the 
transformer. The neutral leads of the transformer are not rep¬ 
resented in the equivalent circuit. The point M is connected to the 
zero-potential bus of the network. The current in the impedance 
Zm of the equivalent circuit represents the zero-sequence exciting 

.. (-ai-ju))x (0.6-t-] io^)X 

H » ' »L 

Zh L Zl 

ZM3(15.0<f)45.0)X 

[M 

ZERO-POTENTIAL BUS 
(a) (b) 



ZERO-POTENTIAL BUS 


(0.4+ j 9.1)% 

H» - —. •L 


ZERO-POTENTIAL BUS 
(C) 

Fig. 14. Equivalent circuits for two-winding three-phase core-type transformer. 

(a) Complete equivalent circuit with impedances Zh, and Zm to be evaluated. 

(b) Zhi Zif and Zm in (a) evaluated from zero-sequence impedance tests on a typical 
three-phase, three-legged core-type transformer, (c) Corresponding positive- or 

negative-sequence equivalent circuit in which Zm is relatively infinite. 

current, which is the difference between currents and Ii^ and may be 
supplied by either winding. 

Two open-circuit and two short-circuit impedance tests can be made, 
but only three of these impedances are required to determine the 
branch impedances Zh, and Zm of Fig. 14(a). Typical zero- 
sequence open-circuit and short-circuit impedances of a three-phase, 
three-legged, core-type two-winding transformer with the usual con¬ 
centric arrangement of windings determined by test are 

(14.9 + j44.0)% = open-circuit impedance measured from JET 
= Zb -{■ Zu in Fig. 14(c) 

(15.6 +i5S.0)% = open-circuit impedance measured from L 
«= Zi -h Zu in Fig. 14 (o) 
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(0,8 + j7.2)% = short-circuit impedance measured from JST 

ZlZm 


= Zh + 


in Fig. 14(a) 


Zl + Zm 

(O.S +7*9.0)% = short-circuit impedance measured from L 

ZhZm 


= -Zl + 


Zh + Zm 


in Fig. 14(a) 


The complete zero-sequence equivalent circuit is shown in Fig. 14(6). 
The positive-sequence equivalent circuit with exciting current neg¬ 
lected, which is a single impedance between H and L equal to the 
short-circuit impedance measured from either H or L, is indicated in 
Fig. 14(c). 

It will be noted that the two open-circuit zero-sequence impedances 
have different values and that both of them are very much lower than 
the positive-sequence open-circuit impedance which may be of the 
order of 10,000%, corresponding to an exciting current of 1%. The 
two short-circuit impedances also differ from each other. In the 
equivalent circuit, Z/f + Zl is practically the same as the positive- 
sequence short-circuit impedance. 

The complete zero-sequence equivalent circuit of Fig. 14(a) is used 
in the zero-sequence network when both windings are connected in 
Y and both are solidly grounded. If the high-voltage winding is 
connected in A, the terminal H in Fig. 14(a) is shorted to the zero- 
potential bus; if the low-voltage winding is connected in A, the 
terminal L is shorted to the zero-potential bus. In either case, the 
connection to the system from the A is open; likewise, for a winding 
connected in ungrounded Y, the connection to the system is open. 
For the Y-A connection of windings with the neutral of the Y grounded, 
the abbreviated equivalent circuit viewed from the Y terminal is a 
single impedance to the zero-potential bus. If the complete zero- 
sequence equivalent circuit of Fig. 14(a) with the terminal L (or H) 
shorted to the zero-potential bus is used, the current in the A and the 
exciting current in branch Zm oi the equivalent circuit can be de¬ 
termined separately. Impedance in the neutral of a Y-connected 
winding or in the corner of a A-connected winding can be included in 
the equivalent circuits in the same way as for transformer banks of 
three single-phase units already described. See Figs. A{d) and 4(/). 

For two-winding transformers of the shell type or the five4egged core 
type, the value of Zm in Fig. 14(a) depends upon the magnitude of the 
voltages at the transformer terminals. At low voltages, Zm is suf¬ 
ficiently large to be omitted from the zero-sequence equivalent circuit 
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just as mutual impedance is omitted from*’ the positive-sequence 
equivalent circuit. On this basis, the approximate zero-sequence 
equivalent circuit for either a shell-type or a five-legged core-type 
transformer is a single impedance Zh + with two terminals H and 
L. However, owing to saturation, the value of Zm decreases very 
rapidly with increasing excitation (see Fig. 13) and finally approaches 
values typical of three-legged core-type construction. 

In a comparison of zero-sequence impedances of three-phase trans¬ 
formers with corresponding impedances of transformer banks of three 
single-phase units with the same connections of phase windings, the 
greatest difference is seen in Y-Y connected phase windings with the 
neutral of only one Y grounded. Viewed from the terminals of the 
grounded Y, the zero-sequence impedance of a transformer bank of 
three single-phase units is the same as the positive-sequence open- 
circuit impedance which is infinite relative to the positive-sequence 
short-circuit impedance, whereas that of the three-phase three-legged 
core-type transformer may be of the order of five times the positive- 
sequence short-circuit impedance; or, by special design, the mutual 
branch Zm may be made to approach zero or even reverse its sign. 
For this connection of phase windings, it is important to know whether 
the transformer is a bank of three single-phase units or a three-phase, 
three-legged, core-type transformer. 

Three-Winding Three-Phase Transformers. The complete zero- 
sequence equivalent circuit of a three-winding transformer with 
windings H, L, and T has four terminals, H, L, F, and M, with the 
terminal M permanently connected to the zero-potential bus. The 
minimum number of branches is six, or the four-terminal eight-branch 
equivalent circuit discussed under the four-winding transformer may 
be used. If there is a A- or ungrounded Y-connected winding, the 
abbreviated zero-sequence equivalent circuit will have not more than 
three terminals. Consider a three-winding transformer with high, 
low, and tertiary windings indicated by //, L, and T and connected 
Y-Y-A, respectively, with the neutrals of both Y’s solidly grounded. 
The equivalent impedance Zt of the A will be permanently connected 
to the zero-potential bus as well as the terminal Af, and the abbreviated 
equivalent circuit will have three terminals. Figures 15(a) and 15(6) 
show the positive- and zero-sequence equivalent circuits with the 
branch impedances Z/f, Zl, Zy, and Zt\\m to be evaluated. In the 
zero-sequence equivalent circuit, the impedance branch Zt\{m indicates 
that Zt as well as Zm is connected to the zero-potential bus; but 
there is no connection between the terminal T of the A and the equiva¬ 
lent circuit. 
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The numerical values of branch impedances of the positive-sequence 
and of the abbreviated zero-sequence equivalent circuits for use in 
Fig. 15 may be quite different. As an example, tests on a 20,000-kva 
three-phase three-legged core-type transformer with concentric wind¬ 
ings gave the following results: 

Positive-Sequence Abbreviated Zero-Sequence 

Equivalent Circuit Equivalent Circuit 

Zb = (0.24 +i9.20)% Zh - (0.70 +^6.14)% 

Zt = (0.09 -il.25)% Zl = (-0.04 +jO.S4)% 

Zt = (0.59 +i8.72)% Zrm = (0.84 +i5.20)% 

If the H (or V) winding is also connected in A, Zu (or Zl) in Fig. 
15 (ft) is also shorted to the zero-potential bus, with the terminal H 
(or L) of the A disconnected from the equivalent circuit. 

Zh Zl Z„ Zl 

L H 


ZERO-POTENTIAL BUS 
(a) (b) 

Fig. 15. Equivalent circuits for three-winding, three-phase transformers with A 
tertiary and branch impedances to be evaluated, (a) Positive-sequence, (b) 

Zero-sequence. 

Three-Phase Autotransformers. An autotransformer can be sub¬ 
jected to the same zero-sequence impedance tests and represented by 
the same type of equivalent circuits as a straight transformer, but the 
numerical values of branch impedances in the equivalent circuits may 
be quite different. 

The complete zero-sequence equivalent circuit of a three-phase 
autotransformer without a A-connected tertiary will be a three- 
terminal circuit as in the two-winding transformer shown in Fig. 14(ft). 
For the three-phase autotransformer with a A-connected tertiary, the 
complete zero-sequence equivalent circuit has four terminals; the 
abbreviated zero-sequence equivalent circuit has three terminals, as 
in the three-winding transformer shown in Fig. 15 (ft). 

SCOTT-CONNECTED TRANSFORMER BANK WITH GROUNDED 

NEUTRAL 

In Volume I, pages 353-356, the Scott-connected transformer bank 
with ungrounded neutral is discussed and its a and impedances 
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determined. From these impedances, the positive* and negative-, 
sequence self-impedances and the mutual impedance between the 
positive- and negative-sequence networks were obtained. There is no 
mutual impedance between the a and p networks when two phases are 
symmetrical about the third phase; but the positive- and negative- 
sequence networks are mutually coupled because of dissymmetry in 
the phases. 

With the neutral grounded, zero-sequence currents will flow during 
a ground fault on the three-phase side. When afiO components are 
used, there will be mutual coupling between the a and the 0 networks 


TWO- PHASE THREE-PHASE 



Fig. 16. Zero-sequence currents in Scott-connected transformer bank with 

grounded neutral. 

but none with the network. When symmetrical components are 
used, there is coupling between all three networks. The zero-sequence 
self-impedance of the circuit is the same in either system of 
components. 

The connection diagram of a Scott-connected transformer with 
grounded neutral is given in Fig. 16. A and B are the two-phase 
windings; transformer B~bc is the main transformer, and transformer 
A-ad is the teaser. Winding voltages of 6c, od, aN, and Nd are V 3 ", 
1^, 1, and § times line-to-neutral voltage, respectively. When the 
neutral is ungrounded and exciting current is neglected, three leakage 
impedances only are required to determine a and self-impedances, 
or positive- and negative-sequence self-impedances and the mutual 
impedance between the positive- and negative-sequence networks. 
These leakage impedances are 

Zmt *= per unit leakage impedance of main transformer based on its 
rating (line-to-line voltage and f rated kva per phase on three- 
phase side) 
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Zit » per unit leakage impedance of teaser based on its rating line- 
to-neutral voltage and f rated kva per phase on three-phase 
side) 

Zu = interlacing impedance — per unit impedance of windings dc 
and db of the main winding in parallel (with terminals b and c 
together) based on rated teaser voltage and current 

When the neutral is grounded and a ground fault occurs on the 
three-phase side, Iq flows in the section Na of the teaser winding ad 
and 2Io in the section Nd. Let these sections be x and y, respectively, 
as indicated in Fig. 16. With exciting current neglected and a 2 : 1 
turn ratio, the zero-sequence ampere turns in windings x and y balance 
each other without producing flux through the complete core but only 
through the leakage paths; no voltage is therefore induced in winding 
A on the two-phase side by zero-sequence currents on the three-phase 
side. 

Let 

Zxy = per unit leakage impedance between windings x and y (sections 
Na and Nd) of the teaser winding arf, based on rated kva per 
phase on the three-phase side and base winding voltages which 
are rated line-to-neutral voltage in winding x (Na) and one- 
half this voltage in winding y (Nd) 

With exciting current neglected, Zxy is the per unit impedance of 
either winding with the other winding short-circuited. As the turn 
ratio is 2 : 1, zero-sequence current in y will be twice that in x when 
expressed jn amperes or in per unit on the same current base. In 
determining the impedances of the Scott-connected transformer to zero- 
sequence currents, transformer aN-Nd of the teaser and the interlacing 
impedance Zu will be considered separately and then combined. 

The total impedance of the transformer aN-Nd to zero-sequence 
currents can be determined by connecting terminals a and d and 
applying a voltage to ground Vo at the common point. As only zero- 
sequence current will flow, the impedance per phase is three times the 
total impedance. By superposition, the total current in x and y is the 
sum of the currents when Vq is applied first to a with d grounded and 
then to d with a grounded. Let Vo be expressed in per unit of rated 
line-to-neutral voltage. With Vo applied at a and d grounded, per 
unit currents in x and y are equal, but base current in y is twice rated 
line current. In per unit of their respective base currents, 

Fo 
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In per unit of base line current, 





ly 


2Fo 


r 


When Fo is applied at d with a grounded, the applied voltage in per 
unit of base voltage in 3 ^ is 2 Fq. In per unit of their respective base 
currents, 




ly- 


2 Vo 



In per unit of base line current, 

2Fo 




and Iv 


■^xy 


4Fo 



The total current 3/o in per unit of base line current when Fq is 
applied to both a and d is 

3Io = h + Iy = ^ or ^ = [55] 

^xy 


^00 = -r = IZ: 


xy 


[56] 


The interlacing impedance, as defined, is based on ^ rated kva per 
phase and ^ line-to-neutral voltage; it must therefore be multiplied 
by I" X == f to be based on kva per phase and line-to-neutral 
voltage. ^Zit is the parallel impedance of phases b and c to zero- 
sequence currents; there is no corresponding impedance in phase a. 

ZtaQ = 0 2^0 ~ 2c0 ~ 


In Volume 1, page 229, the sequence self- and mutual impedances 
of an unsymmetrical circuit are expressed in terms of the sequence 
impedances of the phases. Thus, 

Zoo = \{Zao + Zho + Zco) = i{0 + 3Z,e + iZa) = 2Zit 

ZlO == j(ZaO + ^-2^60 + (^^Zeo) = f (0 — 3Z,|) = —Z ,7 [57] 

Z 20 = i(Zao + a^Zbo + c^Zco) = i(0 ~ 3Zit) = ““Ztt 

Zoo in [57] is the zero-sequence self-impedance; Zio is the ratio of 
positive-sequence voltage drop in the circuit produced by lao to laOt 
Z 20 is the ratio of the negative-sequence voltage drop produced by 
lao to lao- In a static circuit, Zio = Z 20 and Z 20 = Zoi. 

When Zoo in [56] is added to Zoo in [57], the zero-sequence self- 
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impedance of the Scott-connected transformer is obtained: 

^00 “ "h 2Zit [58] 

The positive-, negative-, and zero-sequence self-impedances and the 
mutual impedances between the sequence networks are as follows, 
where Zn = Z 22 and Z 12 = Z 21 are given in Volume I, page 356: 

Zii = Z22 = i(Ztt + Zit + Zfnt) [ 59 ] 

Z12 = Z21 = i(Z« + Zit — Zfnt) [60] 

Zoo = ^Zxp + 2Zit [61] 

Zio = Z20 = Zoi = Z02 == —Zit [ 62 ] 


The a, /3, and 0 self-impedances and the mutual impedances between 
the a and 0 networks can be obtained from the sequence self- and 
mutual impedance, if [33H37] of Chapter I are used: 


Zaa = Ztt + Z^t 

[63] 

Z/3^ = Z'mt 

[64] 

Zoo = \Zxy + 2Ztt 

[651 

Zafi = Z/3a = Zpo = ^0/5 = 0 

[66] 

Zfxo “ 2Z00J = “^2Zit 

[67] 


Grounding Transformers and Autotransformers 

Grounding transformers or autotransformers are frequently used 
in three-phase systems to obtain a neutral for grounding purposes in 
a circuit which is otherwise ungrounded or insufficiently grounded. 
When used solely for grounding, they do not transmit power but serve 
only to provide a path for zero-sequence currents and thereby reduce 
system voltages during ground faults. 

Two types of connections of the windings of grounding units will 
be considered: Y-A connections and zigzag connections, with the 
neutral of the Y and of the zigzag solidly grounded. Because of their 
relatively small sizes, grounding units are usually three-phase rather 
than banks of three single-phase units. The zigzag-connected three- 
phase unit is classified as an autotransformer because windings on the 
same leg of the iron core are connected in different phases. The three- 
phase Y-A unit may be similarly classified when it transmits no power 
and the terminals of the A-connected secondaries are not brought 
outside the unit. 
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4-Y Coxmections. With the A isolated, thU impedance per phaite 
to positive- and negative-seqtience currents is the self-impedance of 
the Y which can usually be considered infinite relative to other system 
impedances. The zero-sequence impedance Zq per phase is the leakage 
impedance Zp« per phase between primary and secondary windings. 
Based on rated current per phase and rated line-to-neutral voltage, 

Zo - Zp. [68] 

Zigzag Connections. The zigzag autotransformer is a two-winding 
unit in which the turn ratio is 1 : 1 , and the primary and secondary 
windings are interconnected. This is indicated in the connection 




(b) 


Fig. 17. Zigzag grounding transformer, (a) Wiring diagram, (b) Normal voltage 

vector diagram. 


diagram of Fig. 17(a) where ai, 5i, and Ci are the primary windings 
and a 2 f 62 * and C 2 are their respective secondaries. The impedance of 
the autotransformer to positive- and negative-sequence currents is its 
exciting impedance which can usually be considered infinite relative 
to other system impedances. The normal voltage vector diagram is 
given in Fig. 17(6), with voltages across windings on the same leg of 
the iron core shown as parallel lines. The normal voltage across each 
winding is 1 /V^ times normal line-to-neutral circuit voltage, or J the 
normal line-to-line voltage. 

When a ground fault occurs, zero-sequence currents will flow in the 
autotransformer. Being equal and in phase, they will flow in opposite 
directions in corresponding primary and secondary windings, and 
therefore meet the leakage impedance between them. See Fig. 17 (a). 
The zero-sequence current in each phase flows through two coils, one 
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primary and one secondary; under the assumption that leakage flux 
is similarly divided between all primaries and secondaries, the zero- 
sequence impedance per phase is the leakage impedance between one 
primary and its secondary. 

The leakage impedance per phase of a zigzag autotransformer Z* is 
customarily given in ohms; if given in per cent based on specified 
current and voltage, it can be converted to ohms and then expressed 
in per unit of base ohms used in system calculations. 

Rating of Grounding Units. The voltage rating of a grounding 
transformer or autotransformer is determined from the voltage of the 
circuit in which it is to be placed, but the current rating has no direct 
relation to the load current in the circuit. Grounding units are usually 
given two current ratings: (1) a nominal or continuous current rating 
based on the maximum current they could carry continuously; and (2) 
a short-time or short-circuit current rating based on the maximum 
value of the current they may be required to carry for a specified 
length of time. Unless otherwise specified, when only one current 
rating is given for an installed grounding transformer, it is understood 
to be the continuous or nominal current rating. 

The continuous current rating is determined by the designer from 
the short-time current rating, the required reactance, and specifications 
in regard to duration of short-circuit duty and permissible temperature 
rise. The short-time current rating for a proposed grounding unit 
and its required reactance in ohms can be calculated, as illustrated in 
Problem 5. 

Selection of Grounding Units for Specified System Locations 

When a line-to-ground short-circuit occurs on a circuit without a 
permanent ground, the voltages to ground of the unfaulted phases 
become V3 times their normal values. Grounding transformers are 
used to reduce these voltages to permissible values. The reduction in 
voltage is a function of the ratio of the zero-sequence reactance Xq to 
the positive-sequence reactance xi and is influenced by resistance and 
capacitance. The lower this ratio Xq/xi^ the greater the reduction in 
voltage. However, a low reactance grounding unit has a higher cur¬ 
rent rating and is therefore more costly than one of the same type of 
higher reactance which may be adequate. 

In Volume I, pages 178-181, charts are given of the voltages of 
the unfaulted phases in per unit of their normal values versus xo/xiy 
with fo/xi as parameter, for various ratios of ri/xi with negative- 
sequence impedance assumed equal to positive. If resistance and 
capacitance can be neglected and if positive- and negative-sequence 
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impedance viewed from the fault are assumed to be equal, equations 
can be derived which relate the voltages to ground of the unfaulted 
phases at the fault and the ratio of xq/xi. 

In the usual circuit, maximum zero-sequence current /o flows in 
the grounding transformer when a line-to-ground short-circuit occurs 
at its terminals. Let the fault be on phase a at F, the transformer 
terminals. Let xi and Xq be positive- and zero-sequence reactance, 
respectively, viewed from the fault in per unit based on a chosen base 
kva per phase and normal line-to-neutral voltage at F. Then, with 
all quantities in per unit. 


lal = Ia2 = /o = 


1 


2x\ + ^0 


= -/ao^o = - ~ : = - T "3 -- 

2xi + 3Co 2xi + *0 


Val = -(V,o+Va 2 ) = 


ini = 


ni = 


Xi + JCq 
2xi -\- Xq 

V 3 


[69] 

[70] 

[71] 


■UVal + Va2) -j— {Val - + VaO 

. V3| 


— |f I^aO — j "Y"j — Vaof + f 

\i\2xi+xo/ 4 

I nd = fV| Vb\^ — -I 


[72] 

[73] 


Also, 


in 


Xq 


aO , » 

2 xi + *0 

2 Xi\Vao\ 


from which 


*0 = 


1 - in 


a0| 


[74] 


When *1 has been determined and the zero-sequence reactance *o 
viewed from the fault is known, 7o and | ni = | Ve\ can be calculated 
from [69] and [72]. When the permissible voltage | FjI or [ Vc\ is given, 
Fao is calculated from [73] and substituted in [74] to give xo in terms 
of xi. Equations [69]-[74] are system equations which apply to both 
Y-A- and zigzag-connected grounding units. Their application is 
illustrated in Problem 5. 
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Problem 5. It is proposed to install a grounding unit in a 69-kv circuit vliich is 
at present ungrounded. Positive-sequence reactance viewed from the proposed 
location has been calculated as 20% based on a three-phase kva of 20,000 and 69-kv 
line-to-line voltage, (a) What value of zero-sequence reactance xo in per unit is 
required to limit line-to-ground voltages on the unfaulted phases to 1.30 times their 
normal value of 69/\/3 kv? (b) What will be the short-time current rating of the 
groundihg unit? and (c) its reactance per phase in ohms? 

Solution, (a) From [73] and [74], in per unit based on 20,000/3 kva per phase 
and 69/\/3 line-to-neutral voltage, 

|F«o| = fV(1.30)2 _ 0 75 ^ 0.646 


Xo 


2 X 0.20 X 0.646 
1 - 0.646 


= 0.73 per unit 


(6) From [69], 


lal — /a2 laO — ""J ; 


1.0 


= 0.885 


2(0.20) -f 0.73 
The current in the grounding unit in amperes is 

20,000 

= 7^0 = 0.885 X - = 148 amp 

\/3 X69 

The short-time current rating of the grounding unit is 148 amp. 

(c) In ohms, the reactance per phase of the grounding unit »o is 

0.73 X (69)2 10* 


xo = 


20,000 


= 174 ohms 


A-Zigzag and Y-Zigzag Transformers 

The zigzag connection with a A or a Y as primary or secondary is 
used in the transmission of power. In Fig. 18(a), the wiring diagram 
for the zigzag connection is given, and the windings ai, 6i, and c\ of 
the A or Y are shown. The connection diagrams of the A-zigzag and 
Y-zigzag transformers are given in Figs. 18(6) and 18(c), respectively, 
with windings on the same core shown as parallel lines; these diagrams 
are also the no-load voltage vector diagrams. At no load. Fa, the 
line-to-neutral voltage at the terminals of the zigzag, is in phase with 
Fx, the line-to-neutral voltage at the terminals of the A. See Fig. 
18(6). In Fig. 18(c), Fa at the terminals of the zigzag lags Va of the 
Y by 90^ 

There is no shift in phase of voltages and currents in passing 
through a A-zigzag transformer bank. For this reason, A-zigzag banks 
are used to parallel existing A-A banks where a neutral is required 
for grounding. They are also used with synchronous converters, 
where the neutral of the zigzag is connected directly to the neutral wire 
of the Edison three-wire d-c system. 
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The shifts in phase of positive- and negative-sequence currents and' 
voltages in passing through a Y-zigzs^ transformer bank are the same 
as those through a Y-A bank. The Y-zigzag bank will therefore 
operate in parallel with a Y-A bank. 



(b) (c) 


Fig. 18. A>zigzag and Y-zigzag transformer banks, (a) Wiring diagram of zigzag 
connections with windings of A or Y indicated, but not connected. (^), (c) Normal 
voltage vector diagrams of A-zigzag and Y-zigzag banks, respectively. 

A-zigzag and Y-zigzag transformers will be analyzed as three- 
winding transformers with exciting currents neglected. The equiva¬ 
lent leakage impedances of any three windings ai, a 2 , and az on the 
same core are the three short-circuit impedances between windings 
taken two at a time with the third winding open. Let 

Zi 2 = leakage impedance between windings a\ and a 2 

Z\z = leakage impedance between windings ai and Og 

Z 28 = leakage impedance between windings ag and oz 

where all impedances are in per unit based on rated kva per phase and 
rated winding voltages which are in direct proportion to the number 
of turns. Base voltage in winding a\ of the A is a line-to-line voltage; 
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in the Y it Is a line-to-neutral voltage; In windings ^2 and as of the 
zigzag which are assumed to have the same number of turns, it is 
I/V 3 times base line-to-neutral voltage at the terminals of the 
zigzag. 

The equivalent leakage impedances Z®, Zy, and Z* of windings ai, 
as, and as can be obtained from [5] for the three-winding transformer 
if Zx, Zy, and Z« replace Zp, Z^, and Zt and if Z 12 , Z 13 , and Z 23 replace 
Zpsj Zpt, and Z^e, respectively. Then, 

Z* = ^(Zi 2 + Zi 3 - Z23) [ 75 ] 

Z„ = i(Zi2 + Z23 - Z13) [ 76 ] 

Z. = |(Zi 3 + Z23 - Z12) [ 77 ] 

The identical equivalent circuit for the three phases are shown in 

Figs. 19(a), ( 6 ), and (c) with the voltages and currents at their 


Va Vb Vc 



Fig. 19. (o), (6), (c) Identical equivalent circuits to replace each of the three- 

winding transformers, with currents and voltages indicated. 


terminals indicated. The notation in Fig. 19 corresponds to that of 
F^. 18(o). In Fig. 18(a), the assumed direction of voltage rise and 
of current flow in the windings are indicated by arrows, and currents 
and voltages are represented by symbols. 

From Fig. 18(a), 

Va = Vm - Vc2 [78] 

From Figs. 19(6) and 19(c), 

Vbs = Fb - (la - Ic)Z^ - laZ, [79] 

Vc 2 ^ Vc - (h - Ia)Z^ + laZy [80] 

Substitution of [79] and [80] in [78] gives 

Va= Vb-Vc- /a(2Z, -f Z„ -f- Z.) -f (h + Ia)Z^ [81] 
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The transformer is symmetrical in the three phases; if it supplies a 
symmetrical circuit and if Va., V^, and Vo ar^ taken as positive- 
sequence applied voltages, Fb — Fc = —jv'SFai, Va = F<,i, ■= lav 

-f- /e =* and [81] becomes 

Vai = -iVs Vai - lai (3Z* + Zy + Z,) [82] 


If the applied voltages are of zero sequence, — Fc = 0, 
Va = Fao, la = laOf h + — 2/ao, and [81] becomes 


VaO = —laoiZy + Zg) 


[ 83 ] 


In [82] and [83], Vai and Vao are the positive- and zero-sequence 
voltages, respectively, at the zigzag terminals in per unit of a base 
voltage equal to l/Vs times rated line-to-neutral voltage; lai and lao 
are in per unit of a base current equal to rated kva per phase divided 
by I/V 3 times line-to-neutral kv. 

Let F'l and F'o be the positive- and zero-sequence voltages at the 
zigzag terminals in per unit of line-to-neutral voltage, and lai and Ho 
the corresponding currents in per unit of rated kva per phase divided 
by line-to-neutral kv. Then 


Vai = V 3 F'l; Vao = V 3 Vio; /, 


ol ■“ 


Ik 

Vs 


laO — 


Vs 


If these substitutions are made in [82] and [83] and both sides of the 
equations are divided by Vs, there results 

K, - -jV^, - lU — 184 ] 

v;, - 

From [84] at no load, F'l = —JVai- At no load the voltage-to- 
neutral at the terminals of the zigzag lags Va of the A or Y [see Figs. 
18(i) and 18 (r)] by 90®. 

The per unit positive-sequence impedance Zi which is the same 
referred to either side of the transformer bank is 

Zi=Za + [ 86 ] 

If Zx, Zy, and Z* are replaced by their values given in [75]-[77], 

Zt = J(Z'i2 -b Zis — fZjs) [87] 
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The per unit ^ero-sequence impedance of the bank viewed from the 
terminals of the zigzag, based on rated kva per phase and rated line- 
to-neutral voltage at the zigzag terminals is 



where Z 23 is the per unit leakage impedance between any two windings 
of the zigzag on the same core, based on rated kva per phase and rated 
winding voltage. 

Zero-sequence currents flowing in opposite direction in windings of 
the zigzag on the same core cause no resultant flux in the core, and 
therefore induce no voltage in the windings of the A or Y. The 
zero-sequence impedance viewed from the terminals of the A or un¬ 
grounded Y is infinite; if the Y is grounded, it is the self-impedance 
of the Y. 


Problem 6, In a A-zigzag transformer bank, rated 7500 kva, rated voltage of the 
A is 13.8 kv, that of the zigzag windings is 23 kv. Line-to-line voltages at the zigzag 
terminals is 69 kv; line-to-neutral voltage is 69/V 3 kv. Per cent leakage reactance 
between a A winding and each of the zigzag windings on the same core is 12% based 
on 2500 kva per phase and rated winding voltages; leakage impedance between two 
zigzag windings on the same core is 9% based on 1250 kva and rated winding voltages, 
or 18% based on 2500 kva. Determine the impedances Zi and Zo for use in the 
positive-sequence and zero-sequence networks of the system, neglecting resistance 
and exciting currents. 

Solution, Let A windings be oi and zigzag windings and as in Fig, 18(a). 
Based on 2500 kva per phase and rated winding voltages. 

= Xiz =* 12 % 

»23 == 18 % 

xit based on 2500 kva per phase and line-to-neutral voltage at either set of terminals 
of the bank, from [87], is 

X\ = \{Xi2 + Xiz - |X23) = 9% 

From [88], Zo viewed from the zigzag terminals based on 2500 kva per phase and a 
line-to-neutral voltage of 69/is 



1 ? 

3 


» 6 % 
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CHAPTER V 


TRANSFORMERS IN SYSTEM STUDIES 

In the usual system study, base voltage is arbitrarily chosen in a 
specified circuit; base voltages in the other circuits of the system are 
then determined by transformer turn ratios. There are systems, 
however, in which transformers of unequal turn ratios are operated in 
parallel or — a more usual condition — a transmission circuit is sup¬ 
plied at two or more different locations by transformers of unequal turn 
ratios, or of unequal equivalent turn ratios when several circuits are 
involved. For such cases, an equivalent circuit has been developed 
which is applicable to two-winding transformers when the ratio of 
transformation is different from the ratio of system base voltages on 
the two sides of the transformer.^ This equivalent circuit is especially 
useful in the determination of load division when an a-c network 
analyzer is not available. Although developed for two-winding trans¬ 
formers, it has wider application and can be extended to transformers 
of more than two windings. 

The usual procedure for representing such transformers on the 
a-c network analyzer is to use an autotransformer to take care of the 
difference in ratios between the turn ratio of the transformer and the 
ratio of the system base voltages. The autotransformer used has very 
low core loss and exciting current, and approximate compensation for 
its leakage reactance is secured by a series capacitor. For most 
problems it can be considered an ideal unit. The transformer leakage 
impedance may be placed on either side of the autotransformer; 
this impedance is expressed in per unit of system base ohms in the 
circuit in which it is placed. 

EQUIVALENT CIRCUITS FOR TRANSFORMERS WITH TURN RATIO 
DIFFERENT FROM THE RATIO OF SYSTEM BASE VOLTAGES 
AT THEIR TERMINALS 

Equivalent circuits will be developed for two- and three-winding 
transformers with exciting currents neglected. It will be assumed 
that rated winding voltages are in direct proportion to the number of 
turns. 
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TWO-WINDING TRANSFORMER 


Two-Winding Transformer. With exciting cun^ent n^lected, there 
will be no current in either winding with the other winding open. 
Let the two windings be designated 1 and ^ 

2. The proposed equivalent circuit is | ^ 

shown in Fig. 1 with branch impedances I J , 

Zxi Zyy and Z* to be evaluated. In Fig. z i 4 2 ^ 

1, the voltages at 1 and 2 referred to 1 I 

neutral N represent the voltages across t f 

windings 1 and 2, respectively; the cur- NEUTRAL 

rents at 1 and 2 are the currents in wind¬ 
ings 1 and 2, respectively, positive Positive-sequence 

j. c equivalent circuit (resonant A) 

direction of current being from 1 to 2. two-winding transformer 

Let ei be rated voltage of transformer b^nk, exciting current neg- 
winding 1 divided by base system voltage lected, for use where tran&- 
in winding 1. Let 62 be a similar ratio in former turn ratio differs from 

winding 2. The no-load voltage ratio of system base voltages 

., . r • / i_ j at bank terminals. See [4H61 

the transformer is then based on for evaluation of 2.. Z,. and Z.. 

system base voltages. 

Let Zt = transformer leakage impedance in per unit based on its 
rated winding voltages and system base kva per phase. 

If the no-load voltage ratios in Fig. 1 are equated to those in the 
transformer based on system voltages, 


NEUTRAL N 

Fig. 1. Positive-sequence 
equivalent circuit (resonant 6 ) 
for two-winding transformer 
bank, exciting current neg¬ 
lected, for use where trans¬ 
former turn ratio differs from 
ratio of system base voltages 
at bank terminals. See [41-[61 
for evaluation of Zx, Zy, and Z^. 


z. 

- f2 

[1] 

Zx + Zz 

^1 

Zy 


[2] 

Zx + Zy 

^2 


With winding 1 short-circuited, the impedance viewed from winding 
2 based on system base voltage in winding 2 is e^Zf If this value 
of impedance is equated to that in Fig. 1 viewed from 2 with 1 shorted 
to neutral, 


ZxZz 

= ^2Zt 

[3] 

Zx + Zz 



Simultaneous solution of [l]-[3] gives 



Zx = e\e2Zt 


[4] 

Zy - 


ts] 

eg — Bx 



Zz^ 

{BxB2Zt) 

[61 


Bi — €2 

From [1] and [2], or from [4H6], 

Zx “1“ Zy d" Zf ^ 0 


[7] 
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From [7], Fig. 1 is a resonant A since the sum of its branch im¬ 
pedances is zero. A resonant A could have been assumed in the hrst 
place and [7] used instead of [1] or [2] to evaluate Z®, Zy, and Z*. 
With exciting current neglected, there will be no current flowing to 
neutral when a voltage is applied to one terminal with the other open. 
A remnant A satisfies this condition. 

It will be noted from [4]-[6] that, if ei is greater than « 2 » Zy will be 
negative; if €2 is greater than «i, Z* will be negative. If transformer 
resistance is included, the negative branch Zy or Z« will consist of a 
negative resistance and a capacitive reactance. Although the res¬ 
onant A cannot be replaced by an equivalent Y of finite impedances, 
its branches can be combined with other system impedances in the 
usual manner to simplify calculations. In an analytic solution, 
negative resistances are as easily handled as positive. 

If Cl and S 2 are both unity, Zy ^ Zg 00 and Fig. 1 reduces 
to the series impedance Zx — Zt — leakage impedance between 
windings. 

If «i and 62 are equal but not unity, as is the case when base voltages 
are in proportion to rated voltages but not equal to them, Zy and Z* 
become infinite, ei — 62 — e, and the per unit leakage impedance 
Zx = e^Zt is expressed in terms of base system quantities. 

If base and rated voltage are the same in one of the windings, e 
in that winding is unity. In many cases, base system voltage can be 
so chosen that ei or 62 is unity. 


Problem 1. Determine Zxt Zy^ and Zz in per cent for insertion in the equivalent 
circuit of Fig. 1 for a transformer bank of three single-phase units each rated 9000 kva 
121 kv/31.S kv, with a reactance of 9% and a resistance of 0.9% based on its rating. 
System base three-phase kva is 30,000 kva; system base voltages in the circuits at 
the transformer bank terminals are 110 kv and 35 kv. 

Solution. By definition, 


ei 


«2 


121 

no 

31.5 

35 


= 1.10 


0.90 


10,000 

z. - (0.9 + i9.0) = 1 +ji0% 


In per cent, based on system base quantities, 

Zz « eiezZt « 1.10 X 0.90Z^ =» 0.99 +j9.90 

Z, m-fL-z, - -^^z. - -5.5Z, - -5.445 - j54.45 
«* - *1 - 0.20 • * •' 

et 0.90 

Z, --^ 4.5Z, - 4.455 + ^44.55 

ei — et 0.20 
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Three-Winding Transformer vritii Base Syupm V<dtiige in One 
Winding Different from Rated Voltage. Let the three windings be 
designated 1, 2, and 3. With a three-winding transformer, it is 
reasonable to suppose that the arbitrarily chosen system base voltage 
will be such that in two of the windings (windings 1 and 2 ) system 
base voltages will be rated winding voltages. As rated voltages and 
base voltages are equal, employing the notation used for the two- 
winding transformer, = S 2 * L Base voltage in the third winding 
will be different from rated winding voltage, and ez will not be unity. 
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Fig. 2. Positive-sequence equivalent circuit for three-winding transformer bank, 
exciting current neglected, for use where transformer turn ratios differ from ratios 
of system base voltages at bank terminals. 

Let Zi 2 , Zi 3 , and Z 23 be the per unit leakage impedances between 
windings indicated by the subscripts, taken two at a time with the 
other winding open, based on rated winding voltages and base system 
kva per phase. 

To satisfy no-load conditions, there must be a resonant A in the 
equivalent circuit between terminals 1 and 3, and between 2 and 3, 
but not between 1 and 2. Figure 2 shows the proposed equivalent 
circuit, with branch impedances Zi, Z 2 , Z*, Zy, and Z, to be evaluated. 
It follows from the equivalent circuit of a two-winding transformer that 



PI 

The impedance between windings 1 and 2 with winding 3 open in 
the equivalent circuit of Fig. 2 must equal that in the transformer: 

^1 + ^2 = ^12 [lOJ 
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With terminal 3 shorted to neutral and volts^e applied first at 1 
with 2 open, and then at 2 with 1 open, 


-^1 + Za; -h = Zi3 

Zy 

[11] 

Z*yZx 

-Z2 + -2* + = Ziz 

[12] 


Simultaneous solution of [8]-[12] gives 

^ + Z 23 — ^12^3 

^ — I 


Zy = 






Zo = 


Z12 + Z23 ~ ^ 3-^12 
2(^3 ~ 1) 

^3(^12 + Z23 ^3^12) 

2(1 ~ ez) 

Zi2^3 + ““ -^23 

2^3 

Zi2g3 + -^23 """ 

2^3 


[13] 


If ^3 = 1 in [13], Zy and Zz become infinite, and the per unit equiva¬ 
lent circuit is reduced to that of the three-winding transformer based 
on rated winding voltages and system leva. See [5], Chapter IV. 

The equivalent circuits for two- and three-winding transformers 
given in Figs. 1 and 2 can be used to replace a transformer bank of 
identical single-phase units or a three-phase transformer in the positive- 
and negative-sequence networks when ratios of system base voltages 
in the windings are not the same as the corresponding turn ratios. 

Zero-sequence equivalent circuits depend upon the manner in which 
the windings are connected and the method of grounding; however, 
they can be derived from Figs. 1 and 2 by the modifications given and 
illustrated in Chapter IV for banks of single-phase units. In a trans¬ 
former bank of single-phase units, the impedance to positive-, nega¬ 
tive-, and zero-sequence currents is the same, provided that there is a 
path for zero-sequence current. In a three-phase transformer, the 
zero-sequence leakage impedances between windings may differ 
appreciably from the positive. (See “ Three-Phase Transformers,'* 
Chapter IV.) 
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OPEN CONDUCTORS IN CIRCUITS SUPPLYING UNGROUNDED 
TRANSFORMERS 

In the equivalent circuits of Figs. 1 and 2, and in many of those in 
Chapter IV, exciting currents are neglected. This can be done when 
the exciting impedance is so large relative to the other impedances 
under consideration that it may be regarded as infinite within the 
degree of precision required in calculations. Such is usually the case 
in short-circuit calculations where there are no open phases and short- 
circuit currents are large relative to transformer exciting currents. 

When one or two conductors are open in circuits which supply 
ungrounded transformers, the conditions may be quite different. The 
transmission circuit may be a low-voltage feeder of short length and the 
transformer bank of low kva rating, so that the capacitive reactances 
of the circuit and the magnetizing reactances of the transformer bank 
are infinite relative to the resistances and other reactances of the 
system. But the capacitive reactances are negative, and the mag¬ 
netizing reactances are positive; therefore, for certain ratios of these 
reactances a current path of relatively low impedance may be provided 
with resultant high voltages on the open phase or phases. If such is 
the case, the resistances and other reactances of the system may be 
so small relative to the capacitive reactances of the circuit and the 
magnetizing reactances of the transformer bank that they can be 
regarded as zero within the degree of precision required in calculations. 

Under certain conditions, high sustained voltages have resulted 
from the opening of one or two conductors in circuits which supply 
ungrounded transformer banks. Voltages of sufficient magnitude to 
damage equipment have been reported, and induction motors have 
been observed to reverse their direction of rotation. Cases of the 
breakage of a line conductor with resulting high sustained voltages 
have been noted, and abnormal voltage conditions have occurred on 
potential transformers. 

Open conductors may be due to the blowing of fuses, operation of 
single-pole switches, or of any interrupting device in which the in¬ 
terval of time between the opening or closing of the first and last 
phases is of sufficient length to permit ultimate steady-state voltage 
conditions to be attained. Included also is the accidental breaking 
of a conductor where one severed end may fall to ground. 

To determine the conditions under which abnormal voltages may 
occur and motors reverse their direction of rotation, with one or two 
conductors open in circuits supplying ungrounded transformers, an 
investigation was made by means of calculations and laboratory 
tests, and the results were reported.^ 
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The phenomena encountered may be summarized as follows: 
When one conductor of a three-phase circuit supplying an ungrounded, 
unloaded transformer bank is open, there is a path for currents from 
the closed conductors through the exciting impedance of the bank and 
the capacitance between conductors to the open conductor, and 
thence to ground through the capacitance-to-ground of the open 
conductor; see Fig. 5(a). There is a similar path with two con¬ 
ductors open; see Fig. 5(6). When the three-phase system is 
grounded, the path is completed through the system grounded neutrals; 
if ungrounded, through the capacitance-to-ground on the system 
side of the opening. 

With the inductive reactance of the transformer bank paralleled 
by capacitance between conductors in series with line capacitance to 
ground, high voltage to ground at the transformer bank terminal or 
terminals of the open phase or phases will result for certain ratios 
of line capacitive reactances to transformer magnetizing reactances. 
The capacitances of the transformer bank, bushings, and bus structure, 
with no intervening length of line, may be sufficient to produce high 
voltages on small banks, such as potential transformers. On the 
other hand, there are many circuits with so little capacitance, or such 
high capacitive reactances relative to transformer magnetizing re¬ 
actances, that no voltages above normal will occur when one or two 
conductors are open. As a matter of interest, a fused overhead 
circuit of this nature, supplying ungrounded transformers, was fre¬ 
quently out of service because of limbs of trees falling upon it; other¬ 
wise, operation was satisfactory. To eliminate this cause of outages, 
the overhead circuit was replaced by an underground cable, thereby 
materially increasing the capacitance of the circuit or decreasing its 
capacitive reactance. The result was unfortunate; the first time a 
fuse blew, the circuit was subjected to sustained overvoltages, danger¬ 
ous to equipment. 

In general, the lower the ratio of the capacitive reactances of a 
circuit between opening and transformers to normal transformer 
magnetizing reactance, the more likely are overvoltages to occur. 
The question to be answered is, how high must this ratio be to avoid 
dangerous voltages in circuits supplying ungrounded transformers 
through fuses on single-pole switches? 

The following cases will be considered. 

Case 1. Three-phase power source solidly grounded. 

A. One conductor open. No Fault. 

B. Two conductors open. No Fault. 
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C. One or two conductors c^n faults to ground on 
either side of the open conductor or conductors. ' 

Case II. Three-phase power source ungrounded. 

A. One conductor open. No Fault. 

B. One conductor open and fault to ground on system 
side of open conductor. 

C. One conductor open and fault to ground on trans¬ 
former side of open conductor. 

In all cases the primary windings of the transformer bank are un¬ 
grounded. 


EQUIV 

a 


EQUIVALENT THREE- 
PHASE POWER SOURCE 

B TRANSMISSION CIRCUIT 

r 


^ 1 - 


FUSES OR SINGLE¬ 
POLE SWITCHES 


TRANSFORMER 

BANK 


< 0 ) 



Fig. 3. System studied, (a) One-line diagram, (b) Miniature system equivalent 
circuit with one or two open conductors and grounded or ungrounded power source. 


Simplified System. A one-line diagram of the system studied 
is given in Fig. 3(a), which consists of a three-phase power source 
supplying a transmission circuit and transformer bank through fuses 
or single-pole switches. It will be assumed that the three-phase 
system is laige relative to the kva rating of the bank and therefore 
can be represented by an equivalent generator with balanced line- 
to-line voltages and negligible positive- and negative-sequence im¬ 
pedances. If the system is grounded, the equivalent generator will 
also have balanced line-to-ground voltages, and its zero-sequence 
impedance will be negligible. The three-line diagram of Fig. 3(a) is 
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given in Fig. 3(6). As the highest voltages are apt to occur when 
the transformers are unloaded or lightly loaded, the study was made 
with the bank unloaded. The sine-wave generator on the miniature 
system® used in laboratory tests has a very low impedance relative 
to the exciting reactance of the transformer bank and the line capaci¬ 
tive reactances used so that balanced line-to-line voltages are applied 
to the circuit at a'b^c under all conditions. The system becomes a 
grounded one with balanced line-to-ground voltages when switch 
Sn is closed. Resistance and reactance are neglected in the trans¬ 
mission circuit since they are insignificant relative to the capacitive 
reactances for the lengths of line under discussion. Cl and Co 
represent the positive- and zero-sequence capacitances, respectively, 
on the system side of the fuses or single-pole switches; Ci and Co 
represent the positive- and zero-sequence capacitances, respectively, 
of the circuit supplying the ungrounded, unloaded transformer bank 
which is shown in Fig. 3(6) as Y-connected on the circuit side and 
A-connected on the load side. 

With the system set up on a three-phase basis as in Fig. 3(6), 
Cl and Cl represent both positive- and negative-sequence capacitances, 
and the ground is a point of zero potential in the positive- and negative- 
sequence systems. The zero-sequence capacitances Cq and Co are 
therefore positive- and negative-sequence capacitances as well. (See 
Volume I, page 452.) The remainders of the positive- and negative- 
sequence capacitances Ci — Co and Ci — Co are placed in ungrounded 
Y's in Fig. 3(6) which offer infinite impedances to zero-sequence 
currents. 

Transformers. In the miniature system, voltage conditions were 
obtained with transformer banks made up of three single-phase units 
and with three-phase transformers of both the shell type and the core 
type, the windings on the line side and also the secondaries being 
connected alternately in A and Y for each case. The miniature system 
single-phase transformers were operated at a normal voltage corre¬ 
sponding to the saturation curve shown by curve 1 of Fig. 4. Curve 2 
gives a transformer saturation curve with a slightly higher degree of 
saturation than curve 1 of the miniature system Curve 5, for the 
specially built miniature system transformers, gives an intermediate 
value of saturation and because of its higher impedance, makes it 
possible to cover a greater range of system constants. The saturation 
curves of the three-phase core-type and shell-type transformers of the 
miniature system are given by curves 3 and 4, respectively, of Fig. 4. 
These units are reproductions to scale of typical power transformers. 
All saturation curves give applied sinusoidal rms voltage versus 
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exciting rms current, with voltage and current expressed in terms of 
normal voltage and normal exciting current, respectively. They are 
similar to the excitation curves of Fig. 2, Chapter IV, already 
described. 

The effects of transformer saturation were taken into account in 
calculations by using transformer banks having different degrees of 
saturation and different excitation curves. Excitation curves 1 and 2 
of Fig. 4 were used for the single-phase transformers of the bank. 

Let Xfn = per unit transformer magnetizing reactance per phase, 
based on transformer rated kva and normal voltage. At any voltage 
different from normal, the magnetizing reactance can be determined 
from the saturation curve (see Problem 1, Chapter IV). In any given 
case it is necessary to know Xm and the saturation curve. 

Case I. Power Source Solidly Grounded 

Under the assumption of a symmetrical system replaced by an 
equivalent synchronous generator with grounded neutral and balanced 
generated voltages, the charging currents taken by €{ — Co and Cq 
will be normal charging currents. Under the additional assumption 
of negligible reactances and resistances in the equivalent generator and 
distribution circuit, any currents flowing in Ci — Co and Co or from 
phases b and c through Co to ground will have no effect upon the 
voltages Vb and Vc of the closed phases, or upon the voltage of phase a 
on either side of the opening. Under the stated assumptions, the 
voltages Vb and Vc at the transformer terminals in phases b and c are 
equal to the generated voltages Eb and £c» respectively, and the 
voltage Va of phase a on the system side of the opening is equal to the 
generated voltage The three-line diagram of Fig. 3 (ft) reduces to 
that of Fig. 5 (a) for one open conductor and to Fig. 5(6) for two open 
conductors. In Fig. 5(a), the transformer bank is shown A-connected 
on the line side and Y-connected on the load side. In Fig. 5(6), it is 
Y-connected on the line side and A-connected on the load side. All 
possible connections were considered. 

Capacitances. In overhead circuits the ratio of zero-sequence 
capacitance Co to positive-sequence capacitance Ci will be greater 
than 0.5 and less than unity. In cable circuits it will be greater than 
0.5 and may be as high as unity. (See Volume I, Chapter IX, and 
Volume II, Chapter III.) To include all ratios and show as great a 
variation as practical for Co/ Ci, tests and calculations were made with 
Cl Co and Cl = 2Co. 

For a known ratio of Co to Ci, the voltage to ground of the open 
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conductor or conductors on the transformer sid^ of the opening in a 
grounded system will be expressed in terms of Xc\l^ where ^ 

Xfa » per unit magnetizing reactance per phase at normal 
voltage of the transformer bank 

Xc\ = per unit positive-sequence capacitive reactance to 
neutral of the circuit between opening and transformer 
bank 

Xm and Xei are based on the same kva per phase. 



Fig. 5. Solidly grounded system, (a) One conductor open. (6) Two conductxirs 
open. Arrows indicate path of current. 


Although only one transformer bank or three-phase transformer 
was used in calculations and tests, the results can be applied to a group 
of transformers. In more general terms, is the equivalent normd 
magnetizing reactance of the total transformer kva on the load side of 
the fuse or single-pole switch location; likewise Xei and Xco correspond 
to the total positive- and zero-sequence capacitances Ci and Co, 
respectively, on the load side of the open conductor or conductors. 

From Figs. 5(a) and 5(6) it can be seen that for a transformer bank 
of three single-phase units, the fundamental-frequency voltages to 
ground on the unfaulted phases with transformer resistances n^lected 
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depend only upon Ci, ColCi, the saturation curve of the trans¬ 
formers, and the manner of connecting the windings. [It is suggested 
that the student at this point develop equations for the fundamental- 
frequency voltages to ground on the open phases in Figs. 5 (a) and 5(6) 
in terms of Xm/xd for an assumed ratio of Co/Ci^ neglecting trans¬ 
former resistances, and (a) assuming no saturation, (6) using the 
saturation curve of Fig. 2, Chapter IV.] 



0*1 0«5 40 2«a 5.0 10*0 20.0 100 


Xci/ Xm 

Fig. 6(a). Steady-state maximum voltages on open phase with one conductor 
open. No fault on system. Power source solidly grounded. Ci = Cq. Trans¬ 
formers A-connected on line side and A- or Y-connected on load side. Curve 1 — 
saturation curve 1, Fig. 4; curve 2 — saturation curve 2, Fig. 4; curve 3 — no 
saturation; O — test points, miniature system with saturation curve 1, Fig. 4. Note: 
With A-connected primary windings, Xm is in per unit of base A ohms per phase while 
Xci is in per unit of base Y ohms per phase. If the ratio XcxjXm is calculated with x^, 
and Xei in ohms, this ratio should be divided by 3 for A-connected primary windings 

before entering the charts. 

In laboratory tests on a miniature system, harmonics and trans¬ 
former resistances are automatically included, and the effect of various 
transformer connections are readily taken into account. 

Curves giving results of calculations and tests on the miniature 
system will be discussed before the method used in making calculations 
is explained. 

A. One Conductor Open. No Fault. The curves of Fig. 6(a) give 
the steady-state maximum peak voltage to ground of the open con- 
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ductor on the transformer side of the opening in terms of ncnmal^ 
line-to-neutral peak voltage with the transformer bank. Arconnected 
on the line side, and Y- or A-connected on the load side, versus Xci/Xn 
for Co =* Cl. Curves 1, 2, and 3 were calculated by consideration only 
of fundamental-frequency components of current and voltage (the 
method to be explained later). For curves 1 and 2 transformer 
saturation curves 1 and 2, respectively, of Fig. 4 were used. Curve 3 is 
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Xcl / Xm 

Fig. 6(6). Steady-state maximum voltages on open phase with one conductor 
open. No fault on system. Power source solidly grounded. Ci = 2Co. Trans¬ 
formers A-connected on line side and A- or Y-connectcd on load side. [See note to 
Fig. 6(a)]. Curve 1 —saturation curve 1, Fig. 4; curve 2 — saturation curve 2, 
Fig. 4; curve 3 — no saturation; O — test points, miniature system with saturation 

curve 1, Fig. 4. 

for no saturation. Points obtained by test on the miniature system, 
with transformer saturation curve 1 of Fig. 4, are indicated by circles. 

The reference vector for calculated voltages is the voltage of the 
open phase on the system side of the opening, so that with no capaci¬ 
tance in the circuit, or Xc\ = :Vco = the voltage on the transformer 
side of the opening is —0.5, and the voltage at the load is single-phase. 
As the ratio Xd/Xm is decreased, the voltage of the open phase increases 
in magnitude in the negative direction and there is phase reversal at 
the load. At Xcilxm = 2 for all calculated curves, and about l.S for 
the test curve, the voltage-to-ground of the open phase is —2, and the 
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Fig. 7. A-connected load transformer; Cb = Ci; Xcxl^m ** 0.212. Calibration: 
current — times normal crest transformer exciting current; voltage — times normal 
line-to-neutral crest voltage. 
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line-to*line voltages at the load are balanced norqfial voltages of reverse, 
phase rotation. (For the calculated curves, F® * *-2, Vj, ^ —§ — 
jV3/2, Vc = '-|+iv^/2.) As Xei/Xnt is further decreased the 
voltage to ground of the open phase continues to increase and remains 
negative on both calculated and test curves; but before Xcilxm » 1 is 
reached, two other steady-state values of voltage are possible as 
indicated by the calculated curve. Both are positive. Only one of 
these other indicated values, the lower of the two, was obtained in test, 
until XeilXm was decreased to about 0.2, but for values of Xci/^Cm = 0.2 
or lower, three different values were obtained by test. Figure 7 shows 
oscillograms of the voltages and currents for the three possible stable 
conditions, any one of which may occur, depending upon the phases of 
the voltages at the instant the switch is opened. With the switch 
opened at random a number of times, the high negative voltage or the 
low positive occurred more often than the medium positive voltage. 

Figure 6(i) is similar to Fig. 6(a) except that Ci = 2Cq. The 
voltages above normal of Fig. 6(A) are lower than those of Fig. 6(a) for 
the same values of Xcilxm- 

Curves for single-phase transformers, Y-connected on the line side 
and A- or Y-connected on the load side, and for core-type or shell-type 
three-phase transformers do not differ materially from the curves of 
Figs. 6(a) and 6(A), provided the transformer saturation curves are 
the same. 

B. Two Conductors Open. No Fault. The curves of Fig. 8 give 
the calculated steady-state maximum peak voltage to ground of the 
two open conductors on the transformer side of the opening in terms 
of normal line-to-neutral peak voltage versus Xdlxm- Curve 1 is for 
Cl = Co; curve 2 is for Ci = 2Co. Saturation curve 1 of Fig. 4 was 
used for both curves, with transformers A-connected on the line side 
and Y-connected on the load side. Test points were obtained from 
the miniature system with single-phase transformers having saturation 
curve 1 of Fig. 4, for Ci = Co and Ci = 2Co, and transformer con¬ 
nections given under Fig. 8. 

With the voltage of the closed phase a as reference vector and no 
capacitance in the circuit, or Xd — Xcq — ®, the voltage of the two 
open conductors A and c on the transformer side of the opening are 
unity and positive. As Xdixfn is decreased, these voltages increase in 
magnitude and remain positive; but for values of XdIXm, slightly 
above unity and below unity, calculations indicate that two other 
values of voltage are possible, both of less magnitude than the first 
discussed. The shape and extent of these lower-voltage curves 
depend largely upon the transformer saturation curve. 
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Fig. 8. Steady-state voltages on open phase with two conductors open. No fault 
on system. Power source solidly grounded. Curve 1 — calculated using curve 1, 
Fig. 4, for Cl = Co and transformers A-connected on line side and Y-connected on 
load side; curve 2 —same but Ci = 2 Co- [See note to Fig. 6(a)]. Test points, 
miniature system using saturation curve 1, Fig. 4. Single-phase transformers. 
# — Cl = Co, transformers A line Y load; O — Ci = 2Co, transformers A line Y 
load; X — Ci = Co, transformers Y line Y or A load; ® — Ci = 2Co, transformers 

Y line Y or A load. 

Maximum voltages are considerably higher with two conductors 
open than with one; and voltages above normal occur at higher ratios 
of Xcl/Xm^ 

C. Open Conductors and Ground Faults. With one open conductor 
and a line-to-ground fault on the system side of the opening, the voltage 
to ground of the open conductor on the transformer side of the opening 
is in no way affected by the presence of the fault. In this case, 
Figs. 6(a) and 6(6) apply. If the line-to-ground fault occurs on the 
transformer side of the open conductor, the voltage to ground there is 
reduced to zero, and no resultant overvoltages will occur. With two 
open conductors and a double line-to-ground fault on the system side 
of the opening. Fig. 8 applies. With the fault on the transformer side 
of the opening, there will be no resultant overvoltages. 
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Case n. Ungrounded Power Source 

A. One Conductor Open. No Fault. If the zero-sequence capaci¬ 
tance Co on the system side of the opening is large relative to the 
capacitances Co and Ci of the circuit on the transformer side of the 
opening, the system is effectively grounded. The curves in Figs. 6(o) 





Fig. 9. Maximum steady-state voltages to ground with one conductor open. 
Line-to-ground fault on source side of open conductors. System neutral isolated. 
Ci = Cq. These results are independent of Cj and Co. No load on system. 

Single-phase transformers, A-connected on line side, A- or Y- on load side [see 
note to Fig. 6(a)]: curve 1, calculated voltages based on saturation curve 1, Fig. 4; 
curve 2, calculated voltages based on saturation curve 2, Fig. 4; curve 3, calculated 
voltages based on no saturation; O, test points, miniature system saturation curve 
1, Fig. 4. 

Single-phase transformers, Y-connected on line side: curve 4, calculated voltages 
based on saturation curve 1 of Fig. 4 with Y-connected load side; curve 5, same as 4 
but A-connected load side; 0, test points, miniature system, saturation curve 1, 
Fig. 4, A-connected load side; *s, same but Y-connected load side. 

and 6(6) for the grounded system then apply. For values of Co equal 
to or less than Ci, voltages to ground of the open phase on the trans¬ 
former side of the opening are less than those of a solidly grounded 
system. 

B. One Conductor Open and Fault to Ground on the System ^de 
of the Opening. The range of voltages for various transformer con¬ 
nections are shown in Fig. 9. Curves 1, 2, and 3 are for banks of 








192 


TRANSFORMERS IN SYSTEM STUDIES 


[CH.V] 


^gle*phase transformers A-connected on the line side and A- or 
Y-connected on the load side. For curve 4, they are Y-connected on 
both sides; for curve S, Y-connected on the line side and A-connected 
on the load side. Saturation curve 2 of Fig. 4 was used for curve 2. 
Curve 3 is for no saturation. For curves 1,4, and 5, saturation curve 1 
of Fig. 4 was used. Test points from the miniature system were 
obtained with saturation curve 1 of Fig. 4 with the transformer con¬ 
nections indicated under Fig. 9. From the test points, it can be con¬ 
cluded that transformer connections make little difference for ratios of 
Xei/xm greater than unity. For very low values of Xei/iCm, the Y-A 
connection reduces the overvoltages in this region. 

Figure 9 gives the highest voltages that were obtained. It is of 
interest in this connection to note that the V.D.E. Standard,^ in 
effect since October 1, 1925, points out the danger of using fuses and 
single-pole disconnecting switches under certain conditions, and states 
that the breakage of a conductor, where the end on the system side 
falls to ground, may give sustained voltages to ground on the portion 
of the conductor severed from the main system as high as sVs times 
normal line-to-neutral voltage. 

C. One Conductor Open with Fault to Ground on the Transformer 
Side of the Opening. Under this condition. Fig. 10 gives the voltages 
to ground of the open conductor on the system side versus the ratio 
*(c-W)/*»» with x^q/Xcq as parameter, where x^c^i-d) is the total zero- 
sequence capacitive reactance on both sides of the opening. The 
calculated curves in Fig. 10 were obtained with single-phase trans¬ 
formers A-connected on the line side and Y- or A-connected on the 
load side, and excitation curve 1 of Fig. 4. Test points are for satura¬ 
tion curves 1 and 5 of Fig. 4 and values of x^/x^i indicated under 
Fig. 10. 

If the ratio of total zero-sequence capacitive reactance (on both sides 
of the opening) to Xm is large, no high voltages are produced. As this 
ratio is decreased, voltages are increased. Only one voltage value is 
obtained until the ratio of total zero-sequence capacitive reactance to 
magnetizing reactance, *(e,+ej)/*mi reaches a value of about 5.0. Below 
this value, three stable voltage conditions were obtained by test in 
some cases. As the capacitive reactance was decreased, increasingly 
higher maximum voltages were obtained. With a relatively low-loss 
transformer (curve 1 of Fig. 5), the high-voltage condition could be 
obtained for values of X(et^d)/*m down to 0.03, although the low- 
voltage condition occurred more often when the switch was opened at 
random a number of times. 



ICH.V] 


DISCUSSION AND SUMMARY 


193 


V^th the smaller transformers (curve 5 of Fig. which had dightly 
higher losses, the high-voltage condition did not occur for values of 
*(€•+<«/*» below 0.2, approximately. This elimination refers only to 
the steady-state condition, however. In many cases, long transient 
conditions were observed which could be quite hazardous to insulation 
or connected apparatus. 



♦O'.) 


Fig. 10. Isolated neutral system. Steady-state voltages on open phase with one 
conductor open. Fault to ground on load side of open conductor. Saturation curve 
1 of Fig. 4 used for calculated curves. O, test points foracco/Xco = 0, and saturation 
curve 1, Fig. 4. Test points for xJo/Xco = 0, 0.1, 1.0, and 10.0, and saturation curve 
5, Fig. 4, indicated by x, +f A, and ®, respectively. 

Discussion and Summary. The manner of connecting the windings 
of an ungrounded transformer bank, whether A-A, A-Y, Y-Y, or Y-A, 
does not materially affect the magnitudes of the voltages to ground 
obtained on the open phases except in the very high-voltage region. 
The voltages to ground of the open phases obtained with three-phase 
transformers of both core type and shell type are approximately the 
same as those obtained with banks of single-phase units, with the same 
saturation curve, for corresponding values of Xei/x^. 

Calculations based on consideration of only fundamental-frequency 
components of voltage and current give sustained voltages to ground 
which approximately check tests made on the miniature system. 
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Except where the calculated voltages are less than normal, the method 
gives values which, with a few exceptions in the very high-voltage 
region, are too high. The method can therefore be considered to give 
conservative values. 

While test points agree quite well with calculated results, it may be 
well to point out that, for some of the conditions which gave rise to 
very high voltages, it was possible to obtain slight variations in the 
wave shape depending upon the initiating conditions. For instance, 
the high voltage might, for one opening of the switch, be essentially 
of fundamental frequency. For a second opening of the switch, it 
might be essentially of the same magnitude, but contain definite sub¬ 
harmonics. Some of these subharmonics observed were of very low 
frequency. 

For the grounded system or the isolated system effectively grounded 
through its capacitance to ground, a fault to ground on the open 
conductor, or conductors, on the system side of the opening, or open¬ 
ings, does not affect the sustained voltages at the transformer bank 
terminals. A fault to ground on the transformer side of the opening 
reduces the voltage there to zero. The highest voltages are obtained 
when two conductors are open and there is no fault. Such a condition 
can exist when a line-to-line fault is cleared by the blowing of two 
fuses; and also on a circuit controlled by single-pole switches when one 
phase is closed before the other two. 

If the peak value of the sustained voltage to ground of the open 
conductor on the load side of the opening in a solidly grounded system 
with ungrounded transformer bank is to be kept below 1.73 times 
normal line-to-neutral peak voltage with two conductors open, the 
ratio Xcilxm (from Fig. 8) must not be less than approximately 6. 
From Fig. 8 it may be seen that calculated voltages in the region of 1.73 
times normal line-to-neutral voltage are greater than test voltages. 
Allowing for this, and with Ci > Co > (Ci/2), voltages above 1.73 
times normal will probably not occur with transformers of the usual 
degree of saturation if the ratio Xdlxm is 6 or greater. With one con¬ 
ductor open, from Figs. 6(a) and 6(6), Xdl^m should be 3 or greater. 

With a criterion Xdlxm = 6, the length of line f, between the open¬ 
ing and the transformer bank, should not exceed a value which can be 
approximately determined from the normal voltage of the line and the 
rated kva and exciting current of the transformers. 

The positive-sequence capacity susceptance of overhead transmis¬ 
sion circuits, 2ir/Ci, in micromhos per mile at 60 cycles, varies from 
about 5 to 7, depending upon the diameter of the conductors and the 
spacing between them. Since these, in turn, depend upon voltage, 
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2wfCi at a given voltage and frequency can be ^estimated with fair 
accuracy. The following values will be taken as typical at 60 
cycles: 


Kv 

2arfCi Micromt 

230-115 

5.2 

69-34.5 

5.5 

34.5-13.8 

6 

Below 13.8 

6.5 


The zero-sequence capacitance of overhead transmission circuits is less 
than the positive, but usually greater than one-half the positive. 

With Xcilxm = 6 as the criterion, 


^cxl^m ■” Ifn^cl 


10® ^ kva 

IwfCit ^ kv^ 10® “ 


kva 10® 


/ 


= In 


kv^ 

6(2ir/Ci) 


where f = 

kva = 
kv = 
Im = 
2ir/Ci = 


allowable length of line between fuses or single-pole 
switches and load transformer bank 
rated kva of the transformer bank 
normal line-to-line voltage of the circuit in kilovolts 
average per unit rms exciting current at normal voltage 
positive sequence capacitive susceptance of the circuit 
in micromhos per mile. 


Transformer exciting current Im lies between 1% and 10%, with 
3.5% not an unusual value. Figure 11, drawn with Im = 3.5%, gives 
the approximate maximum allowable length of line at various voltages 
supplying a transformer bank of given kva rating and 3.5% average 
rms magnetizing current which can be operated by fuses or single-pole 
switches without the risk of voltages to ground exceeding line-to-line 
voltages when two conductors are open. This allowable length of line 
varies directly as the per unit rms exciting current of the bank and 
inversely as the ratio Xdlxm selected as criterion. For an rms exciting 
current of 7%, the allowable lengths of line would be doubled; for an 
exciting current of 1%, they would be only about one-third those of 
Fig. 11. 

Since, for some cases, the maximum allowable length of line is very 
short, it may be necessary under such conditions to take into account 
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the internal capacitance of the transformer bank itself. Generally 
this will not have to be done. For cases requiring this refinement, 
representative values of internal capacitance of power transformers are 
given by L. V. Bewley.® The largest values of capacitance given are 
on the order of 0.01 microfarad, which would be equivalent to one mile 
of line, or less under most conditions. For the higher voltages, the 



Fig, 11. Solidly grounded system, approximate maximum allowable length of line 
between fuses or single-pole switches and load transformer to limit line-to-ground 
voltage on open phase to \/z times normal, with two conductors open: acci/«m = 6; 

a= 3.5% rms average exciting current. Note: Allowable length of line varies 
directly with rms average exciting current. 

internal capacitance would be equivalent to considerably less than a 
mile of overhead line. Bushing capacitance, being very small rela¬ 
tively, can be neglected. 

In case the transmission circuit contains some cable, its equivalent 
in terms of miles of overhead line may be obtained approximately 
from Fig. 12. (This figure of reference 2 was reproduced from refer¬ 
ence 6,) 

For the ungrounded system^ the highest voltages appear with the 
idmultaneous occurrence of an open conductor and line-to-ground 
fault, such as might correspond to the breaking and falling to ground 
of a line conductor. The criterion for the solidly grounded system is 
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adequately conservative for conditions not involving faults. However, 
should a permanent fault occur on the system side, the criterion must 
be changed if voltages are to be limited to maximum values of Vs 
times normal. Figure 9 shows that a minimum ratio of Xei/Xm 25.0 
approximately is required. This criterion alone is not sufficient, 
however. If a permanent fault on the load side is assumed, the total 
zero-sequence capacitance of the system must be very latge or else 
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Fig. 12. Overhead line capacitance equivalent of cables. Dashed curve, single- 
conductor; solid curves, three-conductor. For paper insulated cables with a di¬ 
electric constant of 3.8. For varnished cambric or rubber insulation, multiply the 
equivalent miles by 1.35. Overhead line equivalent based on positive-sequence 
capacity susoeptaiice of 6.0 micromhos per mile. 

very small in order to prevent overvoltages. See Fig. 10. Therefore, 
in addition to imposing the criterion of Xcijxm S 2S.0, restrictions 
must also be imposed on the ratio of x'^jxn^ From Fig. 10, the ratio 
of should be less than approximately 0.04 or greater than a 

value varying from 4.7 to 25.0 approximately, depending upon the 
ratio Xeo/%eO' In the light of our first restriction on this can be 

conservatively interpreted to impose the restriction that must 

be less than 0.04 or greater than 40.0, approximately. 

Figure 11 can be used to interpret the first criterion in terms of total 
transformer kilovolt-amperes, system voltage, and maximum allowable 
lengths of line on the transformer side of the open conductor location. 
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TOTAL TRANSFORMER KVA ON LOAD SIDE OF OPEN CONDUCTOR 

Fig. 13. Isolated neutral system; approximate range of equivalent line lengths 
on system side of fuse or single-pole switch location which may cause voltages greater 
than y/s times normal with one conductor open and a single line-to-ground fault on 
the load side, xioixm must be greater than 40.0 or less than 0.04 if Im = 3.5% rms 
average exciting current. Notes: (1) Allowable length of line varies directly with 
rms average exciting current. (2) This criterion alone is not sufficient for elimination 
of overvoltages. The criterion of Fig. 11 must be met also. Maximum permissible 
miles of line in Fig. 11 should be divided by 4.0 for the isolated neutral system. 

This figure is based on a ratio of Xcxjxm = 6.0 and, since for the isolated 
system this must be increased to approximately 25.0, it is necessary to 
divide the miles of line shown by approximately 4.0 in order to conform 
to the required criterion. 

In Fig. 13 the second criterion, imposing the restrictions on the 
lengths of line on the system side of the open conductor, is shown. 
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This curve shows that overvoltages may be tepected as a result of 
faults and subsequent fuse blowing for wide ranges of system constants* 

In applying these criteria, it should be pointed out that these are 
approximate values. In some cases it may be necessary to make a 
more detailed calculation. Exact line configuration, exact magneti^- 
ing reactance, and more detailed knowledge concerning the particular 
transformer saturation characteristics may be necessary. However, 
the curves serve to indicate in general the range of system constants 
which can give rise to high overvoltages in isolated neutral systems. 
Under lightly loaded conditions, it would seem that a relatively high 
percentage of isolated neutral systems are subject to overvoltages as a 
result of fuse blowing or single-pole switching under permanent fault 
conditions. 

Other combinations of faults and open conductors are possible in 
isolated systems which might tend to shift somewhat the range of 
constants causing high voltages. In distribution circuits involving 
single-phase feeders, a single blown fuse can sometimes cause over¬ 
voltages if the system constants are of certain values. Generally, 
such cases can be interpreted in terms of three-phase constants such 
that one of the curves given here can be used in determining the over¬ 
voltages possible. 

The effect of load on the transformers is to reduce the voltages on the 
open phases obtained with the transformers unloaded. 

Capacitors. Although capacitance in the above discussion is that 
inherent in transmission circuits, the effects of capacitors can be taken 
into account by combining their positive- and zero-sequence capaci¬ 
tances with those of the transmission circuit. If capacitors are 
Y-connected and grounded, their positive- and zero-sequence capaci¬ 
tances are equal; if ungrounded, their zero-sequence capacitances are 
zero. 

Phase Reversal 

With the transformers loaded and phase a open, F®, the voltage of 
the open phase on the transformer side of the opening referred to the 
voltage on the system side, will have a quadrature component in 
addition to the positive or negative in-phase component. If the 
in-phase component is negative and greater than —0.5, Va 2 will be 
greater than Foi, and there will be phase reversal. Running motors, 
however, will not slow down if the difference between the positive and 
negative sequence torques is equal to that required to maintain rota¬ 
tion in the positive direction; but if it is less, they will slow down and 
stop. They will then reverse their direction of rotation if the negative- 
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sequence torque is great enough to overcome the positive-sequence 
torque and provide the torque required to start the motors from rest. 
With a motor running in the positive direction, the positive sequence 
torque is greater than the negative for equal positive- and negative- 
sequence voltages. At standstill, these torques are equal for equal 
voltages. (See Chapter VI.) 

The conditions under which loaded motors will reverse their direc¬ 
tion of rotation will depend upon the characteristics of the motors, 
their loads, and the relative magnitudes of the positive- and negative- 
sequence voltages at their terminals, the latter being influenced by the 
presence of the motors and other loads on the transformers. For the 
unloaded transformer bank, the highest ratio of Va 2 to Vai occurs for 
Fa = —2. For this case, 

F„x (Ffc + Vc) (n - Fe)] 

- 3[f. - i (n + v.) - j~ iVt - n)] 

Loads on the transformer bank will modify this ratio, but if Foi is 
small relative to Fa 2 and Fa 2 is high (unity or above), reversal of 
direction of rotation of motors (observed in the field and reproduced in 
the laboratory) will occur. 

Phase reversal is further discussed in Chapter VI. 

CALCULATIONS 

The voltages arising from one or two open conductors, with or with¬ 
out ground faults, in a circuit supplying an unloaded ungrounded 
transformer bank can be calculated with reasonable accuracy by con¬ 
sideration only of fundamental-frequency components of voltage and 
current. As transformer losses are neglected and harmonics are not 
taken into account, a perfect check between calculations and tests is 
not to be expected. However, in this study it was through calculations 
that the order of magnitude of the abnormal voltages and the region 
in which they occur was determined, and also that three different values 
of sustained voltage are possible for certain values of XeilXm Even 
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with all the calculating devices available at {present, it is sometimas 
necessary and often helpful to make a few preliminary long>hand 
calculations in the initial stages of an investigation. Also, there are 
occasions, times, and places where the required calculating devices are 
not available. For this reason, the method of calculation used here is 
given in detail for one case and the other cases are outlined so that they 
may be applied to similar problems where the following assumptions 
can be made: 

1. The sustained voltages to be determined are substantially 
sinusoidal voltages of fundamental frequency. 

2. The effective exciting reactance of transformer windings to be 
used in calculating fundamental-frequency voltages can be determined 
from the saturation curve of the transformer, determined by applying 
sinusoidal voltages. The exciting reactance varies with the m^nitude 
of the impressed voltage, but at any voltage it is the ratio of the rms 
voltage to the rms current. 

3. Resistance in the transformers as well as in the transmission 
circuit can be neglected. 

Transformers may be connected A-Y, A-A, Y-A, or Y-Y. Let 

Vs = voltage to ground of neutral of Y-connected pri¬ 
mary windings in per unit of normal line-to-neutral 
voltage 

= per unit effective transformer exciting reactance of 
any winding at normal voltage, either Y- or 
A-connected 

3Cabt Xaet *6c = per Unit effective transformer exciting reactances 
of windings o6, ac, be of A-connected bank cor¬ 
responding to voltages across them 

X«, Xb, Xe — per unit effective transformer exciting reactances 
of windings a, b, c of Y-connected bank correqmnd- 
ing to voltages across them 

xa, Xci, Xeo = per unit positive- and zero-sequence system and 
circuit line capacitive reactances, respectively, 
corresponding to Cj, Co, Ci, and Co of Fig. 3(6), 
based on normal line-to-neutral voltage in the 
transformer 

All reactances are in per unit on a common kva base. Effective 
reactances of A-connected transformer windings, as defined above, are 
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expressed in per unit on normal line-to-line voltage. They are to be 
multiplied by 3 to be expressed on normal line-to-neutral voltage, 
which is the base voltage used in calculations. 

Case I. Power Source Solidly Grounded 

A. Phase a Open. No Fault. This case is shown in Fig. S(a) for 
a A-Y-connected transformer bank. No voltz^e is applied to phase a 
of the three-phase circuit supplying the transformer bank. The 
voltages to ground, Fj and Ve, applied to phases b and c in per unit of 
normal line-to-neutral voltage, with the applied voltage of phase a on 
the system side as reference vector, are 

Vs y/3 

Let Va = voltage to ground of phase a on transformer side of opening 
in per unit of normal line-to-neutral voltage. 


Vc 



Fig. 14. Locus of vector voltage Va with transformer resistance neglected. Solidly 
grounded system, one conductor open. 


Vb and Vc can be resolved into two components of voltage in quadra¬ 
ture with each other, and —jV3. The former sends current to 
ground through phases b and c in parallel in series with phase a. The 
latter produces equal and opposite currents in phases b and c. The 
voltages across windings ab and ac of A-connected windings will be 
equal in magnitude although not in phase, because the components of 
voltage across them due to the applied voltage —are —jV3/2 and 
7 V 3/2 while the components due to — ^ are equal and, with resistance 
neglected, are in quadrature with the j components. With | Vah\ = 

1 Vac\y Xab and Xac^ which depend upon the magnittides of the voltages 
Vab and Fac, will be equal. Likewise, the voltages across windings 
Nb and Nc of Y-connected windings will be equal in magnitude, and 
Xb and Xc will be equal. The component — 7 V 3 produces no voltage 
at terminal a of A-connected windings, and no voltage at the neutral 
N of Y-connected windings. 
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The voltage in phase a is due to the compondht — As resistance 
is neglected, Va may be positive or negative but will have no quadra¬ 
ture component. The locus of Va is indicated by the horizontal line in 
Fig. 14, where the voltage of phase a on the system side of the opening 
is reference vector. There are two values for Va which give normal 
voltages across transformer windings: Fo = 1 and Fa = —2. With 
Fa = 1, the voltages are balanced voltages of positive-sequence phase 
order; for Fa = —2, they are balanced voltages of negative-sequence 
phase order. Let 

la = total current flowing from phase a on the transformer 
side of the opening to ground 

It = current flowing from transformer bank terminal a 

Xt = effective exciting reactance of the transformer bank to It 

The flow of current produced by the voltage to ground — § applied 
to phases b and c in parallel is indicated by arrows for A-connected 
primary windings in Fig. 5(a). 

The capacitive reactance of the three-phase shunt, C\ — Co, which 
is in parallel with Xu is ^Xc(^c\/ — ^ci)* The two parallel paths 

are in series with the capacitance Co between phase a and ground. 


la = 


_;;^aS_ 

_ fiXtXciXcO _ 

3*ei*co - 2a:t(*co - *ci) 


Va = -jXcoIa = 


3yeoXcl - 2Xi(XeO - Xel) 
2Xt(Xet + 2Xco) - 6jCcO*c1 


[14] 


[15] 


windings A-Connected on Line Side, Y- or A-Connected on Load 
Side. The reactance Xt of the bank in either case is that of the equal 
reactances Xab and Xae in parallel; see Fig. 5(6). Based on line-to- 
neutral voltage, 

Xt = [16] 

When Xt in [15] is replaced by ^ab and numerator and denominator 
are divided by 3xaii^eii the equation becomes 
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If XeO *“ **li 


If XeO 


Va 

2XeU 

Va 



3Va 

2Va + l 


SVg+l 

4F„ + 2 


[18] 


[19] 


Saturation Neglected. If transformer saturation is neglected 
Xt — for all transformer connections. Then, with Xeo = Xei in [IS], 


Xel 



Xm 


With Xeo = 2xei in [15], 





Va calculated from the above equations is plotted in curves 3 of 
Figs. 6(a) and 6(6), respectively. 

Saturation Included. For any given ratio of Xcq to Xc\, Va can be 
expressed in terms of Xcilxah- But, because of saturation in the 
transformer, Xah cannot be determined until \Vab\ is known, and \Vab\ 
depends upon F®, which is the quantity sought. For a transformer 
bank with a given excitation curve, and a given ratio of Xco to JCd, a 
graph of Va versus Xeilxm is obtained as follows: 

1 . Assume a value for Fa(—0.5, 1, and —2 will give three points on 
the curve which are readily calculated). 

2 . Substitute the given ratio Xcofxd in [17] to obtain an equation 
similar to [18] or [19], 

3. From this equation, or from [18] or [19], calculate Xei/xab- 

4. Calculate [Fab] in per unit of normal line-to-line voltage from the 
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IFatl Va 


Va)-j‘ 


« — V(F, +0.5)2+ f (20] 

5. From the given excitation curve, read the exciting current lab in 
per unit of normal exciting current lex corresponding to \Vah \; and 
determine Xahl^m^ where x,n» the reactance at normal voltage, is the 
ratio of normal voltage to normal exciting current, = !//«»• 

6 . Xcilxm corresponding to the assumed value of Va is the product of 
XexIXah and XablXtn» 

To illustrate the procedure, a point on curve 2 of Fig. 6(6) will be 
calculated by following the 6 steps of the procedure given above and 
indicating each step by number. For this curve C\ = 2Cot and the 
saturation curve is curve 2 of Fig. 4, which is given to larger scale by 
Fig. 2, Chapter IV. 

1 . Assume Va = —3.0 

2. Equation [19] applies for this case. 

3. From [19], 

Xci _ + 1 _ - . 

Xab^^Va + 2^ • 

4. From [20], 


\Vab\ = 


"(IsFTf = 1.528 


5. From curve 2 of Fig. 4 or from Fig. 2, Chapter IV, lab correspond¬ 
ing to |Fo6 | is 14.4 /m> where /«* is normal exciting current. 

|Fa6| ^ 1.528 
14.4/„ 

l^nce lax =• “» 


^ X ^ = 1.4 X 0.106 
*.6 


6. 
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Point Va = —3, Xei/Xm = 0.148 is plotted in curve 2 of Fig. 6(b). 
The calculations for additional points on this curve are tabulated in 
Table I. 


TABLE I 

Calculated Values of Curve 2, Fig. 6(b) 

(Solidly Grounded System. Phase a Open. No Fault. Transformers A-Connected 
on Line Side, Y or A on Load Side. Saturation Curve 2 of Fig. 4. Ci = 2Co.) 


Va (assumed) 

^el/^ah 

\Vat\ 

Xab/ Xfn 

Xel/ ^tn 

0 

0.5 

0.577 

2.76 

1.38 

0.1 

0.625 

0.608 

2.77 

1.72 

0.25 

0.75 

0.705 

2.71 

2.04 

0.5 

0.875 

0.764 

2.18 

1.90 

1.0 

1.00 

1.00 

1.00 

1.00 

2.0 

1.10 

1.528 

0.107 

0.118 

2.5 

1.125 

1.803 

0.056 

0.063 

3.0 

1.143 

2.08 

0.036 

0.041 

-0.1 

0.312 

0.608 

3.04 

0.095 

-0.2 

0 



0 

—0.2 to —0.5 

Negative 

Impossible values of Va 

-0.5 

00 



00 

-0.1 

2.00 

0.577 

2.76 

5.52 

-1.5 

1.625 

0.764 

2.18 

3.55 

-2.0 

1.50 

1.00 

1.00 

1.50 

-3.0 

1.40 

1.528 

0.105 

0.15 


Primary Windings Y-Connected. With secondary windings also 
Y-connected, = Xc, and 

Xt-Xa+^ [ 21 ] 

With A-connected secondaries, neglecting leakage reactance, the sum 
of the three voltages to neutral of the Y must be zero. Therefore 

VaN - 2 (real part of VNb) 

If /a is the circulating current in the delta, assumed opposite to It 
in phase a. 


Xa(.It -^^ a ) — 2Xb 



Therefore 


Itixa - Xh) 
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The voltage drop through the bank, from & to is 
j (j + /a) *6 + Kit - /a)*« - jit 

^Xa?Cb 


Xa ”1“ 2xi) 


Xt 


Xa * 4 “ 2xi, 


[ 22 ] 


Y-Connected Primary and Secondary Windings. The current 1% 
through the Y-connected bank produces voltage drops between h and 
N, and N and a, in the ratio Xh/2 to Xa» Replacing xt in [15] by 
Xa + X},/2 and dividing numerator and denominator by Xti/Xm^ Va 
becomes 


Fa = 


The real part of 


\ Xfn / \Xcl/ \Xtn ^m/ \ Xc\) 

/ 2Xa ^ Xii \ ^ j ^ 2yco\ ^ / ^cl \ / ^co \ 
\ Xfa Xta/ \ Xc\ / \Xm / \^cl/ 


Vm = ±V|l/jv 6 |" -f 


“= ±- V\VbN\^-j; 

Xa Xb 


1231 

124] 

(251 


Va = Vb — Vfib — VaN = —f — Vm real — VaN 126] 

A graph of Va versus Xd/Xm for a given ratio of Xco to Xei can be 
obtained by the following procedure: 

1. Assume IF’ivfjl, the magnitude of the voltage between transformer 
terminal b and neutral in per unit of normal. From the given trans¬ 
former saturation curve, obtain Xb/xm corresponding to |Fjyr6|. 

2 . Calculate the real part of Fatii from [24]. 

3. Obtain the ratio Van/ixa/xm) from [25], and from the given 
transformer saturation curve find values of | FaA?| and (*o/*m) which 
are in this ratio. The sign of Foat is the same as that of the real part 
of Fwfc. 

4. Calculate Va from [26]. 

5. Knowing Va, calculate from the implicit equation [23], 

after replacing Xco/xei by its given value. 

Y-Connected Primary and ^-Connected Secondary Windings. This 
case differs from the preceding in that «« = f X XaXb/ixa 4- 2*i) and 

Fow = 2 Vffb real [27] 
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The procedure to determine a graph of Va versus »ci/*m »s similar to 
that of the preceding case except that [27] is used to determine 
and Xa/xm corresponding to |7ajv| is obtained from the transformer 
saturation curve. Va is calculated from [26]. With Va determined, 
the corresponding value of can be calculated from [15] if is 

replaced by its value from [22]. 

B. Phases h and c Open. No Fault. See Fig. 5(&). Case B 
differs from case A in that the only voltage applied to the circuit sup¬ 
plying the transformer bank is Fa = 1; and /«, the current from 
phase o, flows to ground through Co of phases b and c in parallel. 
Making these two changes, with Fo as reference vector, 

T/ _ T/ _ r / _ 3XciXc0 - 2Xt(Xc0 - Xei) 

\ 2 / 2xti2xci + *co) - 3xcixoo ^ ^ 

(o) ^-Connected Primary Windings, A- or Y-Connected Secondary 
Windings. Replacing Xt in [28] by iXab/2, 

F6 =Fe=- 

\ XelJ \Xe\/ \Xab 




Vb 



times normeil line- 
to-line voltage 


[30] 


Using [29] and [30] instead of [17] and [20], respectively, the procedure 
for determining a graph of Fj, or F* versus x^lxm for a given ratio 
Xeo/xe\ is analogous to that for one open conductor. 

Y-Connected Primary Windings. Secondary Windings (b) Y-Con- 
nected, (c) is-Connected. The procedure for obtaining a graph of Vb 
or Fe versus Xdlxm for a known ratio, Xeofxei, is analogous to that 
used for one open conductor, except that there is no quadrature 
component of voltage in Fivt and [28] is used instead of [15]. 


Case n. Power Source Ungrounded 

If the capacitance to ground of the power source with ungrounded 
neutral is large relative to that of the transmission circuit and bank, 
the power source can be considered to have its neutral effectively 
grounded. Case II then becomes case I. When this is not the case, 
the zero-sequence capacitance of the power source, Co, in Fig. 1(6) 
must be considered. Under the assumption of balanced line-to-line 
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voltages at a'b'c', the positive-sequence c£q}acitance Ct has no effect} 
upon the resulting voltages. 

The procedure used in case II is analogous to that given for case I. 
The voltage which sends current to ground is 1.5 times normal line-to- 
neutral voltage applied in a loop circuit in which the ground can be 
considered a single point. 
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CHAPTER VI 


INDUCTION MACHINES 

A rotating machine consists of a stationary and a rotating member, 
called respectively the stator and the rotor. Rotating a-c machinery 
is classified as sychronous or asynchronous, depending upon whether 
normal rotation is at synchronous speed or at a speed different from 
synchronous speed. In the most common type of synchronous 
machine, the winding of one member (the field) carries direct current 
which produces a magnetic field of constant polarity, while the winding 
of the other member (the armature) carries alternating current; in 
asynchronous machines, both the stator and rotor windings carry 
alternating current. Of asynchronous machines, the most widely used 
is the induction motor. Practically all a-c electrical power is developed 
by synchronous generators; only a very few induction generators are 
used. In the utilization of electrical energy, however, the induction 
motor is of prime importance. 

Synchronous machines are discussed in the following chapter. This 
chapter is devoted to induction motors, with a brief discussion of the 
induction generator at the end of the chapter. 

IPTDUCTION MOTORS 

Induction motors are built for single-phase, two-phase, or three- 
phase power supply and to meet the special requirements of the whole 
range of possible motor drives. Many types of single-phase motors 
are required in the appliance field alone.^ In power system studies, 
the characteristics of the larger induction motors only are ordinarily 
required. The smaller induction motors can usually be grouped 
together and treated as a portion of the system load or combined with 
other types of load into a composite load, characteristic of a distri¬ 
bution feeder. 

Stator Winding. With the stator as primary, the number of phases 
in the stator winding will depend upon the supply circuit from which 
the motor will operate. The number of poles with but few exceptions 
varies from two to sixteen, a common number being six. The phase 
windings are distributed, so that the mmf produced by current in any 
phase is approximately sinusoidal in space. 

210 
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Rotor Winding. Rotor windings of induction motors are of two , 
general types, coil-wound and squirrel-cage. The windings of coil- 
wound rotors are designed with the same number of poles as the stator 
winding, but the number of phases need not necessarily be the same. 
The phase windings are distributed, and the mmf produced by rotor 
phase currents is approximately sinusoidal in space. The rotor of a 
three-phase motor usually has three phases, with the axes of the phases 
120 electrical degrees apart in space. The terminals of the phase 
windings of the coil-wound rotor are brought out to slip rings so that 
they can be shorted through variable external resistances, which are 
cut in during starting but cut out for normal operation under load. 
Connections to the rotor windings made at the slip rings constitute the 
rotor external circuit. The squirrel-cage winding is shorted on itself 
by short-circuiting rings and is not brought out to slip rings. 

The discussion in this chapter is confined to induction machines 
which can be analyzed by means of fundamental-frequency sym¬ 
metrical components. This restricts the analysis to (a) machines 
with symmetrical stator and rotor windings, and (b) dissymmetries 
occurring in the stator or rotor external circuits, but not simultane¬ 
ously. With simultaneous dissymmetries occurring in stator and rotor 
external circuits, harmonics of appreciable magnitudes may be present 
so that an analysis by means of fundamental-frequency symmetrical 
components is inadequate. H. C. Stanley^ has applied a and com¬ 
ponents (see Volume I, Chapter X) to induction machines and derived 
general equations from which the effect of harmonics may be obtained. 
(See also references 3 and 4.) 

Assumption. In mathematical analyses of induction motors, the 
following idealization is usually made: 

(a) Saturation and hysteresis are neglected, except possibly to 
introduce them approximately as will be shown later. 

(b) The self-inductance of any rotor or stator circuit is constant. 
This assumes a uniform air gap. 

(c) The mutual inductance between any stator or rotor circuit 
varies sinusoidally with rotor position. This assumes either that the 
stator and rotor windings are sinusoidally distributed, in the case of a 
slip-ring induction motor, or that the flux wave produced by the stator 
mmf is sinusoidal in space with no harmonics, in the case of a squirrel- 
cage rotor. 

This idealization, ordinarily used in the analysis of induction motmr 
performance, has been found by experience to be adequate except for 
special problems such as subsynchronous locking torques. 
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With positive-sequence currents of fundamental frequency only in 
the stator of a polyphase induction motor, the fundamental space wave 
of mmf due to these currents rotates forward at synchronous speed 
relative to the stator. (See Appendix B for proof.) The fundamental 
space wave of flux due to stator mmf also rotates forward at syn¬ 
chronous speed relative to the stator. Likewise, with negative- 
sequence currents of fundamental frequency only in the stator, there 
will be a fundamental space wave of flux which rotates backwards at 
synchronous speed relative to the stator. Under the assumptions 
given above, there will be no harmonic space waves of flux resulting 
from either positive- or negative-sequence currents of fundamental 
frequency in the stator. With both positive- and negative-sequence 
currents (/«! and / 02 ) in the primary winding, there will be both 
forward and backward rotating fundamental space waves of flux due 
to .these currents. 

Positive Direction of Rotation and Synchronous Speed. The direc¬ 
tion of rotation of the fundamental mmf space wave, resulting from 
positive-sequence currents in the primary winding, is the positive 
direction of rotation of the rotor; the speed of this mmf wave is 
synchronous speed. 

Synchronous speed in revolutions per minute is Xl^jjp, where p is 
the number of poles and / the impressed frequency; synchronous 
speed is independent of the number of phases. 

Slip. The difference between synchronous speed and rotor speed is 
the slip. Slip is indicated by s and expressed in per cent or per unit 
of synchronous speed. Under normal operation, the slip of an induc¬ 
tion motor is small — between 1% and 5%; usually, the larger the 
motor, the smaller the slip. 

Normal Operation of Polyphase Induction Motor. The revolving 
magnetic field, resulting from positive-sequence currents in the stator 
of a polyphase induction motor, cuts the rotor inductors and induces 
voltages in them of magnitude and frequency proportional to the slip. 
With the rotor circuits closed, currents will flow in them of slip fre¬ 
quency sf relative to the rotor, where / is primary impressed frequency 
and s is per unit slip. The flux produced by rotor currents of slip 
frequency 5 /rotates at slip speed with respect to the rotor, just as the 
flux produced by positive-sequence stator currents of fundamental 
frequency rotates at synchronous speed with respect to the stator. As 
rotation ic in the same direction as that of the rotor, the speed of the 
rotor flux with respect to the stator is synchronous speed. The rotor 
flux and the stator flux therefore rotate at the same speed, relative to 
the stator, whatever the slip. The resultant air-gap flux, which is 



[CH.VI] POSITIVE-SEQUENCE EQUIVALENT CIRCUIT 


213 


the vector sum of the air-gap components of the^Huxes resulting from 
stator and rotor currents, rotates at synchronous speed relative to the 
stator. It is possible therefore to construct an equivalent circuit 
where all quantities are referred to the stator. 

The interaction of stator and rotor fluxes, corresponding to their 
product times the sine of the angle between them, produces a torque 
acting in a direction depending upon whether the stator flux is leading 
or lagging the flux produced by the rotor current. In a motor, the 
air-gap component of flux produced by stator current leads the air-gap 
component of flux produced by the rotor so that torque acting in the 
rotor in the direction of rotation is produced. (If the rotor is run 
mechanically at a speed above synchronous speed, the torque is 
reversed, and the induction machine acts as an induction generator.) 
With no load except friction and windage, the rotor speed will 
approach synchronous speed, and there will be but small induced 
rotor voltages and currents. As the load is Increased, the slip will 
increase until the current in the rotor circuit is sufficient to supply 
the required torque. 

Three-Phase Induction Motors 

The phase windings of the stator may be connected in either A or 
Y. When connected in Y, the neutral is seldom brought out, and 
therefore the zero-sequence impedance is infinite. Zero-sequence 
voltages, however, may exist at the motor terminals and at the neutral 
of Y-connected windings. 

Positive-Sequence Equivalent Circuit. The induction motor with 
blocked rotor on open circuit is similar to a three-phase transformer 
with open-circuit secondary. With the rotor circuits closed and the 
rotor blocked, it is similar to a transformer with shorted secondary. 
With the rotor at standstill, the slip is unity ( 5 = 1 ), and the induced 
voltage and current in the rotor circuit are of primary impressed 
frequency. Expressed in per unit, with base voltages in the primary 
and secondary circuits directly proportional to the equivalent number 
of turns in the two windings, the equivalent circuit for the motor with 
5 = 1 is similar to that of the two-winding transformer given in Fig. 2 
of Chapter IV. 

At any slip s different from unity, the induced voltage in the rotor 
circuit is directly proportional to the slip in magnitude, and the 
frequency of rotor voltages and currents is 5/, where f is the primary 
frequency and s is per unit slip. With iron losses neglected, an equiva¬ 
lent circuit referred to the stator can be constructed from a consideration 
of Fig. 1(a), where the subscripts p and 5 refer to primary (stator) and 
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secondary (rotor) circuits, respectively; L and M represent self- and 
mutual inductance, respectively, and r resistance. Under steady- 
state conditions, with balanced voltages of positive sequence applied 
to the primary, 

Ip[r^ +ML^ ~ M)] [ 1 ] 


rp wCLp-M) ttDCLs'M) 



Fig. 1. (a) Induction motor diagram with mutual inductance between primary and 

secondary windings indicated by M, (b) Equivalent circuit based on [3]. (c) 

Positive-sequence equivalent circuit, (d) Negative-sequence equivalent circuit. 

where Vp is the positive-sequence applied voltage of the reference 
phase and Vm is the induced voltage in the primary circuit of the 
reference phase, corresponding to the air-gap flux which is the vector 
sum of the fluxes resulting for stator and rotor currents. The induced 
voltage in the rotor circuit is and its frequency is sf, where / is 
primary impressed frequency, 5 is per unit slip, and w = 2vf. 

In the secondary circuit under steady operating conditions, 

= I,[r, -f jswfL. — M)] 


[ 2 ] 
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or dividing by s, 

-M)] [3] 

= /. [r. + ML, -M)+r. [3a] 

Equation [3] refers the induced voltage in the secondary winding to 
the primary, in both magnitude and frequency. Because the air-gap 
flux produced by rotor currents rotates at synchronous speed relative 
to the stator and reacts with the air-gap flux produced by stator current 
at impressed frequency, [3] expresses the conditions in the secondary 
circuit as seen from the primary circuit for any slip and resultant 
frequency in the secondary circuit. It will be noted that the ratio of 
resistance to reactance in [2] has been preserved in [3]. 

If, as in the transformer equivalent circuit, self-reactance minus 
mutual reactance is replaced by the leakage reactances Xp and Xg in the 
primary and secondary circuits, respectively, the equivalent circuit of 
Fig. 1(6) is obtained from [1] and [3]. If the core loss is assumed to 
vary approximately as the square of the mutual voltage and [3a] 
instead of [3] is used, the equivalent circuit of Fig. 1(c) is obtained in 
which Rc represents the equivalent core resistance, and r,/5, the equiva¬ 
lent resistance of the rotor, has been replaced by ra + f»(l — s)/s. 
Figure 1 (c) is the well-known equivalent circuit for one phase of the 
induction motor under balanced operating conditions (the positive- 
sequence equivalent circuit), in which all secondary quantities are 
referred to the primary. It is similar to the equivalent circuit of a 
two-winding transformer with a resistance load of 2? = ra(l — 5)/s. 
The leakage reactances Xp and Xg are generally larger than in a three- 
phase transformer of the same rating, and the magnetizing reactance 
Xm is lower, corresponding to a larger magnetizing current. The 
magnetizing reactance Xm is subject to saturation and decreases with 
an increase in the voltage 

The values of fp, r*, Xp, Xg, and Rc to be used in the equivalent 
circuit can be determined by calculation or from tests. The copper 
resistances fp of the primary and r«of the wound-rotor can be measured 
directly and expressed in per unit, based on the kva rating per phase 
of the primary winding and base voltages in the primary and secondary 
circuits which are directly proportional to the equivalent number of 
turns in the stator and rotor windings, respectively. In a wound- 
rotor machine, the turn ratio is substantially that of the no-load voltage 
ratio, with the rotor blocked and its windings open. 
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With positive-sequence voltage Va\ of fundamental frequency 
applied to the primary, and the rotor blocked with its windings 
shorted, the sum of the impedances (fp jxp) and (r, + jXf) with 
exciting impedance neglected is obtained from the ratio Foi//ai, where 
lai is positive-sequence primary current. From this test, Xp + 
the sum of the leakage reactances is approximately determined. As 
in the two-winding transformer equivalent circuit, Xp and x^ are each 
usually assumed to be equal to one-half the total leakage reactance. 
With balanced positive-sequence voltages applied and the rotor 
driven at synchronous speed, there will be no induced rotor voltages 
or currents in the rotor winding; the self-impedance ^pp of the primary 
circuit is Vai/Iai- When tp + jxp and Zpp are known, the core loss 
resistance Rc and the magnetizing reactance Xm can be obtained. By 
varying the magnitude of the applied voltage Fai, the open-circuit 
saturation curve is determined. The effect of saturation can be 
approximately taken into account by adjusting the value of x^ to 
correspond to the degree of saturation in the motor. The saturation 
curve with the motor running at no load (except friction and windage) 
will differ slightly from the synchronously driven saturation curve, as 
there is a small slip at no load. 

The positive-sequence impedance of the induction motor under 
balanced steady-state conditions can be obtained from Fig. 1 (c). It is 
Zi - Vai/Iah where Vai and lai are the voltage and current, respec¬ 
tively, of phase a at the primary terminals. A change in slip will 
result in a different value of Zi. When it is known that the slip is 
constant, a constant value of Zi corresponding to known power input, 
terminal voltage, and power factor can be used for Zi. 

If Vai and lai are expressed in volts and amperes, respectively, the 
power input to the motor in watts is 3 | Foi||/ail cos^i. With Vai and 
lai in per unit, the power input in per unit of three-phase base power, 
taken numerically equal to three-phase base kva, is 

Power input = |Fai|l/ail cos Bi [4] 

where cos Bi is the power factor at the primary terminals. 

Rating. The rating of an induction motor is normally given in 
terms of horsepower output. The horsepower output multiplied by 
0.7457 gives the kilowatt output. The kilowatt input is the output 
plus motor losses; it is also the kilowatt output divided by the per unit 
efficiency. The kva input at rated voltage and current is the kilowatt 
input divided by the power factor at the motor terminals. 

The per unit power transferred across the air gap is the power input 
minus the stator and core losses. It is also the power in the equivalent 
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circuit corresponding to the positive-sequenc« secondsuy current, 
(/«i-.ec) flowing through the equivalent secondary resistance r,j5. 

Air-gap power =■ !/«i_mc|® - [51 

s 

= power input — (stator copper losses + core losses) ♦ 

In [S], the core losses for both stator and rotor have been taken on the 
primary side. 

The positive-sequence air-gap power in per unit is also the positive- 
sequence torque T\ in per unit developed by the induction motor, 
where base torque is torque at base kw and base (synchronous) speed. 
The per unit positive-sequence torque Ti is 

Tx = [ 6 ] 

5 


Ti in [6] is also the per unit power which the motor would develop 
if it were running at synchronous speed. As the speed of the rotor is 


Shaft output power = torque X speed = Ti (1 — 5 ) 

1 - 5 


m 


*= l-fal—I 


2r 

-«ecl 


The actual per unit rotor resistance is ; the per unit rotor current 
is/ai-accl therefore, in per unit, 

Rotor copper loss = [8] 

The shaft output power can also be obtained by subtracting [8] 
from [5]. 

In the equivalent circuit of Fig. 1 (^:) the output power is represented 
by the power taken by the resistance [ra(l — 5)/5], the primary and 
secondary copper losses by the power loss in and r„ and the core 
losses by the power loss in the resistance branch Rc of the exciting 
impedance. 

Negative-Sequence Equivalent Circuit. As the slip 5 is defined in 
terms of the speed of the rotor in the positive direction with respect to 
the speed of the flux resulting from positive-sequence primary currents, 
the slip with respect to the flux resulting from negative-sequence 
primary currents, when the rotor is rotating in the positive direction, 
is 2 — 5 . If 5 in Fig. 1 (i) is replaced by 2 — 5 , the negative-sequence 
equivalent circuit of Fig. l{d) is obtained. 

From Fig. 1(d), or by replacing s in [5H8] by 2 — 5 , the following 
equations are obtained. 
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The per unit negative-sequence power across the air gap is 

Y 

Air-gap power = \Ia 2 -,ee? PI 

z — 5 

The per unit negative-sequence torque T 2 developed by the motor is 

T 2 = -\Ia2r.».c? [ 10 ] 

1 ^ s 

where the minus sign indicates that the direction of the negative- 
sequence torque 7^2 is opposite to the direction of the positive-sequence 
torque Ti, positive direction corresponding to that of Ti. The air-gap 
power given by [9], however, is positive. 

The negative-sequence secondary copper loss is 

Rotor copper loss = |/a 2 ~«ec|^^a [11] 

Subtraction of [11] from [9], or multiplication of [10] by 1 — 5 (the 
speed of the rotor in the positive direction) gives 

(1 “ s) 

Shaft output power = — |/a 2 - 8 ec|^^a -- [12] 

2 — 5 

where the negative sign in [12] indicates that the shaft output power 
resulting from negative-sequence currents, when the direction of 
rotation of the rotor is positive, acts to reduce the output power re¬ 
sulting from positive-sequence currents. 

If negative-sequence voltages only are applied at the motor terminals, 
only negative-sequence currents will flow in the primary and secondary 
windings, and the torque will be negative, tending to rotate the rotor 
in the negative direction. With the torque and direction of rotation 
both negative, the shaft output power will be positive. Since the 
motor is symmetrical, it will operate as well in the negative as in the 
positive direction as far as its electrical characteristics are concerned. 

If unbalanced voltages, with both positive- and negative-sequence 
components, are applied to the motor terminals, the positive- and 
negative-^quence torques will be in opposite directions. The torque 
developed by the motor in the positive direction, neglecting the second 
harmonic torque pulsation, is obtained by adding [6] and [10]: 

Ti -h Ta = \U.,ec? - - [13] 

S JL * S 

Multiplication of [13] by 1 — s (the speed of the rotor in the positive 
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direction) or addition of [7] and [12] gives r 

Shaft output potver = l/.i-,,*!* ~ [14] 

S 2 — s 

Rotor copper losses = |/oi-fecl*»'» + If’o 2 -*ec|®»’» [15] 

Addition of [14] and [15] or of [5] and [9] gives the power across the 
air gap. 

Air-gap power = i/<,x_„c|* - + [16] 

5 2—5 

A comparison of [16] and [13] shows that with both positive- and 
negative-sequence currents in the stator winding, the power across the 
air gap is not equal in per unit to the torque developed by the induction 
motor. Since the positive- and negative-sequence torques are in 
opposite directions, the negative-sequence torque acts to reduce the 
power output of the shaft, at the same time increasing the losses and 
slip. Unbalanced voltages are therefore undesirable in the operation 
of three-phase induction motors. 

Although the equivalent circuits of Figs. 1(c) and 1(d) can be 
applied to determine the performance of the induction motor with only 
positive- or only negative-sequence voltages, respectively, applied to 
the primary terminals, when both positive- and negative-sequence 
voltages are present the iron losses may increase appreciably, and 
cannot be properly represented by equivalent circuits having constant 
impedance elements. The method described here may be used to 
calculate the copper losses, but refinement beyond the scope of this 
discussion would be required to determine accurately the total iron 
losses. The positive- and negative-sequence equivalent circuits, how¬ 
ever, are usually adequate for use in calculations of system performance 
during unbalanced conditions where fundamental-frequency compo¬ 
nents of currents and voltages only need be considered. At any given 
slip, the positive- and negative-sequence equivalent circuits of Figs. 
1 (c) and 1 (d) can be constructed when the motor constants are known. 

Approximate Motor Constants. Table I gives constants of typical 
induction motors in per cent based on the kva input and voltage rating 
of the motor. The slip and terminal power factor at normal voltage 
and full load are also given. Table I may be used, in cases where 
actual constants are not given, as a fair approximation for induction 
motors of the usual speeds. 

Because of the relative high magnetizing current, the power factor 
is higher at full load than at light load. A motor which has a power 
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factor of 90% at full load may have a power factor of 70% or less 
when lightly loaded. 

Approximate positive- and negative-sequence impedances of induction 
motors are useful in system studies where the performance of the 
motors themselves are not under consideration, and also as a first 
approximation in the study of induction motor performance. 

The per unit positive-sequence impedance of a motor, based on rated 
kva input and terminal voltage, is Vai/Iau where Vai is per unit 
positive-sequence terminal voltage and lai at the operating power 
factor is per unit positive-sequence primary current. If it is known 

TABLE I 

Approximate Characteristics of Three-Phase 
Induction Motors* of Usual Speeds 


Rating 

Full-Load 

Efficiency 

F ull-Load 
Power 
Factor 

Full-Load 

Slip 

Reactances and Resistances in Per Cent 
Based on Full-Load Kva and Rated 
Voltage 

Hp 

% 

% 

% 

Xp -h X, 

Xfn 

Tp 

u 


75-82 

75-85 

3-5 

■81 

160-220 

4-6 

4-6 


80-88 

82-90 

2.|-4 

ISl 

200-280 

3|-5 

3 J -5 

25 to 200 

86-92 

84-91 

2-3 

mSSM 

220-320 

3-4 

3-4 

200tol000 

91-93 

85-92 


15-17 

240-360 

2^-3 

2-3 

1000 up 

93-94 

88-93 

1-2 

15-17 

260-400 

li-2 

li-2§ 


Core loss current 2%, approximately. 

• Table furnished by P. L. Alger. See also Electrical Engineers' Handbook, Electric Power Volume. 
Harold Pender. Editor-in-Chief, Fourth Edition, John Wiley and Sons, 1949, and Standard Handbook 
for Electrical Engineers, Eighth Edition, McGraw-Hill Book Co. 


that a motor (or a group of motors) is oi>erated at rated voltage, one- 
half rated current, and 60% power factor, the per unit positive-sequence 
impedance is 


Zi 


Yai 

/«! 


1.0 

0.5 /— cos~* 0.6 


= 2.0 /53.1° = 1.2 -l-il.6 


The approximate negative-sequence impedance can be obtained from 
Fig. 1(d). When the slip s is small, r,/( 2 _,) is small relative to 
and may be neglected. The exciting impedance {Re and jxm in 
parallel) is lat^e relative to jx,. If the exciting impedance is assumed 
to be infinite and tp is neglected, Za, the per unit negative-sequence 
impedance of the induction motor viewed from its terminals, is approxi¬ 
mately 


Z2 = j{Xp -f- X,) 


[171 
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From Table I, the approximate per unit value niay be taken as 
j0.16, based on rated kva input and voltage. 

Starting Torque. At standstill the slip is unity, and the rptor speed 
zero. With 5 = 1 in [6], the per unit starting torque is equal to the 
per unit copper loss in the rotor circuit given by [8]. At any given 
applied voltage, the starting torque can be increased to a maximum 
value by increasing the secondary resistance r,. It can be shown that, 
by increasing the rotor resistance, the slip at which maximum torque 
occurs is increased but the value of maximum torque is not appreciably 
changed.® Since losses are in¬ 
creased with an increase in slip, 
a low secondary resistance with 
resultant small slip is desirable 
for efficient running conditions, 
whereas a high value of r, may 
be required for starting. For the 
wound-rotor motor, secondary re¬ 
sistance can be cut in at starting, 
thereby increasing the starting 
torque, and cut out when running 
to obtain a small slip. For the 
squirrel-cage rotor, a compromise 
must be made between a high 
value of r, for best starting torque 
and a low value of r, for best 
operating conditions. 

Motor Speed-Torque Curve. With normal balanced voltages at 
the motor terminals, the torque Ti can be calculated from [6], where 
lai^iec at any slip s is determined from the positive-sequence equivalent 
circuit. Curve A of Fig. 2 shows the torque-speed curve of an in¬ 
duction motor at rated voltage. The speed of the rotor is 1 — 5 in 
per unit of synchronous speed. At synchronous speed, /ei-««c is zero, 
and therefore the torque is zero. 

Should a system disturbance occur which reduces the voltages at 
the motor terminals without unbalancing these voltages, the motor 
torque at given rotor speed will vary as the square of the motor 
terminal voltage Vai ; the torque Ti from [6] varies as ih^gec^ whereas 
lai^tee varies directly as Vav Depending upon the reduction in volt- 
age and the characteristics of the load driven by the motor, the motor 
may continue to operate or^ay stall. If equipped with undervoltage 
relays, the motor will be cut out of service when its terminal vdtage 
drops below a predetermined value. 



SPEED IN PER UNIT 
OP SYNCNRONOUS SPEED 


Fig. 2 . Speed-torque curves. At motor 
speed-torque curve at rated voltage. 
Bt load speed-torque curve for constant 
torque. C, load speed-torque curve for 
constant power. Z?, typical load speed- 
torque curve. Et motor speed-torque 
curve for unbalanced system conditions. 
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The operating portion of the motor torque-speed curve is between 
synchronous speed and maximum torque. Maximum torque is 
usually around twice the operating torque at rated voltage and full 
load. At the speed corresponding to maximum torque and at slower 
speeds, an increase in slip results in a decrease in motor torque, and 
the motor will slow down and come to rest unless the torque required 
by the load decreases more rapidly with decreasing speed than the 
motor torque. The variation of required load torque with rotor speed 
can be plotted when the character of the load is known. 

Load Speed-Torque Curves. There are many types of induction 
motor load. A conveyor, or a weight operated by pulleys, requires 
approximately constant torque. A motor-driven d-c generator with 
a voltage regulator delivering power to a fixed impedance load requires 
constant power during the operating range of the regulator. In the 
speed-torque curve for a constant power load, the required per unit 
torque is the reciprocal of per unit speed. The torque required to 
operate a fan varies approximately as the square of the speed; it, 
therefore, decreases more rapidly than the decrease in speed. The 
torque-speed characteristics of many loads driven by induction motors 
vary through a complete cycle — a mine hoist, for example. Others 
are subject to sudden changes in required torque, as when an elec¬ 
trically driven dredge strikes rock. 

Curves 5, C, and D of Fig. 2 are possible motor-driven load-torque 
speed curves. Curve B represents a constant-torque load; curve C, a 
constant power load; and curve D a load which requires neither con¬ 
stant torque nor constant power. 

Unbalanced System Conditions 

When a system disturbance occurs which produces unbalanced 
voltages with negative-sequence components at the motor terminals, 
the positive-sequence torque Ti is reduced if the positive-sequence 
terminal voltage is below normal. In addition there is a negative- 
sequence torque T 2 acting in the opposite direction to Ti. For the 
motor to continue to rotate, its slip must increase until the positive- 
sequence torque minus the negative-sequence torque is equal to the 
torque required by the load at the resultant speed. Just what the 
slip will be during unbalanced system conditions will depend upon 

1 . The nature of the unbalance. 

2* Normal system operating voltages^ 

3. System constants including those * the induction motor. 

4. The character of the load driven by the induction motor. 
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The nature of the unbalance determines the connection of the sequence ^ 
networks to represent the unbalanced condition. (A possible ex¬ 
ception is an open conductor. This will be discussed later.) Normal 
system operating voltages determine the impressed voltages in the 
positive-sequence network. The constants of the motor determine its 
positive- and negative-sequence equivalent circuits in terms of the 
unknown slip. By varying the slip, a torque-speed curve of the motor 
during the unbalanced system condition can be obtained. With the 
assumed slip replacing $ in the positive- and negative-sequence equiva¬ 
lent circuits of the motor given by Figs. l(r) and 1(d), the sequence 
networks are connected to satisfy the unbalanced system conditions, 
and the currents and voltages at any desired system points are cal¬ 
culated. From the positive- and negative-sequence currents, /oi-aec 
and /a 2 -«cc» the total torque developed by the motor is obtained from 
[13] and plotted versus speed. By assuming several values of slip, a 
torque-speed curve of the motor for the unbalanced system condition 
is obtained. Let this torque-speed curve be represented by curve E 
of Fig. 2. The intersection of curve E with the load torque-speed 
curve will give the speed of the rotor and its slip. If there is no inter¬ 
section, or if the intersection is on a part of the curve where the load 
torque increases more rapidly (or decreases less rapidly) with a decrease 
in rotor speed than the motor torque of curve £, the motor cannot 
supply the required torque and will stall. In Fig. 2, with a constant 
power load (curve C), the motor is unstable; but with the constant 
torque load (curve B) and the load of curve I>, the motor is stable. 
With either curve B or D there are two intersections. Operation at 
the intersection between synchronous speed and maximum torque on 
curve £ is at a stable operating slip. The other intersections are 
unstable because an increase in slip is not accompanied by sufficient 
motor torque to supply the load torque required at the decreased 
speed. With the slip of the motor determined, the currents and 
voltages at any desired system point can be obtained. 

Instantaneous Power. The per unit instantaneous power input to 
a three-phase induction motor with unbalanced applied voltages can 
be obtained from Volume I, page 66, [37]. For a motor of infinite 
zero-sequence impedance, /ao = 0, and the equation becomes 

P = \ Val\\Ial\ COS 01 + |Fa2l|/o2l COS $2 

““ 1 Va2\\Ial\ COS (2«/ + a + ^ — ^l) [18] 

— |l^al||-^'a2| COS + a + P — 62 ) 
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where p is instantaneous power in per unit of base three-phase power, 
numerically equal to base three-phase kva. 

Va\ and Fo 2 are the positive- and negative-sequence applied voltages 
in per unit of base voltage per phase. 


a and P are the angles by which Vai and F 02 , respectively, lead 
the reference vector. 


lai and Ia 2 are the positive- and negative-sequence per unit line 
currents flowing into the motor. 

Zi and Z 2 are the positive- and negative-sequence per unit im¬ 
pedances of the motor corresponding to the operating 
slip. 

$i and $2 are the impedance angles of Zi and Z 2 , the negative signs 
in [18] and [19] indicating that lai and Ia 2 lag Vai and 
Fo 2 » respectively. 

The first two terms of [18] and [19] give the average power to the motor. 
The last two terms give the pulsating second harmonic power. 

The instantaneous per unit power at the motor terminals is also the 
per unit air-gap power, neglecting stator losses. The per unit torque 
developed by the motor can be determined from the per unit air-gap 
power by reversing the signs of the power terms containing Ia 2 - 
Neglecting stator losses, the per unit rotor torque from [18] or [19] is 

r . CO. ^ CO. ™ (2. + „ + , - 

+ ^cos {2o)t + a + — ^ 2 ) [20] 

l^2| 

The first two terms of [20], which give the average torque tending 
to produce rotation, correspond to [13] with stator losses neglected. 
The last two terms indicate the magnitude of the pulsating second 
harmonic component of torque due to unbalanced voltages. 

It is interesting to note that at standstill, when 5=1 and therefore 
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\Zi\ 


1^2! ^nd $1 


02 f the pulsating power to the motor from [19] ts 


2\Val\\Va2\ 

I2ll 


COS {2id + a + /5 — ^i) 


121 ] 


while the pulsating electrical shaft torque on the basis of n^Iigible 
primary losses from [20] is zero. 

If the positive- and negative-sequence applied voltages are equal 
in magnitude, the torque tending to produce rotation at standstill 
given by the first two terms of [19] is zero. This condition arises 
when a single-phase voltage is applied to two terminals of a three- 
phase motor with the other terminal open. With phase a open, 


and, therefore. 


la = lal + Ia2 = ^ 


lal = 


/o2 


At standstill Zi = Z 2 , and 


l^a2 = = -fo2^1 = ~ l^ol 

and, therefore, 

|l"a2l = I Fall 

With [Fall = I Fa 2 l [20], the torque at standstill is zero, and the 
motor will not start. If it is started, however, or if one phase is opened 
while it is running under load, the motor will develop torque which will 
keep it running in the same direction, provided there is a value of 
operating slip at which the torque required by the load can be supplied 
by the motor. Although Ia\ and /02 are equal with the motor running 
and one phase open, Zi and Z 2 are not equal ; |Zi| is larger than IZ 2 I 
at any operating slip, and | Fail = l^ai^il is larger than | F 02 I = |/a 2 ^ 2 l- 
The average torque therefore is in the positive direction, positive 
direction being the direction of rotation of the rotor. 


Phase Reversal with Open Conductors 

Open conductors in circuits which supply ungrounded transformer 
banks are discussed in the preceding chapter. It is shown that phase 
reversal, or high sustained voltages to ground on the open phase, or 
both, will occur for some ratios of line capacitive reactance to normal 
transformer exciting reactance; but they will not occur for other 
ratios. It is also shown that for certain ratios of these reactances there 
are three possible voltage conditions, any one of which may occur, 
depending upon the phase of the voltage wave at the time that phase 
is opened. See Chapter V, Fig. 6(a), Fig. 6(6), and Fig. 7. 
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Transformer exciting current increases non-linearly with an increase 
in induced voltage; therefore, when the induced voltages in the three 
phases are unbalanced with one or two well above normal and the third 
approximately normal, the transformer bank is not a linear circuit, 
nor is it a symmetrical circuit. In this case, symmetrical components 
which are based on linear circuits are not applicable, and some other 
method must be used in an analytical solution. One such method is 
given in the preceding chapter. Where the effect of unequal degrees 
of saturation in the three phases of a transformer bank is unimportant, 
the bank may be considered a symmetrical linear circuit. This is 
usually the case in a grounded bank. In general, when power is 
supplied to induction motors through a grounded transformer bank, 
and one phase in the supply circuit is open, the method of symmetrical 
components is applicable. See Volume I, page 144, Fig. 14(c), for the 
connection of the sequence networks to represent the condition of an 
open conductor in an otherwise symmetrical circuit, where linear 
relations exist. 

Unbalanced Load. In the following discussion it will be assumed 
that transformer exciting currents and line capacitances can be 
neglected. It will also be assumed that the section of the power 
system involved, except for the open conductor and the unbalanced 
load, is symmetrical. Under these assumptions, the equations given 
in Volume I for open conductors and unbalanced loads in terms of 
symmetrical components and a/30 components are applicable. 

When positive- and negative-sequence impedances can be assumed 
equal and zero-sequence currents are absent, the unbalanced loads on 
the three phases can be represented as constant impedance static loads, 
and phase quantities can be used in circuit analysis. 

An induction motor has unequal positive- and negative-sequence 
impedances when running. It is therefore only at standstill that it 
can be classed as a constant impedance static load. 

Constant Impedance Loads. Let phase A be the open phase. Let 
the impedances of the loads between phases C and A, A and 5, and C 
and B be indicated by Zca, Zah^ and Zch, respectively, as indicated in 
Fig. 3, where normal phase order is ABC. In Fig. 3 the load is shown 
A-connected. If Y-connected and ungrounded, it can be replaced by 
its equivalent A. Let the voltage Vch across the load impedance Zch be 
reference vector. This voltage will be determined by the voltage of 
the source, the impedance between the source and load terminals B 
and C, and the vector sum of the load currents he and /. (See Fig. 
3.) But whatever the value of Veh^ the voltages Vea and Vah can be 
referred to it in magnitude and phase. 
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As the load is ungrounded, whedier Y- or AKxmnected, 

Veb — Vea + Vab 

where Vca> Vah) and Veb are voltage rises from the terminal indicated 
by the first subscript to that indicated by the second. 


A 



Fig. 3. Open conductor in circuit supplying unbalanced, ungrounded load 
of constant static impedances. 


The same current will flow through impedances Zea and Zab- Let 
this current be I. Then 


/ = 


Veb 


Zea " 1 " Zab 


Vea = IZea = 


VcbZc, 


Veb 


= Veb- 


Zea ^ab ^ . ^ab 

^ Z 

^ca 

1 


1 + 


Zab 


/ ^ab 


where Zab l^odj !^ab Z^a ~ iZcaj /^ca . 

Equation [22] may be written in the form 

1 


Veb 


where B = 


Zab 


[ 22 ] 


1 + B /^ 

♦ 0 =* ^ab — Oea \ and Veb is reference vector. 
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It is shown in Appendix C that the fraction in [23] is the equation of 
a circle for any constant value of B and a variable angle it is the 
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arc of a circle for any constant value of <t> and variable B. Equations 
for the centers and radii of these circles and arcs are also given. 




Fig. 4. Graphical solution of [22]. 

Figure 4 is a graphical solution of [22] for any given values of 
\Zah/Zca\ and 0 = ^ab — Oca- From this figure, the terminus A of the 
voltage vector Vca given by [22] can be located at the intersection of a 
l^ab/^col circle with a 0 arc, where 0 = ^ab — Oca and Vch is reference 
vector. With A located, the magnitude and phase of Vca and of Fab 
relative to Vch are determined. If A lies above Vcbt Vca leads Vcb and 





SINGLE-PjHASE MOTORS 


ICh. VIJ 


229 


the phase order is normal phase order ABC; if^A lies below the’ 
phase order is reversed. 

From [22], it may be seen that if Oab — ^ac ^ is a positive angle 
(0 < 0 < 180®) the 7 component of the denominator of the fraction is 
positive, but the j component of the fraction is negative. Therefore 
Vca lags Vch for positive values of ^ between 0® and 180®, and normal 
phase order is reversed. If 0 is a negative angle between 0® and —180®, 
Vca leads Vch and the phase order is normal. In the former case, the 
resultant torque on a motor at standstill is in the n^ative direction. 
In the latter case, it is in the positive direction. 

If Zab = Zca, 5 = 1 and </> = 0. From [22], or Fig. 4, Vca = hVeb 
and operation is single-phase. 

When the three phases are initially unequally loaded with both 
three-phase and single-phase loads, the power factors of the three 
currents will, in general, be different. If all are lagging, the maximum 
value of </> = 6ah ^ac will be less than ±90°. For this condition, 
phase reversal may occur but, from Fig. 4, it can be seen that neither 
Vca nor Vab can be greater than Vch in magnitude. 

Capacitors. When capacitors are used to correct power factors and 
reduce voltage drops, the condition of unequal load impedances, 
paralleled by capacitive impedances, may give value of <l> above ±90®. 
In this case, Vca or Vabt or both, may be greater than Vcb; and Vcb 
may be higher than normal, if the resultant current flowing from source 
to load is a leading current flowing through inductive impedance. But 
phase reversal, which depends upon the sign of dab “ ^ca» niay or 
may not accompany high voltages. If by chance Zab/Zca = 1 /120® , 
the resultant voltage across the three phases will be balanced volt£^es 
of negative-sequence phase order. If, on the other hand, Zab/Zca = 

—120® , the resultant voltages will be balanced positive-sequence 
voltages. 

Further discussion of this subject will be found in references 6-10. 

Single-Phase Motors. The performance of a single-phase motor 
with a single-phase distributed stator winding is similar to that of a 
three-phase motor with one phase open and can be determined in a 
similar manner. When the single-phase motor is connected between 
phases h and c of a three-phase circuit, h = —and from [2], [3], 
[10], and [11] of Chapter I, 

Ia2 ~ Ia\; Val =* lalZil Va2 ~ lalZ^ 

The voltage across the motor terminals is 

- F, - - -jVl (F„ - F.,) = -jVl + Za) 
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The current in the motor is 

Ih — —le — a^Ial + 0,1 a 2 = — lal 


The impedance of the single-phase motor is 

2 = -^ = 2i + -Z 2 
Ih 


[24] 


where Zi and Z 2 are determined from the positive- and negative- 
sequence equivalent circuits of Figs. 1(c) and \{d) corresponding to 
the slip. When expressed in per unit for use in the positive- and 
negative-sequence networks of the three-phase system, Z\ and Z 2 
must be based on the system kva per phase and base line-to-neutral 
voltage. 

In a single-phase circuit with a voltage E applied across the motor 
terminals, the current is 


/ = 


E 

4“ Z 2 


[25] 


where Zi and Z 2 , if expressed in per unit, are based on the kva and 
voltage of the single-phase circuit. 

At standstill, the torque tending to turn the rotor is the same in 
either direction. Single-phase motors therefore require an auxiliary 
starting device, or an auxiliary winding (sometimes cut out during 
running conditions) which will produce a resultant rotating flux of 
such magnitude and direction as to cause rotation in the positive 
direction from standstill. Because of the pulsating component of 
torque, single-phase motors are often provided with resilient mountings 
for the stator and the shaft coupling to reduce the vibration and noise. 

When a three-phase motor is operated with two terminals (terminals 
b and c) connected together and a single-phase voltage applied between 
these terminals and the third terminal (terminal a), Ft = and 
therefore (see Chapter I, [1H3]) Vai = Va 2 - 


T t T 

iai = and ia2 = 

Zi Z 2 


ZeI 

Z 2 


la = lal + Ia2 = 


Fal 


Z 2 + Z\ 
Z 1 Z 2 


Fba = Fa - F 5 = 2Fai (a" + a)Fai 


3 Fal 


The impedance of the motor between terminals is 

^ Vha ^ Z1Z2 



ICh. VI) 


SHORT-CIRCUIT CALCULATIONS 


231 


In a single-phase circuit with a voltage E applied, the current I is 


E{Zi 4- Z 2 ) 
3Z\Z2 


1271 


where Z\ and Z 2 correspond to the slip of the motor. Zi and Z 2 of a 
three-phase motor, if given in per unit, are based on motor rated kva 
per phase and rated line-to-neutral voltage. For use in a single-phase 
circuit in which base voltage is ^ times the rated line-to-neutral voltage 
of the motor and base kva is the three-phase kva rating of the motor, 
the given values of Zi and Z 2 are multiplied by (|^)^ X 3 = I*. 

Short-Circuit Calculations. The time constant of the rate of decay 
of the component of rotor flux contributing to short-circuit current is 
very small compared with that of a synchronous machine. For a 
terminal fault, the time constant is approximately {xp + sec. 

Because of their comparatively small short-circuit time constants, 
induction machines are not ordinarily included as sources of short- 
circuit current in relay or circuit-breaker interrupting duty calculations. 
However, in determining the approximate magnitude of instantaneous 
current such as required for fuse and breaker stresses, expulsion tubes, 
and high-speed (1-cycle) relay studies, their effect as a source of 
short-circuit current is usually included. This may be done by 
assuming the induction machine to act during this short interval of 
time as an equivalent synchronous machine with an internal voltage 
E and a reactance Xp + jc*. The voltage £, determined from condi¬ 
tions before the fault, is 

JS = Fp — /pi(xp + Xa) [28] 

where Fp and Ip are the terminal voltage and the current flowing into 
the reference phase a of the motor before the fault. During the short 
circuit, the voltage E acts through the reactance Xp + x* in the 
positive-sequence network. 

When subtransient components of short-circuit currents are de¬ 
termined under the principle of superposition by applying a voltage 
at the fault equal and opposite to that which existed there before the 
fault (Volume I, page 26), the induction machine may be represented 
by its short-circuit reactance which is approximately equal to Xp -F Xa, 
just as synchronous machines are represented by their subtransient 
reactances for determining initial or subtransient components of fault 
current. The short-circuit current contribution from induction 
machines is usually not a large part of the total current, and this 
method, although approximate, is ordinarily sufficiently accurate. 
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Inductioxi Motors as Phase Balancers. Induction motors offer a 
comparatively low impedance to negative-sequence currents. See [17], 
For this reason, they are sometimes used to balance the phase voltages 
of a system. A large induction motor with a low secondary resistance 
will have small losses. If connected at a system point where un¬ 
balanced voltages are created (for example, by a large single-phase 
load), it will supply a large part of the negative-sequence current re¬ 
quired by the load. This reduces the negative-sequence current in 
the rest of the system, and phase voltages are less unbalanced. 

Turbine generators are usually built with solid rotors, and are not 
equipped with amortisseur windings unless especially designed to 
supply single-phase loads. If systems supplied by such generators 
later develop large single-phase loads, the generators may be damaged 
by negative-sequence current or require an appreciable reduction in 
their load-carrying ability, unless they are provided with a low- 
resistance amortisseur or some form of phase balancer is used to reduce 
the negative-sequence current in them. (See Volume I, page 259, 
Problem 2, for method of determining the division of negative-sequence 
current resulting from a single-phase load.) 

Induction Generator 

If the rotor of an induction machine is rotated mechanically at a 
speed above synchronous speed, the induction machine becomes an 
induction generator in which the output current leads the terminal 
voltage. Because of its leading power factor, it can be used only in 
parallel with synchronous machines which supply the lagging wattless 
current required by the load and also neutralize the leading wattless 
current supplied by the induction generator. The terminal voltage 
and frequency of the induction generator are fixed by its parallel 
alternator; its slip determines its power output. The leading wattless 
component of current which it provides depends upon the machine 
constants. Its power factor is always leading. As the output power 
increases, the slip and the wattless component of current increase, 
and the terminal power factor first increases and then decreases. 
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CHAPTER VII 


SYNCHRONOUS MACHINES 

The principal source of electric energy in power systems is the 
synchronous generator. Synchronous condensers are widely used as 
a means of reducing losses and controlling voltages. Many large 
loads are driven by synchronous motors. The very great importance 
of synchronous machines in the operation of a-c power systems has 
necessitated thorough analyses of their characteristics. Extensive 
investigations have been made of the influence of these characteristics 
upon the performance, not only of the machines themselves, but also 
of the power system as a whole during both normal and abnorm 2 J 
operating conditions. Many excellent papers in the literature have 
presented the results of analytic study, and of field and factory tests. 
A few of these, used directly as references, are listed in the bibliography 
at the end of this chapter. As a result of standardization of notation 
and availability of technical information, machines with characteristics 
best suited for given conditions of operation may be specified by oper¬ 
ating engineers and built by manufacturers. 

In this chapter, the characteristic constants (or parameters, as they 
are seldom strictly constant) of synchronous machines are defined; 
and methods of representing synchronous machines in system studies 
in terms of their characteristic constants are given, with special atten¬ 
tion to the determination of fundamental-frequency currents and 
voltages by the method of symmetrical components. In Volume I, 
only the simplest equivalent circuits are used to replace synchronous 
machines in the sequence networks. In the positive-sequence net¬ 
work, the equivalent circuit consists of a voltage E acting through an 
impedance Zi, the voltage and impedance corresponding to subtran¬ 
sient, transient, or steady-state conditions. In the negative- and 
zero-sequence networks, the equivalent circuits consist of simple self- 
impedances Z 2 and Zq, respectively. It will be shown that these 
simple equivalent circuits are satisfactory in many system studies 
where fundamental-frequency currents and voltages only need be 
considered. 

Mechanical Features 

A synchronous machine may have a stationary armature and a 
rotating field, or a rotating armature and a stationary field. As 
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modern power system machines (except synchroiious converters) have^ 
stationary armatures and rotating fields, this arrangement is assumed 
in the following discussion. The theory determining machine per¬ 
formance is the same in either case. 

Rotor Construction. There are two general types of rotor con¬ 
struction: (1) the salient- or projecting-pole type, typical of hydro 
generators, and (2) the cy- 



Fig. 1. Cross section of por- Fig. 2. Cross section of solid rotor of turbo 

tion of rotor of salient-pole generator showing direct and quadrature axes 

synchronous machine. Direct of rotor, 

and quadrature axes indicated 
by D and Q, respectively. 


The rotor of a salient-pole machine consists of a steel spider to 
which poles of laminated steel, carrying the field winding, are keyed 
or bolted. The poles are fitted with pole shoes which project beyond 
the body of the pole and provide a non-uniform air gap, symmetrical 
about the axis of the pole. They are designed to produce air-gap 
flux which is approximately cosinusoidally distributed about the axis 
of the pole. 

Rotors of cylindrical-rotor machines are constructed of solid forgings 
or of thick steel disks suitably bolted together. They are provided 
with slots at the rotor surface for the field winding. The field winding 
is not concentrated, as in a salient-pole machine, but is distributed 
about the axis of the pole. It is held in place in the slots by steel 
wedges. The spirally wound field produces a field mmf (magneto¬ 
motive force) which is approximately cosinusoidally distributed about 
the direct or pole axis. 

Direct and Quadrature Axes. Except in special machines not con¬ 
sidered here, there are two axes of rotor and air-gap symmetry — the 
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direct axis of the pole and the quadrature axis between poles — and 
excitation is applied in the direct axis only. The direct and quadrature 
axes are 90 electrical degrees or v/l electrical radians apart, 180 elec¬ 
trical degrees or tt electrical radians being the distance between 
adjacent north and south poles. These axes are indicated in Figs. 1 
and 2. 

Amortisseur Windings. Many salient-pole machines have an 
amortisseur or pole-face winding consisting of non-magnetic bars 
embedded in the pole face which are connected by end rings to form 
a short-circuited winding similar to that of a squirrel-cage induction 
motor. The end rings may or may not form a closed connection 
between poles. In either case, the pole-face winding, although not 
uniformly distributed around the periphery of the rotor, is symmetrical 
about both the direct and quadrature axes of the poles. A salient- 
pole generator may also have a damping winding consisting of a non¬ 
magnetic collar or of short-circuited turns wound about the magnetic 
pole either above or below the main field winding. 

Except in machines especially designed for single-phase loads, 
amortisseur windings as such are seldom used with cylindrical-rotor 
machines but, during disturbances, the eddy currents induced in the 
solid rotor and in the slot wedges over the field windings produce a 
similar effect. For purposes of visualization or of general analysis, 
this effect can be represented as that of a pole-face winding. 

Armature Construction. In a polyphase synchronous machine with 
the rotor removed, the armature magnetic structure and the armature 
windings are symmetrical in the phases. The armature core is built 
up of laminated steel with slots for the armature coils. A coil consists 
of one or more turns of armature winding. As each slot carries two 
coil sides, there are the same number of coils as of active slots. An 
armature winding is distributed if it occupies more than one slot per 
pole per phase. The number of slots per pole per phase is an integral 
number in a cylindrical-rotor machine, but in a salient-pole machine 
it may be a mixed number. In this case, with the rotor rotating at 
synchronous speed, the armature circuits are not symmetrical in the 
three phases for each pair of poles but, considering the total winding 
of each phase, the three phases are symmetrical or so nearly sym¬ 
metrical as to be so considered during balanced operation or 
during unsymmetrical faults or other dissymmetries outside the 
machine. 

The pitch of a coil is the distance between the two coil sides, usually 
expressed as a fraction of the pole pitch, i.e., distance between adjacent 
poles. The object of using distributed windings and coils of fractional 
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pitch is to reduce the amplitudes of harmonic armature voltages 
relative to the amplitude of the fundamental. 

The armature winding may be connected with one circuit per phase 
or with two or more per phase. In a single-circuit machine, each phase 
winding consists of the coils of the phase connected in series. In a 
multicircuit machine, coils are connected in series for each circuit, with 
the circuits themselves in parallel. 

A double-winding machine is a two-circuit machine in which the 
terminals of the two circuits in each phase are brought out separately. 
This arrangement enables one three-phase generator to supply two 
external three-phase circuits which may be independent of each other 
except for the mutual connection between the two circuits within 
the generator. 

Single-phase synchronous machines of both the salient-pole and 
cylindrical-rotor types are equipped with amortisseur windings. 
Three-phase cylindrical-rotor machines do not have such windings, 
and three-phase salient-pole machines may or may not have them. 
With this distinction, the design of a single-phase machine may be 
similar to that of a three-phase Y-connected machine with the armature 
windings of one phase omitted, the generated single-phase voltage 
being the vector difference between the voltages generated in the two 
active phases. In calculations involving such single-phase machines 
in three-phase systems, it may be convenient to treat them as three- 
phase machines with one phase open. 


Synchronous Speed and Fimdamental Frequency 

The relation between synchronous speed of the rotor in rpm (revolu¬ 
tions per minute) and fundamental-frequency / in cycles per second, 
is given by the equation 


mn, 

rpm = — 


11 ] 


where p is the number of poles. 

From [1], at a given frequency, the number of poles is small for a 
high-speed machine and large for a low-speed one. Cylindrical-rotor 
machines, which are essentially high-speed machines, are constructed 
with two or four poles. (In the past, they have had as many as six 
poles.) For a two-pole 60-cycle machine, the speed is 3600 rpm; at 
a higher frequency, the speed is proportionally higher. Salient-p>ole 
machines are relatively low-speed machines, although there is an 
overlap in speed between the highest speed of a salient-pole machine 
and the lowest speed of a cylindrical-rotor machine. Salient-pole 
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machines have been designed with as few as four poles, and as many 
as 120 poles. A 60-cycle salient-pole generator with 72 poles will 
have a speed of 100 rpm. 

In a power system under normal operation, the rotor of a synchronous 
machine rotates at synchronous speed, and the average frequency of 
th6 system is fundamental frequency. Variations from fundamental 
frequency may occur but, with the synchronous machines of the system 
in synchronism, these variations are very small. The average fre¬ 
quency at any system point even over short periods of time, as indi¬ 
cated by the accuracy of electric clocks, is very nearly constant. 

Effect of Operating Conditions upon Machine Characteristics Needed 

Many different quantities are required in analyzing the performance 
of a synchronous machine under all possible conditions of operation, 
but all of these are not required for a specified operating condition. 
For example, the characteristics which determine the behavior of a 
synchronous machine during normal balanced operation are not those 
used in the study of transient phenomena, nor in determining initial 
currents and voltages during faults. After a disturbance, some of 
the induced currents in the rotor circuits may die away very rapidly 
if there are closed circuits on the rotor in addition to the main field 
winding. Amortisseur windings and field collars on the salient-pole 
machine, and the iron rotor itself of the cylindrical-rotor machine, are 
closed rotor circuits in which the currents induced during disturbances 
decay much more rapidly than in the main field winding. Machine 
characteristics which depend upon these rapidly decaying currents are 
called subtransient characteristics; those depending upon components 
which decay slowly are transient characteristics; those depending 
upon sustained components are synchronous or steady-state characteris¬ 
tics. 

The most descriptive characteristics of a synchronous machine are 
the reactances, viewed from the armature terminals, to fundamental- 
frequency currents during sustained, transient, and sub transient con¬ 
ditions, During disturbances, the time constants which determine 
the rates of decay of components of current and voltage are also of 
importance. 

A synchronous machine differs from a static network in that the 
rotor and the rotor circuits move relative to the stator circuits. 
Because of this motion, the self-inductances of the armature circuits 
and the mutual inductances between them and between armature and 
rotor circuits vary with the position of the rotor. They also vary 
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with the degree of saturation in the iron and are influenced .by hsmter^* 
esis. As the synchronous machine has two axes of rotor and air-gap 
symmetry, the components best suited to its analysis are direct-axis, 
quadrature-axis, and zero-sequence components. These components 
will be discussed in connection with various operating conditions, and 
their relation to symmetrical components pointed out. 

Analyses of synchronous machines are greatly simplified if the 
effects of saturation, hysteresis, and eddy currents in the iron are 
neglected, these effects to be included later, if of importance. The 
importance of these neglected effects varies with the problem and the 
operating conditions. They are relatively unimportant in the calcula¬ 
tion of initial symmetrical rms short-circuit currents of fundamental 
frequency, especially if the fault is separated from the synchronous 
machine by transformers and transmission lines. On the other hand, 
it is usually necessary to include the effects of saturation during 
sustained operating conditions, whether normal or abnormal. An 
approximate method of including the effects of hysteresis and eddy 
current losses is to use an effective armature resistance instead of the 
copper resistance. Approximate methods of including saturation are 
discussed later in this chapter, and illustrated for steady-state condi¬ 
tion in Problem 1. 

Before the characteristic constants which apply to various condi¬ 
tions of operation are defined, the base or unit quantities used here 
will be defined, and a discussion of the normal operation of a three- 
phase synchronous machine will be given. In this discussion, the 
harmonics which may be present are pointed out and their relative 
importance or unimportance noted. For a more complete analysis see 
reference 1. 

Base or Unit Quantities. Because of the laige number of quantities 
used in analyzing the performance of synchronous machines, the 
per unit method of representing them is especially advantageous. 
Machine constants in per cent or per unit furnished by designers are 
based on a given rating; these quantities are readily transferred to 
the base quantities to be used in a system study. (See Volume I, 
page 19.) 

In a three-phase machine, unless otherwise specified, 

Unit armature voltage is rated phase voltage. 

Unit armature current is rated phase current. 

Unit kva per phase is one-third the rated three-phase kva. 

Unit power per phase in kilowatts is numerically equal to unit kva 
per phase. 
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Unit armature impedance is the ratio of unit armature voltage to 
unit armature current. 

Unit frequency is rated frequency. 

Unit speed is rated synchronous speed. 

Unit time is the time required for the rotor to pass through one 
electrical radian when rotating at rated speed. It is also the 
time required to complete l/(27r) cycle of fundamental frequency. 

Unit field current is here defined as the field current which produces 
unit fundamental-frequency armature voltage on open circuit 
with the rotor rotating at rated speed and saturation neglected. 

Unit space fundamental mmf is the resultant fundamental mmf 
space wave produced by rated three-phase armature currents. 

Unit mmf is the maximum value of unit space fundamental mmf 
wave. 

Unit space fundamental flux is the fundamental flux wave which 
rotating at unit speed induces unit voltage in the armature. 

Unit flux linkages with any armature phase are the linkages produced 
by unit space fundamental flux when its crest lines up with the 
axis of the phase. 

Unit flux density is the maximum density of the unit fundamental 
flux wave. 

Unit permeance coefficient is that permeance coefficient which, 
multiplied by unit mmf, gives unit flux density. 

Time, as defined above, is in electrical radians. When the instan¬ 
taneous value i of a sinusoidal current of amplitude is written 
i = Im cos <at = Im cos lirftf t is in seconds, / is cycles per second, 2v 
is radians per cycle, and (at is in radians. It is more convenient, 
especially if differentiation or integration is involved, to replace (at by 
a new variable /, where / is time in electrical radians. 

Unit field current, as defined above, is useful in many system studies. 
It should be pointed out, however, that in some studies a different 
value of unit field current may be found more convenient. The use 
of a different unit field current will be illustrated later. 

Normal Operation of a Three-Phase Synchronous Machine 

Under normal operation in a symmetrical three-phase system, the 
rotor of a synchronous machine rotates at synchronous speed, the field 
winding is excited, and the armature currents are substantially 
fundamental-frequency currents of positive-sequence phase order. 
The mmf's, flux linkages, and armature voltages resulting from field 
and armature currents will be considered separately; then, under the 
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assumption of negligible saturation and no hysteresis, superposition 
will be applied to determine the resultant armature terminal 
voltage. 

Field Current Phenomena. With the armature on open circuit, the 
field current is a d-c current produced by the field exciter. By varying 
the exciter voltage, any desired field current up to maximum field can 
be obtained. The field mmf is determined by the field ampere-turns. 
Field flux distribution can be determined graphically by means of flux 
plots.^ 

Flux linkages with the field, resulting from field mmf, consist of 
air-gap fluxes and leakage fluxes in the interpolar spaces and ends of 
the machine. Field flux which crosses the air gap into the armature 
and returns by way of the air gap to adjacent poles, links both arma¬ 
ture and field. This air-gap flux mutual to armature and field is 
approximately, but not strictly, cosinusoidally distributed about the 
direct axes of the poles. It can be resolved by harmonic analysis into 
a fundamental space wave of flux and odd-harmonic space waves, all 
stationary with respect to the rotor and cosinusoidal in their distribu¬ 
tion about the direct axis. Of these harmonic space waves, the third 
is usually the most pronounced. 

With the rotor rotating at synchronous speed in its normal direction 
of rotation and the armature on open circuit, the fundamental space 
wave of flux in the air gap generates fundamental-frequency armature 
voltages in the three phases which are called the excitation or generated 
voltages of the machine. The phase order of these generated voltages 
determines positive-sequence phase order. 

The harmonic space waves of flux, traveling at synchronous speed 
with the rotor, generate corresponding time-harmonic voltages in the 
armature. Harmonic armature voltages are reduced relative to the 
fundamental by the use of armature coils of fractional pitch and a 
distributed winding. In general they are small and, except for the 
third harmonic, need not be considered unless there is resonance or 
near resonance to some particular harmonic. 

In a three-phase machine, the time in radians required for a pole of 
the rotor rotating at synchronous speed to pass from the axis of one 
phase to that of the next phase is electrical radians. As the period 
of third harmonic armature voltages is also fir radians, the third 
harmonic armature voltages generated in the three phases by the 
third harmonic space wave of flux, traveling at synchronous speed 
with the rotor, will be in phase. Being equal in magnitude and in 
phase, they are zero-sequence third harmonic voltages. (The fifth 
harmonic voltages are of negative-sequence phase order, the seventh 
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of positive-sequence phase order, and the ninth of zero-sequence phase 
order, etc.) 

If the machine is A-connected, third harmonic zero-sequence voltages 
are consumed by third harmonic IZ drop in the A and do not appear 
at the machine terminals or in the connected circuits. If the neutral 
of a Y-connected machine is grounded, and there is a path for third 
harmonic zero-sequence currents in the connected system, third 
harmonic zero-sequence currents will flow of magnitude directly pro¬ 
portional to the generated third harmonic voltage and inversely pro¬ 
portional to the third harmonic zero-sequence impedance of the total 
path. If there is no path for zero-sequence current (as when the 
grounded generator supplies a transformer A-connected on the genera¬ 
tor side), zero-sequence third harmonic voltages will exist at the 
generator terminal; but like fundamental-frequency zero-sequence 
voltages, they will not be present in the line-to-line volt'igcs. If the 
Y-connected machine is ungrounded, a zero-sequence third harmonic 
voltage will exist at its neutral unless made negligible by pitch and 
distribution factors. 

Armature Current Phenomenon. The armature mmf’s of all coils 
may be superposed and referred to the armature surface if it is assumed 
that the armature reluctance is negligible and there are no stator slots, 
the armature current in each slot being concentrated in the center 
line of the slot at the armature surface. In plotting space waves of 
armature mmf, the ordinate will indicate the strength of mmf and the 
abscissa the angular distance along the armature surface in electrical 
radians from a chosen point of reference. 

The space distribution of the mmf of a single coil is represented by 
a rectangular space wave between coil sides, with angular distance 
along the armature surface as abscissa and the mmf of the coil as 
ordinate. With sinusoidal current in the coil, its mmf space wave 
pulsates sinusoidally in time with the current. With only positive- 
sequence currents of fundamental frequency in the armature, super¬ 
position of the mmf space waves of all coils of each of the three phases 
results in three identical pulsating mmf space waves, displaced from 
each other by electrical radians and pulsating in time with their 
currents, which are electrical radians apart in time phase. The 
three stationary-in-space mmf waves are made approximately sinu¬ 
soidal by the use of armature coils of fractional pitch and a distributed 
winding. With a given coil pitch, the waves become more nearly 
sinusoidal as the number of slots per pole per phase is increased. As 
they are not strictly sinusoidal, each of the three mmf space waves 
may be resolved by harmonic analysis into a fundamental space wave 
and odd-harmonic space waves, cosinusodially distributed about the 
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axis of magnetization of their respective phases^ and pulsating in tihae 
with the currents in these phases. 

Proof is given in Appendix B of the following statement^: ^ 

1. The fundamental (first harmonic) and each of the other odd- 
harmonic stationary-in-space pulsating mmf waves can be replaced 
by two component waves of one-half amplitude, one rotating forward 
and one backward relative to the armature. With phase order abc. 



Fig. 3. Equivalent two-pole salient-pole synchronous machine. 

a forward rotating wave passes the axes of the phases in the order 
ahc. This is also the normal direction of rotation of the rotor. See 
Fig. 3. ^ ^ 

2. Superposition of the forward- and backward-rotating harmonic 
mmf space waves of the three phases results in the elimination of 
some of them. The forward-rotating fundamental mmf waves in the 
three phases add to give a resultant fundamental mmf wave which 
rotates forward at synchronous speed relative to the stator. Its 
amplitude is ^ the amplitude of the pulsating, stationary-in-space 
fundamental mmf wave of any phase. The backward-rotating funda¬ 
mental mmf space waves of the three phases add to zero. Both the 
forward- and backward-rotating third-harmonic space waves, and all 
multiples of the third, vanish. Relative to the stator, the resultant 
fifth harmonic space wave rotates backward at one-fifth synchronous 
speed, the seventh forward at one-seventh synchronous speed, the 
eleventh backward at one-eleventh synchronous speed, the thirteenth 
forward at one-thirteenth synchronous speed, etc. 

Let y = the angular displacement in electrical radians of any point 
P on the armature surface from the axis of phase a, 
measured in the forward direction. (See Fig. 3.) 

t * time in electrical radians from the instant the current in 
phase a reaches its crest value. 
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The instantaneous mmf a at P is shown in Appendix B to be 
a — cos (7 — 0 + -ds cos (57 + /) + -dr cos (7y — t) 

+ An cos (II7 -r /) + An cos (I37 - t) - [2] 


where A is per unit amplitude of mmf space waves, and numerical 
subscripts indicate the harmonic order. The space waves of mmf 
given by [2] are independent of the position and motion of the rotor. 
Equation [2] may be rewritten 


o = 


cos (7 — /) + ^ cos (S 7 + 0 + ^ cos (7y — t) 

0 / 

+ cos (II 7 + 0 -i-1 [ 2 o] 


where Cn = 


(kpUkd)n 

(kp)i{kdh 


n = order of harmonic 


(kp)n = pitch factor for harmonic indicated by subscript 

^ sin (« X per unit pitch X 90®) 
sin (w X 90®) 


(kp)i = pitch factor for fundamental = {kp)n when w = 1 
{kd)n = distribution factor for harmonic indicated by subscript 
n X 90® 


sin 


0 


S sin 


n X 90® 

50 


(kd)i = distribution factor for fundamental = {kd)n when n = 1 
0 = number of phases 
5 = number of coils per pole per phase. 

From [2] and [2a], 


As ^ Ai; At ^ A\\ etc. 


With a full-pitch, non-distributed winding, all pitch and distribution 
factors are unity, and the amplitude An oi any harmonic mmf space 
wave in [2] is A i/n. In a machine of fractional pitch and a distributed 
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winding, An is further reduced by pitch and dijitribution factors. In 
a machine with a sinusoidally distributed armature winding, all terms 
in [ 2 ] after the first will be zero. In the usual machine, the amplitude 
of these mmf waves are small relative to the fundamental. 

With all quantities in per unit as previously defined, Ai, the per unit 
crest of the fundamental mmf space wave, is equal to per unit positive- 
sequence current. As the rms value of a fundamental-frequency cur¬ 
rent in per unit of the rms value of base current is the same as its crest 
in per unit of the crest of base current, it is unnecessary to sp^ify 
whether the per unit value of crest or rms current is under considera¬ 
tion. 

With the rotor rotating at synchronous speed in its normal direction 
of rotation, the fundamental mmf space wave Ai cos (7 — /), which 
rotates forward at synchronous speed with respect to the armature, 
is stationary with respect to the rotor. Its crest may have any 
angular displacement from the direct-pole axis. 

Let 6 = angular displacement in electrical radians at any time t of 
the direct axis from the axis of phase a, measured in the 
normal direction of rotation of the rotor. (See Fig. 3.) 

At time / = 0 , 0 At any subsequent time, 

^ = ^0 + ^ [3] 

With the crest of the fundamental space wave of mmf at the axis 
of phase a at time / = 0 , its displacement from the direct axis of the 
pole is — 00 - In Fig. 4(a), 60 = — t/6 radians = —30®, and the crest 
of the mmf wave is 30® ahead of the direct axis. It retains this position 
as it rotates in synchronism with the rotor. 

Direct- and Quadrature-Axis Components 

The rotor magnetic structure and the permeance (neglecting stator 
slots) are symmetrical about both the direct and the quadrature axes 
of the poles; therefore, to obtain the simplest expressions for the 
flux distribution in the air gap, the rotating mmf space waves can be 
referred to the rotor, and the permeance coefficients which correspond 
to points along the armature surface at definite angular displacements 
from the direct axis of the pole can be applied. 

Blondel® treated salient-pole machines by resolving the fundamental 
space component of armature mmf Ai cos (7 — 0 into two funda¬ 
mental space components, one with its crest Au in line with the direct 
axis of the pole and the other with its crest i4i, in line with the quadra¬ 
ture axis of the pole. The two space components of the fundamental 
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space wave of the armature mmf of Fig. 4(o) are shown in Figs. 4(6) 
and 4(c), where Au = Ai cos do, and Aiq = —Ai sin 6o, Bo = —30®, 
and the quadrature axis is taken ahead of the direct axis in the normal 
direction of rotation of the rotor. Blondel’s method of analysis was 

AXES OF PHASES 



Fig. 4, (a) Position of fundamental mmf space wave and axes of rotor relative to 

axes of phases at time t — 0 when current in phase a is maximum and do — — r 16 
radians. (&) and (c) Direct- and quadrature-axis components, respectively, of 
fundamental mmf space wave of (a). 

later extended by Doherty and Nickle,^ who began their analysis by 
resolving the armature current into direct-axis and quadrature-axis 
components of current. 

With the rotor rotating at synchronous speed, positive-sequence 
currents of rated frequency in the three phases produce a fundamental 
space wave of mmf which is fixed in space relative to the rotor. See 
Fig. 4(a). The direct- and quadrature-axis space components of this 
fundamental mmf wave are likewise fixed relative to the rotor. See 
Figs. 4(6) and 4(c). As these component mmf waves do not pulsate, 
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they correspond to waves produced by constant currents with axes 
magnetization which line up with the direct and quadrature axes of 
the poles and rotate in synchronism with the rotor. 

Direct- and Quadrature-Axis Components of Armature Currents 
These are components of current which magnetize in the direct and 
quadrature axes, respectively, of the rotor. At any instant, they 
produce the same mmf space waves in the direct and quadrature axes 
of the rotor as are produced by the actual a-c currents in the three 
phases. With sustained positive-sequence currents of rated frequency 
in the armature and the currents of all phases considered together, 
direct-axis armature current is a constant current equal to the per unit 
value of current in any phase at the instant the direct axis of the pole 
lines up with the axis of that phase; quadrature-axis armature current 
is a constant current equal to the per unit value of the current in any 
phase at the instant the quadrature axis lines up with the axis of that 
phase. In the general case, there will be both direct- and quadrature- 
axis components of armature current. 

Direct- and quadrature-axis components of current are indicated 
by id and 4, respectively ; id is positive if it magnetizes in a direction 
opposite to that of the main field winding; iq is positive if it magnetizes 
ahead of positive id in the normal direction of rotation of the rotor. 
This choice for positive id and positive iq is arbitrary. Figure 5 shows 
the direction of magnetization of positive id and positive iq relative 
to that of the main field winding. Figure 5 is consistent with Fig. 3, 
in which the quadrature axis is shown ahead of the direct axis in the 
normal direction of rotation of the rotor; it is also consistent with 
Figs. 4(&) and 4(c) in which Au — id and Aiq iq are shown posi¬ 
tive when magnetization is opposite to that of the main field wind¬ 
ing. In an overexcited machine, id is positive; in an underexcited 
machine, id is negative. When the quadrature axis is assumed ahead 
of the direct axis, iq is positive in a machine supplying positive power 
and negative in a machine supplying negative power (i.e., a motor 
receiving positive power). With all quantities in per unit of their 
respective base or unit values, as previously defined, one vector in a 
per unit vector diagram may represent more than one quantity. Thus 
in Fig. 5, 1/ represents per unit field current, the per unit crest of the 
fundamental space wave of flux in the air gap produced by field cur¬ 
rent and the maximum value of the per unit field flux linkages with 
any armature phase; i represents per unit rms positive-sequence 
armature current and the per unit crest A\ of the fundamental space 
wave of mmf produced by this current; id and iq represent per unit 
components of the rms current per unit components of the armature 
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current of the three phases which magnetize in the direct and quadra¬ 
ture axes, respectively, and also the per unit crest Au and Aiq of the 
fundamental space waves of mmf produced by positive-sequence cur¬ 
rents in these axes. This discussion of per unit vector diagrams is 
continued in connection with Fig. 10(a) where per unit voltages are 
added to the vector diagram of Fig. 5. 



Fig. S. Per unit diagram showing direction of magnetization of sustained positive- 
sequence armature current i and its components id and tg, both positive, relative to 
the direction of magnetization of d-c field current I /. 

Direct- and Quadrature-Axis Components of Mmf. The direct- 
axis armature current id produces a fundamental space wave of mmf, 
stationary with respect to the rotor, which has its crest Au in line 
with the direct axis of the poles. See Fig. 4(6). It also produces a 
series of rotating odd-order space harmonics of mmf — a fifth rotating 
backward at one-fifth synchronous speed relative to the stator, a 
seventh rotating forward at one-seventh synchronous speed, etc. 
Similarly, the quadrature axis armature current iq produces a funda¬ 
mental space wave of mmf, stationary with respect to the rotor, which 
has its crest Aiq in line with the quadrature axis of the poles. Fig. 4(c), 
and also a series of rotating odd-order space harmonics of mmf. By 
resolving the armature current into direct- and quadrature-axis com¬ 
ponents, the fundamental space wave of mmf and also the harmonic 
q>ace wave of mmf are resolved into direct- and quadrature-axis 
space components. 

When positive-sequence currents are replaced by their direct- 
axis and quadrature-axis components of current, id and ig, respectively, 
the instantaneous mmf's ad and aq at any point P on the armature 
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surface produced by id and i^, respectivdiy, cai> be written by analogy 
from [ 2 ]. The following equations give ad and referred to tm 
armature, where time t is reckoned from the instant thft direct axis 
lines up with the axis of phase a and the current in phase a is then 
entirely direct-axis current, and the quadrature axis is taken ahead 
of the direct axis in the normal direction of rotation of the rotor. 

ad - Aid cos (y — t) + Asd cos (S 7 + /) + Ard cos (Tt — /) H-- [4| 

aq = —Aiq sin (7 — Asq sin ( 67 + /) — Arq cos (7y — . [ 5 ] 

In [4] and [5], ad and aq are referred to the armature. Let 

a » the angular displacement of point F from the direct axis of 
the rotor in the positive direction (see Fig. 3) 

By definition, and from [3], 

7 = a + ^=sa-|-^o“f‘^ [ 6 ] 

With time reckoned from the instant the direct axis lines up with the 
axis of phase a, 60 — 0 and 7 = a + If 7 in [4] and [S] is replaced 
by a + ad and aq have the following values: 

o^d — Aid cos a + A^d cos (5a + 60 + A^d cos (7a + (4) 

+ Aiid cos ( 11 a + 120 + • • • [7] 

aq — --Aiq sin a — A^q sin (5a + 6/) — A^q sin (7a + 6 t) 

-ilii^sin (lla + 120 + --- [81 

Equations [7] and [ 8 ] give the instantaneous mmf at any point P 
on the armature surface displaced from the direct-axis of the rotor 
by the angle a. The fundamental mmf space waves Aid cos a and 
— ill 5 sin a are stationary with respect to the rotor and therefore 
meet constant permeances. When expressed in per unit. Aid ^ id 
and ill, = iq- The harmonic mmf space waves rotate with respect to 
the rotor but, by trigonometric transformations,* each can be re¬ 
solved into two pulsating waves stationary with respect to the rotor 
so that they also meet constant permeances. The following equations 
for ad and aq then replace [7] and [ 8 ]: 

ad = Aid cos a + Au (cos 5a cos 61 — sin 5a sin 6 /) 

+Au (cos 7a cos tt — sin 7a sin 60 + • • • [91 

aq « —[ilig sin a -f A^q (sin 5a cos 6 / + cos 5a sin 61) 

+i 47 ^ (sin 7a cos + cos 7a sin 60 + • • •] [101 

• cos (a =fc 6) cos a cos 6 7 sin a sin 5 
sin (a 6) «« sin a cos ^ ::b cos a sin 5 
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For each rotating space harmonic wave of mmf in [7] and [8J there 
are two stationary (with respect to the rotor) mmf space waves in [9] 
and [10] which pulsate in time at 6, or multiples of 6, times fundamental 
frequency. 

It is of interest at this point to note that these harmonic mmf space 
waves, stationary but pulsating with respect to the poles, produce 
flux waves also stationary but pulsating with respect to the poles which 
induce sixth and multiples of the sixth time-harmonic voltages in the 
field which would give rise to corresponding time harmonics in the field 
current if they were appreciable. In general, these induced field 
currents are negligible because of the low amplitudes of the mmf 
waves and the high impedance of the field winding to high harmonic 
currents; however, a sixth harmonic ripple in the field current has been 
noted^ in rare cases during normal operation. The fundamental mmf 
waves, being stationary with respect to the poles, produce flux linkages 
which are also stationary with respect to the poles. No voltage is 
therefore induced in the field winding by them. The field current 
under normal balanced operation may be considered a constant 
d-c current. 

Permeance. The mmf at any point along the armature surface 
multiplied by the permeance applying to the magnetic path at that 
point gives the flux density at the point. Permeance varies from 
point to point but, neglecting stator slots, is symmetrical about both 
the direct and the quadrature axes of the poles; permeance can 
therefore be represented by a Fourier series of even cosines. The 
permeance coefficients in the permeance equation are different for each 
space harmonic of mmf (fundamental included), but it has been shown^ 
that they are almost exactly the same in a given machine for cosine and 
sine distribution of mmf about the direct axis of the pole for a given 
space harmonic of mmf (except for the fundamental). Methods of 
determining permeance coefficients by means of flux plots are given in 
reference 1. 

Permeance p at any point P on the armature surface is given by a 
series of the form 

{p)n = {po)n + {p2)n COS 2a + {p^)n COS 4a + (^ 5)11 COS 6a d- [11] 

where n is the order of the space harmonic of mmf; a is the electrical 
angle between the direct axis of the pole and any point P on the arma¬ 
ture surface, measured in the positive direction of rotation of the rotor 
(see Fig. 3); and po, p 2 f • • • are permeance coefficients. 

In determining fundamental-frequency armature voltages, only the 
first two terms of [11] are required. If the terms in [11] after the 
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second are omitted, the permeance equation for^the fundamental spaca 
harmonic of mmf, with subscript w = 1 omitted, is 

P - Po + p 2 cos 2a [121 

When, as here, the eflfects of d-c field and a-c armature currents are 
considered separately, the coefficients po and p 2 for the sustained 
fundamental space waves of mmf are not the same as for the funda¬ 
mental mmf space waves which appear suddenly and give rise to 
currents in the rotor circuits, thereby effectively modifying the 
permeance; nor are they the same as under transient conditions. 

Armature Flux Linkages and Reactive Armature Voltages. When 
each fundamental and odd-harmonic mmf space wave in [9] and [10] 
is multiplied by its corresponding permeance function in the form of 
[11], the flux distribution in the air gap referred to the rotor is obtained. 
In addition to this flux, there is the armature leakage flux in the slots 
and ends of the machine. 

The fundamental mmf space waves, au = Aid cos a and aig = 
—Aiq sin a, when multiplied by their permeance function in the form 
of [11], will produce fundamental, third, fifth, etc., space waves of flux 
in the direct and quadrature axes. The flux waves produced by the 
fundamental space waves of armature mmf are the only armature flux 
waves constant in time with respect to the poles and therefore the only 
ones that cause a constant value of mutual linkages between armature 
and rotor circuits. Rotating with the rotor at synchronous speed, the 
fundamental space waves of flux produce fundamental-frequency 
reactive armature voltages. The corresponding reactances are the 
reactances Xad and Xaq in the direct and quadrature axes, respectively. 
The harmonic space waves of flux, resulting from the fundamental 
space waves of mmf au and aiq and rotating with the rotor, produce 
time-harmonic armature voltages of the same harmonic order which 
are reduced in magnitude relative to the fundamental by the order of 
the harmonic and by pitch and distribution factors. These harmonic 
armature voltages are of the same nature as those produced by har¬ 
monic space waves of field flux, discussed under “ Field Current 
Phenomena ; their magnitudes, however, depend upon the magnitude 
of the armature current, whereas the magnitudes of the voltages 
produced by field flux depend upon the magnitude of the field current. 

Each pair of pulsating harmonic mmf space waves given in [9] and * 
[10], when multiplied by their permeance function in the form of [11], 
produces pairs of fundamental, third, fifth, etc., space waves of flux all 
of which are pulsating with respect to the rotor. These pulsating flux 
waves can be resolved into rotating sinusoids of flux, some rotating 
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forward with respect to the poles and others backward. The rotating 
flux waves can be referred to the armature, and expressed as pulsating 
flux waves from which the induced armature voltages can be obtained. 
(See reference 1 for detailed treatment.) Of these many rotating 
sinusoids of flux, a few produce fundamentaUfrequency armature volt- 
ages; the others produce time-harmonic voltages in the armature. 

The fundamental-frequency armature voltages resulting from the 
rotating harmonic fluxes in the air gap are of small magnitude. Since 
these rotating air-gap fluxes do not cause an average or constant value 
of mutual linkages with the rotor circuits, the corresponding funda¬ 
mental-frequency armature voltage is defined as the reactive voltage of 
differential air-gap leakage reactance. This air-gap leakage reactance 
added to the slot-leakage and end-leakage terms gives total armature 
leakage reactance Xf. The reactive armature voltage corresponding 
to xt is the reactive voltage of armature leakage reactance. 

The harmonic armature voltages resulting from fundamental-frequency 
positive-sequence armature currents, whether produced by harmonic 
space waves of flux which rotate with the rotor or by the rotating 
sinusoids of flux in the air gap, are usually of small magnitude in 
modern polyphase machines, their amplitudes relative to the funda¬ 
mental being reduced by the order of the harmonic and pitch and 
distribution factors. 

The armature terminal voltage is determined by the time rate of 
change of the net air-gap flux linking the armature and the armature 
leakage flux. The net air-gap flux is due to currents in both field and 
armature. Instead of determining the voltage resulting for the net 
air-gap flux, the procedure outlined here is to determine the vector sum 
of the voltages resulting for d-c field current and armature currents 
considered separately. 

Summary and Conclusions. The air-gap flux produced by the d-c 
field consists of a fundamental space wave of flux plus odd-order 
harmonic space waves of flux. The fundamental generates funda¬ 
mental-frequency armature voltage; the harmonic space waves of 
flux generate corresponding time harmonics which are usually of small 
magnitude relative to the fundamental. The armature voltage 
generated by the fundamental wave of field flux is called the generated 
or excitation voltage of the machine. The phase order of this voltage 
determines positive-sequence phase order. 

Positive-sequence armature currents of fundamental frequency' 
produce a fundamental space wave of mmf which rotates forward at 
synchronous speed relative to armature and therefore rotates in syn¬ 
chronism with the rotor. This is the armature reaction mmf. There 
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are also rotating space harmonics of mmf duf to non*^nttsoidal dt^ 
tribution of the armature winding. If positive-sequence currents are 
replaced by their direct- and quadrature-axis components of current^ 
these components of current produce fundamental mmf space waves 
which rotate with their crests in line with the direct axis of the pole and 
the quadrature axis between poles, respectively. These fundamental 
mmf space waves are referred to as the direct- and quadrature-axis 
components of armature reaction mmf. 

The fundamental space component of air-gap flux resulting from 
the direct-axis armature reaction mmf is the only armature flux which 
produces both a fundamental-frequency armature voltage and a 
constant value of flux linkages in the main field winding. The cor¬ 
responding reactance is the reactance Xad- In the quadrature axis, 
there is likewise a fundamental space component of air-gap flux which 
is mutual to armature and rotor in the quadrature axis; the corre¬ 
sponding reactance is the reactance Xaq- By adding the leakage 
reactance xe to Xad and Xaq, the reactances Xd and Xq to sustained 
direct- and quadrature-axis components of current, respectively, are 
obtained. 

The harmonic armature voltages of a synchronous machine under 
normal operation in a symmetrical three-phase system are usually of 
small magnitude relative to the fundamental; the armature currents 
and voltages are therefore substantially sinusoidal. In calculating 
the fundamental-frequency terminal voltage of a synchronous machine 
under balanced conditions, it is usually necessary to consider only the 
excitation voltage generated by the fundamental flux wave of the field, 
and the reactive and resistive voltages of fundamental frequency 
produced by direct- and quadrature-axis components of armature 
current. This is illustrated in Fig. 10(a) and will be fully discussed 
after the reactances and resistances of synchronous machines have 
been defined. 

CHARACTERISTICS OF SYNCHRONOUS lAACHINBS 

No-Load Saturation Curve and Air-Gap Line. In Fig. 6, the curve 
OSM is the no-load saturation curve in which field current is abscissa 
and rms armature voltage at rated frequency on open circuit is ordi¬ 
nate. The air-gap line OAN is the extended straight-line part of the 
no-load saturation curve. The general shape of no-load saturation 
curves is the same in all synchronous machines, but the slope oi the 
air-gap line and the rate at which the no-load saturation curve bends 
over will differ in machines of different design. 
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Sjmcbronotts Impedance Curve. In Fig. 6, OB is the synchronous 
impedance curve in which armature current at rated frequency on 
sustained three-phase short-circuit at the machine terminals is ordinate 
and field current is abscissa. As there is negligible saturation under a 
sustained three-phase short circuit in the usual machine, the syn¬ 
chronous impedance curve is a straight line; it may, however, begin to 
bend over slightly in some machines at high field currents. Syn- 



Fig. 6. No-load saturation curve of a synchronous machine at rated frequency, with 
air-gap line and synchronous impedance curve indicated. 

chronous impedance in ohms is the ratio of the phase voltage on the 
air-gap line in volts to the phase current in amperes on the synchronous 
impedance curve (straight-line part) determined at the same field 
current. Synchronous impedance is the same at all field currents as 
long as the synchronous impedance curve is a straight line, indicating 
no saturation. 

It is convenient to plot the no-load saturation and synchronous 
impedance curves in per unit. In that case, armature volts and 
amperes in Fig. 6 will be expressed in per unit of rated phase voltage 
and current, respectively, and field amperes in per unit of that field 
current which gives rated armature voltage on open circuit as determined 
from the air-gap Une, In Fig. 6, Eu and //a will then be unity. 
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Per Unit Synchronous Unpedance is usually Refined as the ratio ojf 
the field current at rated armature current on a sustained three-phase 
short circuit at the machine terminals to the field current required to 
produce rated open-circuit voltage on the air-gap line. From Fig. 6, 

Per unit synchronous impedance = ^ 

Ifa 

Short-Circuit Ratio (SCR) is the ratio of the field current corre¬ 
sponding to rated armature voltage on open circuit read from the 
no-load saturation curve to the field current required to produce rated 
armature current on sustained three-phase short circuit at the machine 
terminals, both determined at rated frequency. From Fig. 6, 

SCR = ^ 

Ifh 

The short-circuit ratio includes some saturation. If there were no 
saturation, the reciprocal of the short-circuit ratio 1/(SCR) would equal 
the per unit synchronous impedance. 

Potier Reactance Xp is a machine reactance which may be obtained 
from two test curves. One of these curves is the no-load saturation 
curve already described. The other is the zero-power-factor (over¬ 
excited) saturation curve at rated current. These two curves are 
shown in Fig. 7. For both curves, terminal voltage in per unit of 
rated voltage is ordinate, and field current in per unit of the field 
current required to produce rated voltage on the air-gap line is abscissa. 
The Potier reactance is determined as follows. 

From Point J3, at rated terminal voltage Vt on the zero-power-factor 
curve, lay off horizontally a distance BA equal to 05, the per unit field 
current I/z required to force rated current through synchronous 
impedance at zero terminal voltage. Through A, draw AC parallel 
to the air-gap line and intersecting the no-load saturation curve at C. 
From C drop a perpendicular CD to the horizontal line AB, intersecting 
it at D, The triangle ABC is called the Potier triangle. C2>, the 
height of the Potier triangle, is the Potier voltage. CD divided by 
rated armature current is the Potier reactance. As per unit quantities 
are used in Fig. 7 and rated armature current is unity, CD is the Potier 
reactance in per unit of base armature impedance per phase. i 

Potier reactance is used in Problem 1 to determine field current 
corresponding to a given load on the machine at a given terminal 
voltage with the effect of saturation included. 

Unless otherwise specified, Potier reactance is determined from the 
no-load saturation curve, and the field currents corresponding to rated 
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tenninal voltage and rated current at zero-power-factor (overexcited), 
as explained above. It could, however, be determined in a similar 
manner at other than rated current and at power factors different 
from zero. 



Fig. 7. Curves for determining Potier reactance. 

Armature Leakage Reactance xt is the reactance corresponding to 
the fundamental-frequency armature voltage produced by flux which 
links the armature but does not link the rotor or does not produce 
constant linkages in it. The differential air-gap leakage reactance 
added to the slot and end-leakage reactances gives total armature 
leakage reactance xt. Armature leakage reactance is very nearly equal 
in the two axes; with saturation neglected this reactance is approxi¬ 
mately constant in a given machine for transient and subtransient as 
well as sustained operation, regardless of rotor motion. Positive- and 
negative-sequence reactances viewed from the armature terminals will 
include armature leakage reactance in addition to other terms. Leak- 
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age reactance cannot be measured directly, but {methods for calculatiii|; 
it are available.^ 

Sequence Reactance of Synchronous Machines at Rated Rrequency^ 

Reactances, in general, are defined as the ratios of specified voltages 
or components of voltage to specified currents or components of 
current. The rated frequency positive-, negative-, or zero-sequence 
reactances of a synchronous machine will be defined here as the ratio 
of a specified fundamental-frequency component of reactive armature 
voltage, due to a specified applied fundamental-frequency component 
of armature current, to this component of current with the rotor rotat¬ 
ing at synchronous speed in its normal direction of rotation and the 
field winding short-circuited through its exciter. Currents may be 
applied through reactances which offer high impedances to harmonic 
currents, so that harmonic armature voltages which result from applied 
currents are not short-circuited and their effects can be considered 
separately. When a reactance is defined as the ratio of a specified 
applied component of armature voltage to a specified resultant com¬ 
ponent of armature current, harmonic voltages which result from the 
flow of currents are short-circuited by the applied voltages, and the 
currents due to them may affect the value of the specified component 
of current. Both ways of defining reactance are found in the litera¬ 
ture.® In cases where harmonics are unimportant, reactances are 
substantially the same by either definition, provided they are deter¬ 
mined at the same degree of saturation. 

Positive-Sequence Reactances. If positive-sequence currents of 
rated frequency are applied to the armature, a fundamental space wave 
of mmf is produced which rotates forward in synchronism with the 
rotor. The air-gap permeance offered to this mmf wave depends upon 
its position relative to the poles and whether the armature currents 
are suddenly applied or are sustained, and, if suddenly applied, 
whether the machine has an amortisseur winding or its equivalent. 

Direct-Axis Synchronous Reactance Xd is the ratio of the funda¬ 
mental-frequency component of reactive armature voltage, due to 
the fundamental-frequency direct-axis positive-sequence component 
of armature current, to this component of current under sustained 
balanced conditions. 

The following test can be used to determine Xd- With the rotor 
rotated mechanically at synchronous speed and the field winding 
unexcited, let sustained direct-axis positive-sequence currents erf 
rated frequency be applied at the machine terminals so that the 
fundamental space wave of mmf lines up with the direct axis, as shown 
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in Fig. 4(A). If the currents are applied from an external source 
through balanced reactances which offer high impedance to harmonic 
currents, there will be no appreciable harmonic currents. Any 
harmonic voltages which result from the flow of the applied currents, 
however, will be present. Under this condition of operation, the ratio 
of the resultant fundamental-frequency component of reactive arma¬ 
ture voltage in any phase to the current in that phase is the direct- 
axis synchronous reactance Xd- 

The fundamental flux wave, rotating with the rotor, is stationary in 
the direct axis and therefore causes no change in the flux leakages in 
the field winding. In determining Xd by this test, it is unimportant 
whether the field winding is open or short-circuited, provided it is 
unexcited. 

When a sustained three-phase short circuit is placed at the terminals 
of an unloaded synchronous machine rotating at rated speed with the 
field excited, because of the low ratio of resistance to reactance, the 
fundamental mmf space wave lines up almost exactly with the direct 
axis of the pole, indicating direct-axis current. As the harmonic 
armature voltages resulting from sustained positive-sequence currents 
are of small magnitude, short-circuiting them does appreciably affect 
the short-circuit current which, in the usual machine, is substantially 
positive-sequence current of rated frequency. Direct-axis synchro¬ 
nous reactance by this test is the ratio of the no-load voltage on the 
air-gap line to the wattless component of short-circuit current. It is 
the same as the reactance component of synchronous impedance pre¬ 
viously defined. The term synchronous impedance has long been used 
in the literature without a modifier; the term direct-axis synchronous 
reactance, although by no means new, is a more recently developed 
term. 

The reactance Xd may be expressed as the sum of the armature 
leakage reactance xp and the reactance Xad corresponding to the 
fundamental space wave of armature flux in the direct axis: 

Xd ~ OCp "f" ^ad 

Unless otherwise specified, Xd is determined at no saturation. 

Quadrature-Axis Synchronous Reactance Xq is the ratio of the 
fundamental-frequency component of reactive armature voltage, due 
to the fundamental-frequency quadrature-axis positive-sequence 
component of armature current, to this component of current under 
sustained balanced conditions. 

The following test may be applied to determine Xq : With the rotor 
rotated mechanically at synchronous speed and the field winding 
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unexcited, let sustained quadrature-axis positive-sequence armature 
currents of rated frequency be applied at the machine terminals so 
that the center line of the fundamental mmf space wave lines up with 
the quadrature axis as in Fig. 4(c). When currents are applied from 
an external source through balanced reactances having a high im¬ 
pedance to harmonic currents, there will be no appreciable harmonic 
currents. Under this specified condition of operation, the ratio of the 
resultant fundamental-frequency component of reactive armature 
voltage in any phase to the current in that phase is the quadrature- 
axis synchronous reactance Xq. 

The reactance Xq may be expressed as the sum of the armature 
leakage reactance xe and the reactance Xaq corresponding to the 
fundamental space wave of armature flux in the quadrature axis: 

Xq ^ xe + Xaq [14] 

Unless otherwise specified, Xq is determined at no saturation. {Note: 
It is well to remember that high reactance is associated with high flux^ 
high permeance, and flux paths in iron; whereas low reactance is 
associated with flux paths largely in air.) 

The air gap is longer in the quadrature axis of a salient-pole machine 
than in the direct axis; therefore the permeance in the quadrature 
axis is lower than in the direct axis, and Xaq and Xq are lower than Xad 
and Xd^ respectively. The average ratio of Xq to Xd is about 0.6. (See 
Table I for representative values of Xd and x,.) 

In a cylindrical-rotor machine, because of the field slots in the 
quadrature axis (see Fig. 2), there is a slightly longer average air gap 
in this axis than in the direct axis; the permeance is therefore lower 
than in the direct axis, and Xq is slightly smaller than Xd- However, 
in most problems involving cylindrical-rotor machines, Xd and Xq may 
be assumed equal with negligible error. 

Direct-Axis Transient and Subtransient Reactances.^^ Con¬ 
sider a salient-pole machine without an amortisseur or field collar. 
With the rotor rotated mechanically at synchronous speed and the 
field winding short-circuited through the exciter, let direct-axis posi¬ 
tive-sequence armature currents of rated frequency be suddenly 
applied so that the fundamental mmf space wave lines up with the 
direct axis. The armature mmf which suddenly appears over the 
direct axis attempts to change the flux linkages of the field winding; 
but, according to Lenz*s law, or the constant linkage theorem, flux 
linkages with a closed circuit cannot change instantly. A current is 
therefore induced in the field in such a direction as to oppose the arma¬ 
ture mmf. At the first instant, this induced field current is sufficient 
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to maintain constant field linkages, and the iltkx resulting frcm ^ 
suddenly applied armature currents is forced into the low*perme* 
ance paths of the interpolar spaces. The flux per ampere linking the 
armature due to suddenly applied currents is therefore less than that 
due to sustained currents. Direct-axis transient reactance, which is a 
measure of the armature linkages per ampere at the first instant, is 
considerably smaller than direct-axis synchronous reactance. 

Consider next a salient-pole machine equipped with an amortisseur 
winding, with the rotor rotated mechanically at synchronous speed 
and the field winding short-circuited through the exciter. If positive- 
sequence direct-axis currents of rated frequency are suddenly applied 
at the machine terminals, currents are induced in the amortisseur in 
addition to those in the field winding to oppose the change in flux 
linkages. Since the amortisseur winding further restricts the regions 
where the flux produced by the armature current can go, the flux per 
ampere linking the armature is less than that corresponding to tran¬ 
sient conditions. Direct-axis subtransient reactance, which is a meas¬ 
ure of the armature linkages per ampere at the first instant, is therefore 
smaller than the direct-axis transient reactance of the same machine. 

The term subtransient reactance was invented* to define the 
reactance associated with currents induced in rotor circuits (such as 
amortisseurs) which decay rapidly and to differentiate it from transient 
reactance, which is associated with currents induced in the field which 
decay slowly. As subtransient reactance is used in determining initial 
values of currents and voltages resulting from sudden changes in system 
conditions, it may be determined by applying a sudden symmetrical 
three-phase short circuit at the machine terminals from a condition of 
no-load and synchronous speed, and defined as follows. 

Direct-axis subtransient reactance is the ratio of the fundamental- 
frequency component of reactive armature voltage, due to the initial 
value of the fundamental-frequency direct-axis positive-sequence 
component of armature current, to this component of current under 
suddenly applied balanced load conditions. This definition applies 
to machines with or without amortisseur windings or their equivalents. 

In a salient-pole machine without an amortisseur winding or its 
equivalent, direct-axis transient reactance Xd is the same as direct-axis 
subtransient reactance Xd and may be similarly defined. In a machine 
with an amortisseur winding or its equivalent, Xd may be similarly 
defined provided the high-decrement currents are neglected. 

Direct-axis transient reactance Xd is the ratio of the fundamental- 
frequency component of reactive armature voltage, due to the funda¬ 
mental-frequency direct-axis positive-sequence component of armature 
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current, to this component of current under suddenly applied balanced 
load conditions, the value of current to be determined by extrapolation 
of the envelope of fundamental-frequency component of the current 
wave to the instant of sudden application of load, neglecting the high- 
decrement currents during the first few cycles. 

In a salient-pole machine without an amortisseur or its equivalent, 
there will be no high-decrement current to be neglected; the above 
definition is therefore applicable. 

The definition of given here is a modified version of the definition 
of reference 7, with “ fundamental-frequency component of the current 
wave ” replacing ** a-c component of the current wave.’' 

The interpretation of the definitions for x'/ and x'd implies that the 
current to be used in determining x^ is the value of the envelope of 
the wave of the fundamental-frequency component of short-circuit 
current projected to the instant of short circuit; and the current for 
the determination of x'a is from the same or a similar envelope with 
the high-decrement currents neglected. With a symmetrical three- 
phase short circuit at the machine terminals from a condition of no 
load and synchronous speed, the rated frequency component of short- 
circuit current may be considered a wattless current, and therefore a 
direct-axis current, because of the low ratio of resistance to reactance. 
The A.I.E.E. recognizes^ two values of direct-axis transient and sub¬ 
transient reactances, one determined at rated current and one at rated 
voltage. The rated current and rated voltage values of x^ and x'/ 
will differ because of different degrees of saturation. 

Oscillograms taken of currents in the three phases of a salient-pole 
machine with an amortisseur winding or a field collar following a 
sudden three-phase short circuit at the terminals of the machine at 
no load and rated speed will show initial a-c components of current 
whose magnitudes decay rapidly for a short time and then decrease 
slowly until sustained currents result. If a smooth curve is drawn 
on the oscillogram through the crests of the current waves of any 
phase in which there is no d-c component of current (or if the d-c 
component is eliminated) and projected to the vertical axis at time 
/ = 0, an envelope similar to that given in Fig. 8 will be obtained. 
Such an envelope is that of the total a-c component of current (not 
the fundamental-frequency component of the a-c component of 
current) and therefore contains harmonic components of current. It 
can be used, however, to obtain approximate values of x'd or x'/. To 
satisfy the present definitions, harmonic components of current should 
be eliminated before the envelope is drawn. The odd-order harmonic 
currents will be no more pronounced than in the determination of 
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direct-axis synchronous reactance by a sustained three-phase short-^ 
circuit test; but even harmonic currents (discussed later) resulting 
from the flux trapped in the short-circuited phases, which disappear 
before sustained conditions are reached, may be present in subtransient 
and transient components of short-circuit current. This means that 
Xd and Xd when determined from the envelope of the'a-c current wave 
may be influenced by the point 
of the voltage wave at which 
the short circuit is applied 
and also by the ratios Xd fxq 
and Xrf/Xg.® In most cases the 
effect is small enough to be 
neglected. 

The rated current value of 
Xd Is determined with an initial 
voltage such as to give a tran¬ 
sient value of a-c short-circuit 
current plus the sustained 
value equal to rated current. 

The rated-voltage value of Xd 
is determined with an initial 
voltage equal to rated voltage. 

For both values, Xd is the ratio 
of the fundamental-frequency 
component of no-load voltage 
to the a-c component (or more 
exactly, the fundamental-fre¬ 
quency a-c component) of short-circuit current obtained by extra¬ 
polation of the envelope of the a-c component of the armature 
current wave to the instant of the sudden application of the three- 
phase short circuit, neglecting the high-decrement currents during the 
first few cycles. 

In Fig. 8, i" at a is the initial per unit a-c current; i' at b is the per 
unit a-c current determined by extrapolation of the envelope to the 
instant of application of load neglecting the high-decrement current 
during the first few cycles; I is the sustained current. 

In determining the current i' at h in Fig. 8, which is the sum of 
the sustained current I and the transient component i'-/, is the 
current specified. For the rated current value of Xd the current 
must equal rated current; for the rated voltage value of Xd the current 

must be that obtained when the initial no-load voltage is rated 
voltage. 



Fig. 8 . Envelope of a-c component of 
symmetrical three-phase short-circuit cur¬ 
rent wave. 
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In determining by a sudden three-phase short-circuit test at the 
terminals of a machine at rated speed, the current used for the rated 
current value is the same as that used to determine the rated current 
value of direct-axis transient reactance already described. The rated 
volt£^e value is that obtained with a no-load voltage equal to rated 
voltage. In both cases, is determined as the ratio of the per unit 
no-load voltage to the initial value of the per unit a-c component 
(more exactly, the fundamental-frequency component of the a-c com¬ 
ponent) of short-circuit current. In Fig. 8, the current specified is 
i" at a. 

Quadrature-Axis Transient Reactance and Subtransient Re¬ 
actance Xg'. Consider a salient-pole machine without an amortisseur 
winding or its equivalent in the quadrature axis. With the rotor 
rotated mechanically at synchronous speed, let positive-sequence 
quadrature-axis currents of rated frequency be suddenly applied. The 
voltages induced in one-half of the field winding or in amortisseur 
winding in the direct axis balance those induced in the other half, so 
that no currents are induced in the rotor circuits. The flux paths 
under this condition of operation for a salient-pole machine are the 
same as those for sustained conditions. 

In a salient-pole machine without an amortisseur winding in the 
quadrature axis, quadrature-axis subtransient, transient, and synchro¬ 
nous reactances are equal: 

Xq Xq ~ Xq — Xf “f" Xaq 

In a salient-pole machine with an amortisseur winding or its equivalent 
in the quadrature axis, quadrature-axis transient reactance may still 
be taken equal to quadrature axis synchronous reactance. 

= *9 [ 16 ] 

In a cylindrical-rotor machine, the effect of the currents induced in 
the solid rotor in modifying the permeance, after subtransient effects 
have disappeared, will make the quadrature-axis transient reactance 
Xq less than the quadrature-axis synchronous reactance Xq but greater 
than the subtransient quadrature-axis reactance Xq which is defined 
below. 

With rated positive-sequence quadrature-axis current of funda¬ 
mental frequency suddenly applied to a machine equipped with an 
amortisseur winding in the quadrature axis and rotated at synchronous 
speed, currents are induced in the amortisseur which oppose the change 
<rf flux linkages. The permeance of the flux paths and the armature 
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linkages per ampere are therefore less at the fiiit instant than under 
transient conditions, and is smaller than 

Quadrature-axis subtransient reactance is the ratio of the funds* 
mental-frequency component of reactive armature voltage, due to the 
initial value of the fundamental-frequency quadrature-axis positive- 
sequence component of armature current, to this component of current 
under suddenly applied balanced load conditions. 

In a cylindrical-rotor machine, the solid rotor and the wedges over 
the field winding produce an effect similar to that of an amortisseur 
winding in the quadrature axis. 

Reactances Variable Quantities. Except for Xd and Xq without 
saturation, it is evident from the above definitions and discussions that 
positive-sequence reactances are variable quantities which depend upon 
the way they are defined and the degree of saturation at which they 
are determined by tests. In synchronous reactances, saturation is 
in the iron of the main flux paths; in transient and subtransient 
reactances, saturation is in the leakage paths which are partly in iron 
and partly in air. In problems involving reactances of synchronous 
machines, where a high degree of precision is not required in these 
reactances, the representative values given in Table I may be used 
when exact values are not available. 

Reciprocal Per Unit Equivalent Circuits for Armature and Rotor 

Circuits 

In the previous work of this chapter, base field current has been 
defined as the field current required to produce rated voltage at rated 
speed on the air-gap line. This choice of base field current is con¬ 
venient for constructing vector diagrams, but it is not convenient for 
including the effects of currents in rotor circuits additional to the field 
circuit. This can best be done by means of equivalent circuits in 
which the equivalent mutual reactances between stator and rotor 
circuits in the direct or quadrature axis are reciprocal. Several 
different per unit systems have been used which are reciprocal. It has 
been suggested,® however, that a preferred reciprocal system be 
adopted in which base field current is so defined that Xad^ the reactance 
of direct-axis armature reactance, is the equivalent per unit mutual 
reactance between armature and field. Base currents in all other 
rotor circuits are analogously defined, so that the equivalent per unit 
mutual reactances between armature and rotor circuits in the direct 
and in the quadrature axis are reciprocal. The widely used base or 
unit armature quantities previously defined in this chapter are retained. 
In addition to defining base rotor current, it is necessary to establish 
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an equivalent ratio of turns for armature and rotor circuits. The 
construction of a reciprocal per unit reactance diagram for armature 
and field will be illustrated. (For a comprehensive treatment of the 
equivalent circuits of synchronous machines see reference 9.) Let 
base field current be indicated by If do, where 

Ifdo — that field current in amperes which produces on the air-gap 
line at rated speed a per unit voltage in each armature phase 
equal to per unit Xad- 

Base field current I/do can be read directly on the air-gap line of the 
no-load saturation curve corresponding to a per unit armature voltage 
equal to per unit Xad- Let iao indicate base armature current, where 
iao = peak value of rated armature current in amperes. 

The fundamental mmf space wave resulting from positive-sequence 
direct-axis armature currents is stationary in the direct axis. Its 
amplitude is the amplitude of the pulsating fundamental mmf space 
wave in each phase (see Appendix B). In a machine with a sinu¬ 
soidally distributed armature winding, the fundamental mmf space 
wave due to unit armature currents has an amplitude of (•f)^©. The 
mmf wave produced by rated armature currents has been chosen as 
the base or unit mmf space wave in defining unit armature quantities. 
An armature current of {^^)iao lu the direct axis produces the same 
armature voltage as I/do defined above, each producing a per unit 
armature voltage equal to per unit Xad- The ratio of base currents in 
armature and field is therefore (f )4o to I/do- With this ratio of base 
currents, the equivalent ratio of armature turns to field turns is I/do 
to (^)iao- This ratio of turns determines the ratio of base voltages in 
armature and field circuits. 

In constructing a reciprocal per unit equivalent circuit in the direct 
axis, it is convenient to represent one phase of the armature with rated 
armature current as base current rather than {^)iao as base current. 
In an equivalent circuit so represented, base field kva is (|^) times base 
peak armature kva. Field resistance and self-inductance can be ex¬ 
pressed in per unit with base field quantities; or they can be multiplied 
by *1 times the square of the equivalent ratio of turns, that is, by 
^[Ifdo/i^ao)]^^ to refer them to the armature, then divided by their 
respective base armature quantities. 

The per unit field leakage reactance x/f is the difference between 
field per unit self-reactance Xf/d and the mutual reactance Xad- The 
per unit armature leakage reactance Xf is Xd — Xad- 
Equivalent Circuits in the Direct and Quadrature Axes. If field 
quantities are expressed in a reciprocal per unit system,® where per 



[Ch, VIII 


EQUIVALENT CIRCUITS 


267 


unit Xai is mutual to armature and field, direct-a:^s transient reactance' 
Xi may be determined from the equivalent circuit of Fig. 9(a), where 
Xff is field leakage reactance, Xffi is total field reactance, xt is armature 
leaketge reactance, and Xad is mutual reactance between armature mid 
field. Direct-axis transient reactance x^, which is a reactance viewed 
from the armature terminals, is 

/ , Xad^/t . Xad{Xf/d 

Xd = Xt-\ -;- = ^- 

Xad + Xft X/fd 

xld 

- Xd - 

Xffd 



( 0 ) (b) (c) 


Fig, 9. (a), (6), and (c) Reciprocal per unit equivalent circuits for armature and 
rotor circuits for determining aci, aci', and ac^', respectively. 


It will be noted that direct-axis synchronous reactance Xd is obtained 
by opening the field leakage branch x/f of Fig. 9(a). In steady state, 
the induced field current resulting from suddenly applied current has 
decayed to zero, and direct-axis synchronous reactance Xd — Xf + Xad 
is offered to the flow of sustained direct-axis armature currents. 

Direct-axis subtransient reactance x'/ may be determined from the 
equivalent circuit of Fig. 9(6), in which the amortisseur winding in the 
direct axis is represented as an equivalent single winding having a 
leakage reactance xid- This circuit, based on the assumption that the 
mutual reactances between armature and field, between armature and 
amortisseur, and between amortisseur and field are all equal to Xad^ is 
reasonably accurate for many machines. The direct-axis subtransient 
reactance x'/ given by Fig. 9(6) is 

J-j- [ 18 ] 

Xad Xld Xft 

The quadrature-axis subtransient reactance x[' may be determined 
from the per unit reciprocal equivalent circuit of Fig. 9(c), in which 
Xaq is the mutual reactance between armature and rotor circuits in the 
quadrature axis and xiq represents the equivalent leakage reactance of 
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the amortisseur winding of a salient-pole machine or the analogous 
effect in a cylindrical-rotor machine. Viewed from the armature 
terminals, 


Jt 


X\fiPCaq 

Xf-\ - 

Xiq + Xaq 


[191 


In a salient-pole machine, after currents induced in the amortisseur 
winding have died out, quadrature-axis transient and synchronous 
reactance Xg and Xq can be evaluated by opening the reactance branch 
xiq; then, 

Xg = Xg Xf + Xaq [20] 


Negative-Sequence Reactance X 2 . Negative-sequence reactance is 
here defined as the ratio of the fundamental-frequency reactive 
armature voltage, due to the fundamental-frequency negative-se¬ 
quence component of armature current, to this component of current 
with the rotor rotating at synchronous speed in its normal direction of 
rotation and the field winding short-circuited through the exciter. 

The rotating space waves of mmf produced by rated-frequency 
armature currents of negative-sequence phase order differ from those 
due to positive-sequence phase order only in their direction of rotation. 
The fundamental space wave of mmf rotates at synchronous speed with 
respect to the stator but in a direction opposite to the normal direction 
of rotation of the rotor. It therefore rotates backward at twice 
synchronous speed with respect to the rotor. As this mmf wave 
passes rapidly over each axis of the poles, the permeance presented 
varies rapidly from that in the direct to that in the quadrature axis, 
the reactance corresponding alternately to direct- and quadrature-axis 
subtransient reactances. 

An equation for negative-sequence reactance X 2 , as defined here, is 
derived in the following chapter. From Chapter VIII, [65], 

X2 = 2(Xd + x”) [ 21 ] 

An equation for the third harmonic positive-sequence voltage 
resulting from the flow of negative-sequence currents is also given. 
(See Chapter VIII, [63].) 

In a salient-pole machine without an amortisseur winding or its 
equivalent, x^J is replaced by x^ and Xg by Xg — Xg. 

Subtransient, Transient, and Sustained Negative-Sequence Re¬ 
actances. Most system studies are made with the rotor running at or 
near synchronous speed; therefore negative-sequence reactance is 
taken to mean that reactance presented by the machine to the flow of 
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fundamental-frequency negative-sequence currentSi with the rotor 
running at synchronous speed in its normal direction pf rotation. 
Actually, this reactance is not greatly different at the same d^^ree of 
saturation in x'/ and for all rotor speeds from synchronous down to 
standstill. As X 2 is determined from x'/ and Xq, it is the same under 
subtransient, transient, and sustained conditions. 

Second Harmonic Field Currents. With negative-sequence cur¬ 
rents in the armature, the fundamental mmf space wave rotating at 
twice synchronous speed relative to the rotor will give rise to a second 
harmonic voltage in the field which, being short-circuited through the 
exciter, will produce second harmonic currents in the field. Oscillo¬ 
grams of the field current in both salient-pole and cylindrical-rotor 
machines show this second harmonic component. It is small in a 
cylindrical-rotor machine because of the shielding effect of the slot 
wedges and body of the rotor. It is limited in a salient-pole machine 
by the high reactance of the field to second harmonic current, and by 
the shielding effect of the amortisseur winding (if present) in the direct 
axis. The field flux produced by second harmonic field current is a 
fundamental space wave pulsating at twice synchronous speed relative 
to the rotor, which can be resolved into two waves, one rotating 
forward and one backward with respect to the rotor at twice syn¬ 
chronous speed. Relative to the armature, one rotates backward at 
synchronous speed and the other forward at three times synchronous 
speed. One induces negative-sequence reactive armature voltages, 
the other positive-sequence third harmonic armature voltages; but 
these voltages are taken into account in determining the impedance to 
negative-sequence armature currents and the induced third harmonic 
armature voltage in terms of x'/ and Xq, which include the effects of 
induced rotor currents. 

Zero-Sequence Reactance Xq. Zero-sequence reactance is the ratio 
of the fundamental-frequency component of reactive armature voltage, 
due to the fundamental-frequency zero-sequence component of arma¬ 
ture current, to this component of current. 

If zero-sequence currents of fundamental frequency are applied to a 
three-phase synchronous machine, the mmf space waves of the three 
phases pulsate sinusoidally in time at impressed frequency. These 
space waves are the same as those for positive-sequence currents of 
fundamental frequency and can be similarly resolved into a funda¬ 
mental space wave and odd-harmonic space wave of mmf cosinusoidally 
distributed about the axes of magnetization of the three phases. The 
equations for these space mmf waves for phases a, ft, and c are given by 
the terms in brackets in [B-lHB-3], Appendix B. As the waves in al! 
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phases pulsate in phase, the multipliers cos {t — 120) and cos (/ + 120) 
of [B-2] and [B~3] will be replaced by cos U Then, when the equations 
are added, it will be seen that the fundamental and all harmonic space 
mmf waves, except the third and multiples of the third, which pulsate 
at fundamental frequency in the air gap and ends of the machine, dis¬ 
appear. The slot leakage flux and the third harmonic mmf space 
wave are very sensitive to coil pitch. For a full-pitch coil, the currents 
in the top and bottom conductors of any slot are in the same direction, 
and the slot leakage reactance term is the same as if positive- or 
negative-sequence currents were impressed. At other than full pitch, 
the coil sides in some of the slots carry currents in opposite directions 
and the slot, air-gap, and end-leakage terms are all smaller. The 
minimum value occurs at f pitch where the currents in the two coil 
sides of every slot are in opposition. At this pitch, the slot leakage is a 
minimum, and the third harmonic mmf space wave in the air gap and 
end turns disappears. Thus, zero-sequence reactance may vary 
greatly, depending upon the coil pitch, but it is never greater than 
positive-sequence armature leakage reactance and may be less than 
half of it. Because there is no fundamental space wave of armature 
mmf, zero-sequence reactance is practically independent of rotor 
motion, and is the same under subtransient, transient, and steady- 
state conditions. 

Table 1 gives typical values of fundamental-frequency reactances to‘ 
positive-, negative-, and zero-sequence currents. As defined, funda¬ 
mental-frequency reactances do not include the presence of harmonic 
armature voltages resulting from fundamental-frequency currents, 
whether of positive, negative, or zero sequence. These reactances may 
be used in the calculation of fundamental-frequency currents and 
voltages even if harmonic currents and voltages are known to be of 
importance, provided the effects of harmonic currents in producing 
fundamental-frequency currents and voltages can be neglected. 
Harmonic armature voltages and currents are discussed in the following 
chapter. 

Resistances. The d-c armature resistance per phase is indicated 
by fa, the a-c armature resistance per phase by r, the field resistance 
by Rf. These resistances depend upon temperature. 

D-c armature resistances per phase in ohms, as usually furnished, 
are given at stated machine temperatures. Expressed in per cent on 
the machine rating, they vary from about 0.1 to 1.0 per cent. As an 
approximation, the positive-sequence a-c resistance may be taken as 
50% above the d-c value to include hysteresis and eddy current losses. 
The positive-sequence resistance is thus very low relative to the 
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reactance and in many system problems can be neglec|:ed with n^li- 
gible error. The zero-sequence resistance may be assumed to be equal 
to the positive-sequence resistance. The negative-sequence resistance 
is higher than the positive because of the greater PR loss in the rotor 
circuits due to the backward-rotating fundamental flux wave. 

In circuit calculations involving relationship between currents and 
voltages, positive-, negative-, and zero-sequence resistances (fi, r 2 , 
and ro) as discussed above are the ratios of the fundamental-frequency 
in-phase components of armature voltage, due to the fundamental- 
frequency positive-, negative-, and zero-sequence components, respec¬ 
tively, of armature current, to these components of current. The 
positive- and zero-sequence resistances thus defined are used in cal¬ 
culating losses in a machine due to flow of positive- and zero-sequence 
currents. With negative-sequence currents, however, part of the loss 
is that required to overcome the negative-sequence braking torque. 

Negative-Sequence Braking Torque and Negative-Sequence Re¬ 
sistance Used in Calculating Losses. The fundamental space mmf 
wave, resulting from fundamental-frequency negative-sequence cur¬ 
rents, rotating at synchronous speed in the opposite direction to that 
of the rotor, creates a torque in the negative direction called the 
negative-sequence braking torque. 

With the synchronous machine considered an induction machine 
of zero slip currents, and rp(= r\) and r« representing stator and rotor 
resistances, respectively, the negative sequence power loss due to 
current flow from the negative-sequence equivalent circuit of Fig. 2(d) 
of Chapter VI with 5 = 0 is approximately 

|/a2|*r2 = |/<.2|='(ri+y) [22] 

where r, is the negative-sequence resistance and ri the positive- 
sequence armature resistance used in circuit calculations discussed 
above. 

From [22], 

r. * 2(r2 - n) [23] 

To the power loss in [22], the power at synchronous speed required 
to overcome the negative sequence torque |/a 2 p(>'«/ 2 ) given by [10] of 
Chapter VI with s = 0 must be added. With r, replaced by its value 
given in [23], the total negative-sequence power loss is approximately 

llasi" (r2 + ^) = I/a2|*(fi + u) - |/.2p(2ra - ft) [24] 
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2 f 2 — is the resistance used to calculate the negative-sequence loss 
in a synchronous machine. As previously stated, in circuit calcula¬ 
tions involving relationships between currents and voltages r 2 is used. 

As all resistances associated with modern synchronous machines 
are small, except resistance in the neutral or other resistances inserted 
for special purposes, in many system problems involving only funda¬ 
mental-frequency components (short-circuit calculations, for example) 
the resistances of a synchronous machine may be neglected with but 
slight error because of their low values relative to the reactances. 

Synchronous Machines as Induction Machines. Most synchronous 
machines depend upon inductive action for more completely satisfy¬ 
ing the requirement of good synchronous operation. For example, 
synchronous motors operate as induction motors while being brought 
up to speed so they can be synchronized. When synchronized, 
synchronous motors and generators depend upon their inherent in¬ 
duction characteristics to provide damping torque which allows them 
to operate stably without hunting. 

Diagrams of Synchronous Machines — Saturation Neglected 

Figure 10(a) shows the diagram of a salient-pole machine under 
normal balanced operation with saturation neglected, and all funda¬ 
mental-frequency voltages which contribute to armature terminal 
voltages superposed. In this diagram, all quantities are in per unit 
of their respective base values. This makes it possible to represent 
mmf’s, flux linkages, voltages, and currents on the same diagram. 
The position of the direct axis is indicated as reference, and all quanti¬ 
ties are referred to the rotor. If is the d-c field current in per unit of 
that base field current which produces unit fundamental-frequency 
armature voltage on open circuit with saturation neglected. In per 
unit. If = = the per unit fundamental flux linking the armature 

due to field current alone. The fundamental-frequency armature 
voltage generated by this field flux, which rotates with the rotor at 
synchronous speed, is shown 90® behind the field flux and is indicated 
by eq. It will be noted that the voltage Cq corresponding to field 
current 1/ appears in the quadrature axis. The use of Cq to represent 
the voltage due to the rotation of the field flux follows the notation of 
reference 10. With 1/ defined in per unit as above and saturation 
neglected, Cq in per unit of rated armature voltage is equal in magni¬ 
tude to If in per unit of base field current. The voltage Cq is called 
the internal generated voltage or the excitation voltage of the machine. 

The mmf due to positive-sequence armature current magnetizes 
in the direction indicated by i. The length of i is equal to the per 
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unit positive-sequence armature cuirent; id and are the per uni^ 
components of i which magnetize in the direct and quadjrature axes, 
respectively. In Fig. 10(o), id and iq are both positive (see Fig. 5), 
indicating an overexcited generator supplying positive power, as 
previously stated. The reactances Xd and in per unit of base im¬ 
pedance when multiplied by id and t,, respectively, and turned back¬ 
ward 90® represent the per unit fundamental-frequency reactive volt- 


rf 



Fig. 10(a). Per unit vector diagram of salient-pole machine under sustained 
balanced operation with generated voltage e, as reference vector. 

ages induced in the quadrature and direct axes, respectively, under 
sustained conditions. The per unit flux linkages i^d smd i^q in 
phase with id and iq, respectively, are not indicated on the diagram. 
The per unit flux idXd opposes the field flux iff when id is positive; but 
it will be in the same direction as in an underexcited machine where 
id is negative. 

In Fig. 10(a), id (shown positive) magnetizes in a direction 
posite to that of I/; the reactive voltage idXa appearing in the quadra¬ 
ture axis is therefore subtracted from s,. iq (shown positive) ma^^ne- 




274 


SYNCHRONOUS MACHINES 


[Ch. Vlll 


tizes 90® ahead of the reactive voltage i^q, 90® ahead of the voltage 
is a direct-axis voltage. When the per unit resistance voltage 
drops rid ^d riq in the direct and quadrature axes, respectively, are 
also subtracted, the resultant per unit terminal voltage Ct is obtained. 
The angle <f> between i and «« is the power-factor angle; 4> is positive 
if i leads et but negative if i lags Ci. In Fig. 10(o), ^ is negative. 
5 is the angle by which e, leads et. 



Fig. W(b). Per unit diagram of salient-pole machine under sustained balanced 
operation with terminal voltage et as reference vector. 

When positive-sequence current, terminal voltage, and power factor 
are given, Fig. 10(6) indicates the procedure in constructing the per 
unit diagram of a salient-pole generator under normal balanced opera¬ 
tion to determine per unit field current I/. The per unit terminal 
voltage et is laid off as reference vector; the per unit current i at the 
power-factor angle 0 is drawn. The per unit resistance voltage drop 
ir is added to et in the direction of i and terminated at R. The per 
unit reactive voltage drop ixq is added at R, 90® ahead of ir and termi¬ 
nating at Q. Through the origin 0 and Q, the straight OQF is drawn. 
This is the quadrature axis. At Q the reactance voltage drop 
i(xd — Xg) is added in line with RQ and terminated at 5. From 5 a per¬ 
pendicular is dropped to OQF, intersecting it at K. Then OK = « 

per unit voltage generated by the rotation of the flux produced by field 
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current // acting alone » excitation voltage. The direct axis is 
drawn perpendicular to OQP, and the per unit field current 1/ equal 
to Cq in magnitude and 90° ahead of e, is laid off. The projection of « 
on the direct axis is u '• the projection of i on the quadrature axis is 
It will be noted that Fig. 10(i) differs from Fig. 10(o) only in that the 
terminal voltage Cj is horizontal in Fig. 10(6), whereas the excitation 
voltage e, is horizontal in Fig. 10 (o). 



Fig. 10(c). Per unit vector diagram of salient-pole machine under sustained 
balanced operation with voltages Cg and behind and respectively, their 
corresponding flux linkages in the direct axis. 

Figure 10(f:) is similar to Fig. 10(&) except that Cq and the voltages 
behind direct-axis transient and sub transient reactances s^nd 
respectively, as well as the voltage Cq behind synchronous reactance 
Xdt are indicated on the quadrature axis OQP. ee indicates the voltage 
behind leakage reactance Xf. The flux linkages and 4'd in the direct 
axis which remain constant at the first instant following a disturbance, 
with and without an amortisseur winding, respectively, are indicated 
in Fig. 10(c), 90® ahead of Cq and ej, respectively. 

Cylindrical-Rotor Machine. The cylindrical-rotor machine is a 
special case of a salient-pole machine, in which Xd ^ Xq to a close ap* 
proximation. In Fig. 11(a), the excitation volts^e e required to give 
the terminal voltage eu with current i in the machine at the power 
factor angle 0, is obtained by adding the in-phase voltage drop if and 
the reactive voltage drop ixd » ixq to as indicated. In a machine 
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wi^out saturation, the required per unit field current If is 90® ahead 
of e but equal to e in magnitude. The per unit fiux \^/ mutual to 
armature and field, produced by field current alone, is a direct-axis 
flux equal to 7/ in magnitude when saturation is neglected. 



Fig. 11. Per unit vector diagrams of a cylindrical-rotor machine, (a) Under sus¬ 
tained balanced operation, (h) Voltages and flux linkages behind xt, Xd « Xq^ 

and Xd = Xff, 

Figure 11(&) is the diagram of a machine in which Xd « Xq, Xd = 
Xq, and x'/ - Xq. The voltages e, e', and e", and et behind Xd, 
x'd, and X(, respectively, are indicated. The per unit flux linkages 
which remain constant at the first instant during subtransient and 
transient disturbances are indicated by and 4''> respectively. The 
per unit flux linkages 4^" and 4^' which have components in both the 
direct and quadrature axes are 90° ahead of e" and respectively, 
and equal to them in magnitude. 
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Relation between Field Cuirent and Armature Terminal Voltage ~ 
Saturation Included 

In the diagrams of Figs. 10 and 11 with saturation neglected, the 
excitation voltage eg, the flux linkages due to field current // acting 
alone, and the field current 7/ are all equal in magnitude when ex¬ 
pressed in per unit of their respective base values. Reference to Fig. 
6 will show that even with the armature on open circuit, the per unit 
field current required to give unit armature voltage without saturation, 
read on the air-gap line, is substantially less than with saturation 
included, read on the open-circuit saturation curve. When a machine 
is operated under load, the effect of saturation in increasing the field 
current required to give rated terminal voltage may be much more 
pronounced. An approximate method of including saturation in 
calculating field current under load is based on the use of Potier re¬ 
actance Xp and the saturation in the machine at Fp, the voltage be¬ 
hind Xp. 

Consider first a machine operated at rated armature voltage and 
rated current at zero power factor (overexcited). In Fig. 7, 7/ is 
the total per unit field current required to give rated terminal voltage 
with rated zero-power-factor current in the armature. If the load 
is removed, the open-circuit armature voltage is E. Under load, the 
field current 7/ consists of three parts: (1) IfU the field current cor¬ 
responding to rated terminal voltage Vt on the air-gap line, (2) 7/,, 
the field current required to force zero-power-factor rated current 
through the synchronous impedance Z at zero terminal voltage, and 
(3) Ifs, the additional field current required because of saturation; 
If = Ift + Ifz + If.- In Fig. 7, If = TB, I ft = FF; If, ^ OS ^ AB; 
and therefore If, = FA, KC, which is equal and parallel to F4, 
indicates the increase in field current required because of saturation. 
In Fig. 7, DC, the voltage drop in the Potier reactance added 
to the terminal voltage Vu gives the voltage Vp, The voltage Vp is 
the voltfi^e behind the Potier reactance Xp, Vp determines the degree 
of saturation in the machine and the additional field current If, re¬ 
quired because of saturation. The additional per unit field current 
is the distance between the air-gap line and the no-load saturation 
curve, both corresponding to Vp, 

Potier reactance, unless otherwise specified, is determined from the 
no-load saturation curves and the zero-power-factor curve, as pre^ 
viously described and illustrated in Fig. 7. In the range of power 
factors between zero power factor (overexcited) and unity this value 
of Potier reactance (see Table I) will give field currents which agree 
approximately with test values of field currents and are of sufficient 
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precision for many practical applications. The procedure in calculat¬ 
ing field current //by the use of Potier reactance when the terminal 
voltage Vt, the positive-sequence current lai, and the power-factor 
angle <f> are given is as follows. 

1. With all quantities in per unit and Vu the terminal voltage, as 
reference vector, calculate the magnitudes of the vector voltages Vp 
and £', where 

Vp ^ Vt + laiZp ^ Vt+ \Iai\ (cos <t> ztj sin <t>)(r + jxp) [25] 

E' ^ Vt + laiZi = Vt+ \Iai\ (cos 0 dzj sin <l>)(r + jxd) [26] 

sin <l> is positive for leading currents (underexcited machine) and nega¬ 
tive for lagging currents (overexcited machine). With saturation 
neglected, is the per unit excitation voltage of the machine which 
is equal in magnitude to //, the per unit field current. With saturation 
included, 1/ has a higher per unit value. 

2. Read the per unit field current corresponding to Vp on the 
air-gap line and on the open-circuit saturation curve and find their 
difference A//. The per unit field current 1/ is the sum of 
If per unit E') and AJ/. 

If = /; 4- A7/ = |£'l + Mf [27] 

Problem 1 illustrates this method of calculating field current; it 
also shows how relations between terminal voltage and current at a 
specified power factor can be determined when field current is known. 

Problem 1. In a separately excited synchronous generator, Xd 1.20, Xp = 
0.20, and r = 0.05 based on its rating. The no-load saturation curve is shown in 
Fig. 12. Determine the field current at rated voltage, 0.8 power factor and (a) rated 
current, (5) 150% current. The field current corresponding to 150% current at 0.8 
power factor is maximum field corresponding to exciter ceiling voltage, (c) With 
field current constant at exciter ceiling, plot generator terminal voltage versus 
generator line current at 0.8, 1.0, and 0 power factors under balanced operation. 

Solution. The broken curve in Fig. 12 gives A//, the per unit field current re¬ 
quired to overcome saturation at a voltage Vp behind Potier reactance Xp. Thus if 
Vp « 1.10, the field current from the open-circuit saturation curve is 1.47. The 
field current on the air-gap line corresponding to Vp = 1.10 is 1.10. A// at Vp « 

1.10 is therefore 1.47 — 1.10 = 0.37. This value of A// is plotted versus 1.47 field 
current. To read A//, find the intersection of Vp with the no-load saturation curve, 
drop vertically down to the A// curve, and read A// on the right-hand vertical scale. 

(a) From [25] and [26], with Vt 1.0 as reference vector, 

Ir,| = |1.0 + 1.0(0.8 -i0.6)(0.0S +j0.20)| = 11.16 +i0.13l - 1.17 
[B'l - ll.O + 1.0(0.8 -70.6)(0.0S +il.20)| - |l.76 + i0.93| - 1.99 
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With - 1.17, from Fig. 12, A// - O.SS. 

If = |E'I + Mf - 1.99 + O.SS - 2.S4 

If saturation were neglected the field current would be 7/ «• |E'| — 1.99. With 
saturation included it is 2.S4. 

( 6 ) 

lVp| = ll.O + l.S(0.8 -i0.6)(0.0S +i0.20)| ■= [1.24 4-i0.19S| - 1.26 
|£'| = |1.0 + l.S(0.8 -i0.6){0.0S +jl.20)l - |2.14 +il.39S| = 2.SS 
With V, = 1.26, Mf = 0.93 

If = |£'| + A// = 2.S5 + 0.93 = 3.48 
The field current // = 3.48 corresponds to exciter ceiling voltage. 



Fig. 12. No>load saturation curve for three-phase, 0.8 power-factor, separately 

excited generator. 


(c) Figure 13 shows generator per unit terminal voltage versus per unit line 
current at power factors of 1.0, 0.8, and 0 at the generator terminals under balanced 
operation, with a constant per unit field current 1/ « 3.48. These curves were 
determined as follows. 

With zero current, the generator is on open circuit. The generator terminal 
voltage Vt, read from the no-load saturation curve, corresponding to 7/ * 3.48, is 
Vt - 1.39. The point lai - 0, 7* *■ 1.39, which is common to curves of all power 
factors, is shown in Fig. 13 at A. 
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With zero terminal voltage, there is little if any saturation. With no aaturationt 
lE'l = |/ai|l0.05 +il.20l - 1.20l|/„il - // - 3.48 

\Vp\ » |/ai||0.05 4-i0.20| « 2.90 X 0.206 « 0.60 

From Fig. 12 with Vp = 0.60, there is no appreciable saturation, and A// = 0. 
Therefore kail = 2.90. The point lai = 2.90, Vt = 0, which is a second point 
common to all curves, is shown in Fig. 13 at B. 



PER UNIT LINE CURRENT 

Fig. 13. Volt-ampere characteristics of generator of Fig. 12 at maximum field 

current. 


The field current 7/ = 3.48 is that required at unit terminal voltage, 150% 
current, and 0.8 power factor. Vt * 1.00, \lai\ = 1.50 is point C on the 0.8 power- 
factor curve. With three points known, a preliminary curve can be drawn. Ad¬ 
ditional points can be determined by using the preliminary curve for estimating 
purposes. For example, suppose the preliminary curve passes through the point 
Vt ■» 0.8, I Joi| “ 2.0. These values are assumed and 7/ calculated. If 7/ < 3.48, 
a higher value of Vt is assumed, and 7/ again calculated, or estimated. 

With two values of 7/ which diflfer but slightly from 7/ « 3.48, Vt can be satis¬ 
factorily estimated. To illustrate: With \ Vt\ 0.8 and |7ai| »= 2.0, and a power 
factor of 0.8, 

\Vp\ « l0.8 -f 2.0(0.8 «j0.6)(0.05 + j0.20)| - ll.l2 + j0.26l - I.IS 
|J2'| * l0.8 -h 2.0(0.8 -i0.6)(0.0S +il.20)I - |2.32 +il.86| « 2.97 
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at Vp m 145, A// » 0.50. 

//-£' + A// - 2.97 + 0.50 - 3.47 

If \ Vt\ » 0.81 and \Iai\ ** 2, // will be increased to 3.50. Within the accuracy of 
plotting the curves the 0.8 power-factor curve passes through the point | Vt\ 0.8, 
|/ai| » 2.0, as indicated. 

Assume that the unity-power-factor curve passes through the point | Vt\ * 1.0, 
|/.il - 2.0: 

|Kp| - |l.O + 2.0(0.05 + j0.20)| - |1.10 +i0.40| « 1.17 
|£'| = |l.O + 2.0(0.05 +il.20)| - ll.lO +j2.40| = 2.64 
at 7p - 1.17, A// = 0.56. 

If - 2.64 + 0.56 - 3.20 

With - 1 1 and lai = 2.0, 1/ = 3.66. 

By further trials or by estimation, at // = 3.48 and |/.i| - 2.0, I Vt\ = 1.07, as 
indicated by point D. 

Additional points on the curve of Fig. 13 were calculated as illustrated above. 


Calculations of Fundamental-Frequency Currents and Voltages by 

Means of Sirmmetrical Components 

Although it has been shown that there are two positive-sequence 
reactances under subtransient, transient, or steady-state conditions 
of operation, one in the direct and one in the quadrature axis, a 
synchronous machine can be represented in the positive-sequence 
network to a sufficiently high degree of precision in many system prob¬ 
lems by using only direct-axis reactances or “ equivalent ** reactances 
corresponding to subtransient, transient, and sustained conditions 
which include the effect of saturation. 

Equivalent Circuits To Replace a Synchronous Machine in the 
Positive-Sequence Network. In short-circuit calculations involving 
salient-pole machines, because of the relatively high ratio of reactance 
to resistance especially in 60-cycle power systems, positive-sequence 
currents are largely direct-axis components of current which meet 
direct-axis reactances; the error in assuming them entirely direct- 
axis components in many cases is small. Or, what is the same in 
effect, the salient-pole machine can be replaced by a cylindrical- 
rotor machine in which direct- and quadrature-axes reactances are 
assumed to be equal. From Figs. 11(a) and 11(6), it follows that in 
calculating rms voltage and currents of fundamental frequency, the 
cylindrical-rotor machine can be replaced in the positive-sequence net¬ 
work by a voltage E behind a positive-sequence reactance 
as in Fig. 14, where Zi is the transient, subtransient, or steady-state 
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impedance and E Is the voltage behind the impedance. (Figure 14 
is the same as Fig. 17, page 43, Volume I.) 

The induced current in the additional rotor circuits of a salient-pole 
machine and in the solid rotor of a cylindrical-rotor machine decays 
or disappears rapidly, within a few cycles, after a sudden change in 

armature current. The time required for 
induced field current to disappear is rela¬ 
tively much longer. (See time constants.) 
With sudden changes in armature current, 
subtransient reactance is used in the 
study of those phenomena that occur im¬ 
mediately or are of very short duration, such 
as bus and apparatus stresses, maximum 
short-circuit currents, maximum fuse and 
relay currents, and upper limits for circuit- 
breaker duty. The transient reactance 
is used in transient stability calculations and 
the performance of relays and other devices 
which depend upon currents which flow after the first few cycles. 
The synchronous reactance Xd can be used in determining the lower 
limit of short-circuit current in some types of short-circuit calcula¬ 
tions when there are no voltage regulators. 

Inclusion of Saturation. The equivalent circuit of Fig. 14 is based 
on the assumption that the direct- and quadrature-axis reactances, 
subtransient, transient, or sustained, are equal. Although this as¬ 
sumption may not be true, the effect of the variation of reactances 
with saturation (neglected in Figs. 10 and 11) is usually greater than 
the effect of assuming equal reactances in the two axes. When 
saturated values of reactances corresponding to the degree of satura¬ 
tion in the machine are used in the equivalent circuit of Fig. 14, with 
the excitation voltage E equal to the equivalent voltage behind its 
corresponding saturated reactance, positive-sequence rms voltages and 
currents of fundamental frequency throughout the system can be 
calculated to a closer approximation than with saturation neglected 
but unequal direct- and quadrature-axis reactances taken into account. 
An example of this is in steady-state stability calculations, where 
Fig. 14 is used and the steady-state reactance is adjusted to allow for 
saturation. As a first approximation,^^ the equivalent reactance of a 
synchronous generator or motor is taken from 0.6 to 0.8 of Xd- In an 
overexcited synchronous condenser, where the current is almost en¬ 
tirely direct-axis current and the effect of saturation is more pro¬ 
nounced because of the greater amount of iron in the direct than in 
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Fig. 14. Fundamental- 
frequency positive-sequence 
equivalent circuit of syn¬ 
chronous machine in which 
reactances in direct and 
quadrature axes are as¬ 
sumed to be equal. 
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the quadrature axis, the equivalent reactance 18 <ft the order of 0,Sxd» 
For a comprehensive treatment of equivalent reactances and the volt* 
ages behind these reactances used in steady-state and transient 
stability calculations see reference 11. 

Equivalent Circuits To Replace a Synchronous Machine in the 
Negative- and Zero-Sequence Networks. As negative- and zero- 
sequence reactances are substantially constant under subtransient, 
transient, and sustained conditions, the simple equivalent circuits 
consisting of impedances Z 2 and Zq given in Volume I to represent a 
synchronous machine in the negative- and zero-sequence networks, 
respectively, are applicable under all operating conditions where 
voltages and currents of fundamental frequency only are to be 
considered. 


TIME CONSTANTS 

Any current or voltage, or component of current or voltage, which 
decreases exponentially with time from an initial value of Iq at time 
/ = 0 to a final value of zero, can be expressed as a function of time 
by the equation 

i = Joe-'/*’ 128] 

where T is the time constant and is the time in seconds required for 
the current (or voltage) to decrease to 1/e or 0.368 of its initial value. 
If / = 0 in the above equation, i = Iq; if / = T, i = /oe“^ = /o/e; 
if / = 00 , i = /oe“" = 0. 

In a single series circuit, consisting of resistance r in ohms and 
inductance L in henries, the time constant T in seconds is L/r, If 
the voltage source is shorted out in this circuit when the current is 
/o then, at any subsequent time /, i == If the time con¬ 

stant T = L/r is large (r small relative to L), the current will decrease 
slowly; but, if r is large relative to L, it will decrease rapidly. 

In a synchronous machine, because the coupling between armature 
and rotor circuits differs in the direct and quadrature axes, there are 
direct-axis and quadrature-axis time constants. For each axis, there 
are subtransient and transient short-circuit and open-circuit time 
constants. Sub transient time constants apply to rapidly decreasing 
components and transient time constants to slowly decreasing com¬ 
ponents of current or voltage. There is also the short-circuit time 
constant of the armature winding which applies to d-c armature cur¬ 
rent resulting from flux trapped in the phases when short-circuited 
and to even harmonic and natural-frequency components. 
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Open-Circuit Time Constants 

The direct-axis transient open-circuit time constant is the time in 
seconds required for the rms a-c value of the slowly decreasing com¬ 
ponent of the quadrature-axis fundamental-frequency armature volt¬ 
age on open circuit to decrease to 1/e = 0.368 of its value when the 
field winding is suddenly short-circuited by cutting out the exciter, 
with the rotor rotating at synchronous speed. As defined here (see 
Fig. 10), fundamental-frequency open-circuit armature voltage is a 
quadrature-axis voltage produced by direct-axis field flux. 

When the field winding is short-circuited, cutting out the exciter, 
the exponential decrease of field current and open-circuit armature 
voltage in a machine without an amortisseur winding depends upon the 
time constant of the field. If r/ is field resistance in ohms and Lf the 
field inductance in henries, 


I* = —sec [29] 

rf 

This time constant in large machines may be 6 seconds or more. 
(See Table I.) 

In a salient-pole machine with an amortisseur winding, or in a 
cylindrical-rotor machine, the direct-axis transient open-circuit time 
constant determines the decrement curve of the rms value of the 
fundamental-frequency open-circuit armature voltage shortly after the 
field winding is shorted and subtransient effects have disappeared. 

The direct-axis subtransient open-circuit time constant, which de¬ 
termines the decrement curve of the rapidly decreasing component of 
rms quadrature-axis fundamental-frequency armature voltage on open 
circuit when the field winding is suddenly short-circuited, is defined in 
terms of measurable quantities by considering the armature voltage 
during the first few cycles after the sudden removal of a three-phase 
short circuit with the machine running at synchronous speed. Under 
this condition, there is a negative component of voltage which pre¬ 
vents the armature voltage from rising immediately to the open- 
circuit value corresponding to impressed field current. 

The direct-axis subtransient open-circuit time constant T'^ is the time 
in seconds required for the rapidly decreasing component of the negative 
voltage present during the first few cycles in the quadrature-axis 
component of fundamental-frequency armature voltc^e under a sud¬ 
denly removed symmetrical three-phase short circuit, with the machine 
running at synchronous speed, to decrease to 1/e or 0.368 of its initial 
value. 
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Quadrature-axis transient and subtransient open-tircuU lime constants 
Tqo and are analogous to and respectively, the difference 
being that they are defined in terms of components of voltage in the 
direct axis instead of in the quadrature axis. 

The quadrature-axis transient open-circuit time constant has 
no significance in a salient-pole machine, as there is no low-resistance 
winding in the quadrature axis which corresponds to the field winding 
in the direct axis. In a cylindrical-rotor machine, after the rapidly 
decreasing induced component of current in the quadrature axis of the 
machine has disappeared, current continues to flow and produce the 
same effect that would be produced by a high-resistance short- 
circuited winding in this axis. is a much shorter time constant 
than ri,. 

Short-Circuit Time Constants 

Consider a three-phase short circuit suddenly applied at the termi¬ 
nals of a salient-pole machine with an amortisseur winding, or a 
cylindrical-rotor machine, operated at no load with the rotor rotating 
at synchronous speed and the field winding excited. With excitation 
in the direct axis only, there will be no quadrature-axis flux at no load; 
and, neglecting the small resistance of the armature, the fundamental- 
frequency short-circuit currents will contain only direct-axis com¬ 
ponents. Oscillograms taken of the currents in the three phases will 
show a-c components of current whose magnitudes decay rapidly for 
a few cycles and then decrease slowly until sustained currents result. 
At least two, and sometimes all three, current waves will be offset 
initially from their zero axis, in either the positive or the negative 
direction, indicating the presence of d-c components of current. These 
d-c currents disappear before the short-circuit current reaches its 
sustained value. 

The direct-axis transient short-circuit time constant Is the time 
in seconds required for the rms value of the slowly decreasing com¬ 
ponent present in the direct-axis component of the a-c component 
of armature current under suddenly applied symmetrical short- 
circuit conditions with the rotor rotating at synchronous speed to 
decrease to 1/e or 0.368 of its initial value. The direct-axis subtransient 
short-circuit time constant is similarly defined, except that it applies 
to the rapidly decreasing component instead of the slowly decreasing 
component. 

Quadrature-Axis Short-Circuit Time Constants, If a synchronous 
machine is operated under load, there will be flux mutual to armature 
and rotor in the quadrature axis; therefore, if a three-phase short 
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circuit is suddenly applied under load, there will be quadrature-axis 
a-c components of current which decrease rapidly in accordance wUh 
the quadrature-axis subtransient short-circuit time constant Tq ^ and then 
less rapidly in accordance with the quadrature-axis transient short- 
circuit time constant Tq, Tq and Tq are analogous to 2^ and 
respectively, defined above, except that they apply to components 
of current present in the quadrature-axis component of the a-c com¬ 
ponent of armature current. 

D-C Components of Current. When a three-phase short circuit 
is suddenly applied at the terminals of a synchronous machine, the 
component of d-c current in any phase depends upon the flux trapped 
in the phase. As flux and voltage are 90® apart in time phase, the 
trapped flux and the d-c component of current resulting from it will 
have their maximum values when the phase voltage is zero. Under 
this condition, an oscillogram of the current in the phase will show 
a displaced current wave in which the d-c component Idc is approxi¬ 
mately equal to the peak value of the a-c component or V2 times its 
rms value /. The effective value of the initial current when the d-c 
component is a maximum is approximately 

/effective = = V (V^ 7)2 ^ j2 = V3 / [30] 

As the rotor rotates at synchronous speed, the direct and quadra¬ 
ture axes of the rotor alternate rapidly in the positions in line with the 
axes of the shorted phases. The reactance of the short-circuited 
armature winding, which depends upon the mutual coupling between 
armature and rotor circuits, changes rapidly from x^ to Xq\ and is 
approximately \ {x^ + oCq) = ^ 2 - 

The Short-Circuit Time Constant of the Armature Winding Ta 
is the time in seconds required for the d-c component of armature 
current under suddenly applied short-circuit conditions, with the 
rotor rotating at synchronous speed, to decrease to 1/e or 0,368 of its 
initial value. 



[31] 


where *2 is the negative-sequence reactance of the machine and r. 
is the d-c resistance of the armature, both expressed in the same unit — 
ohms or per unit of base impedance. 

If there is a symmetrical three-phase impedance Z, = r, H- jx, 
between machine terminals and the short circuit, Ta becomes 

T =: ^2 + X, 

“ 2irfira + r,) 


[32] 



[Ch. viij relations between time constants 


287 


Even-Harmonic Components of Armature^ Current The fluxi 
trapped in a short-circuited phase of the armature is not an alter¬ 
nating flux but a flux of constant direction which is decreasing in ac¬ 
cordance with the time constant T®. Because of the rotation of the 
rotor, this flux generates a-c voltages of rated frequency in the direct 
and quadrature axes of the rotor, which produce currents of rated 
frequency. An alternating current of rated frequency in the field 
produces a fundamental space wave of flux which pulsates at rated 
frequency; this flux wave can be replaced by two fundamental space 
waves of flux, one rotating forward and one backward at rated speed 
with respect to the rotor. When referred to the armature, one of these 
fundamental waves of flux rotates forward at twice synchronous speed, 
and the other is stationary. The fundamental space wave rotating 
forward at twice synchronous speed induces a second harmonic voltage 
in the armature and, as the armature is short-circuited, second har¬ 
monic currents will appear in the short-circuit current. These second 
harmonic currents in turn will produce fourth harmonic armature 
voltages with resultant fourth harmonic currents in the short-circuited 
armature. In the general case, there will be all the even-harmonic 
components of current. However, in most short-circuit calculations, 
it is unnecessary to consider any even harmonics beyond the zero 
order — the d-c component of current whose maximum effect on the 
effective value of initial current is given by [30]. 

Relations between Time Constants. Equivalent circuits to show 
relations between time constants which determine the decrements 
of rms fundamental-frequency components of current and voltage in 
the direct and quadrature axes are shown in Fig. 15, where all quantities 
are viewed from the armature. The equivalent circuits of Fig. 15 are 
reciprocal® per unit circuits, similar to those of Fig. 9 previously de¬ 
scribed. The field resistance and leakage reactance are indicated by 
Tf and Xfu respectively. It is assumed that amortisseur windings 
on the salient-pole machine and the analogous effects of the body of 
the cylindrical-rotor machine can be represented by one resistance and 
one leakage reactance in each axis: f\d and xia in the direct axis, and 
r\q and xiq in the quadrature axis. 

In Fig. 15, parts (a), (c), and (e) are similar to parts (a), (5), and (c), 
respectively, of Fig. 9 except that in (a) the resistance r/ of the field 
is added, and in (c) and (e) the resistances ru and riq of the amortis¬ 
seur winding in the direct and quadrature axes, respectively. 

From Fig. 15(a), and [29], 


n, 


Xgd + X/t Lf 

(2T/)r, Rf 


133] 
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The open-circuit transient direct-axis time constant = L//Rf is 
readily calculated from L/, the inductance, and R/, the resistance of 
the field winding. 



Fig. is. Reciprocal per unit equivalent circuits for armature and rotor circuits 
for determining relations between open-circuit and short-circuit time constants. 


The direct-axis short-circuit transient time constant Tj can be 
expressed in terms of T*,, Xd,, and x'd by using Fig. 15(6) and [13], 
[17], and [33]. 


Xft + 


XtXad 


From Fig. lS(c), 


Xt + Xgd _ Xt(Xad + Xft) -F XgdXfl _ W ^ p- 
(2’r/)r/ * (xad + Xft) (xi -h Xad) ** " 


Xd 


Xld + 


_ 

= 


XftXad 
Xft + Xad 


(2ir/)rirf 


[35] 


If the equation for Td is written from Fig. 15(d), this equation can 
be expressed in terms of T'd,, x'd, and x” by using [17], [18], and [35]. 
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From Fig. 1S(«), 


EXTERNAL REACTANCE 


m 


(2x/)r„ 


From Fig. 1S(/) and [19], [20], and [37], 


<w/ _ w/ ^ 
■*« ~ * go 


[37] 


[38] 


By analogy from [34], Tj can be expressed in terms of T^, x^, and 
Xq for a cylindrical-rotor machine in which is appreciable. 




[39] 


External Reactance. If there is a symmetrical three-phase reactance 
Xe between machine terminals and the short circuit, Xe is part of the 
armature circuit and is added to Xdt and Xg' in the above 

equations, giving: 


r i/ nr^t 

d - ^do 


d~ 

Xd + Xe 


[40] 




n// ^d d" Xe 

■ *> „/ I ^ 

Xd T" Xg 


•j^n __ nnff 
^ q — go 


nnf ___ rpf 
* q ^ qo 


Xq + Xe 
Xq -f Xe 
Xq + Xe 
Xq -I- Xe 


[41] 

[42] 

[43] 


The fundamental-frequency rms direct-axis short-circuit current at any 
time during a symmetrical three-phase fault at the machine terminals, 
from a condition of no-load and rated voltage, is given by the equation 

* = (*" - + (,•' - -I- / [44] 

where the rated per unit no-load voltage is unity, and 

i = per unit rms fundamental-frequency current at any 
time t in seconds 

i" = -77 “ initial rms fundamental-frequency current. 

Xd 

“ -7 “ initial rms fundamental-frequency current with 

Xd 

high-decrement component of current {i” — i') n^- 
lected. 
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J «a — = sustained rms fundamental-frequency current 
Xd 

Td and - subtransient and transient direct-axis short-circuit time 
constants, respectively. 
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CHAPTER VIII 

apO COMPONENTS IN SYNCHRONOUS-MACHINE ANALYSIS 

In the general analysis of a three-phase system, three sets of com¬ 
ponents are required. Because the synchronous machine has two 
axes of rotor symmetry, the components generally best suited to its 
analysis are direct-axis, quadrature-axis, and zero-sequence com¬ 
ponents. In system studies where fundamental-frequency currents 
and voltages only need be considered, the method of symmetrical 
components is well adapted to the solution of problems involving 
rotating machines under both balanced and unbalanced conditions. 
This has been illustrated in Volume I and discussed in the preceding 
chapter. During unbalanced conditions where phase currents and 
voltages may include appreciable harmonic, natural-frequency and 
d-c components as well as fundamental-frequency terms, afiO com¬ 
ponents (Volume I, Chapter X) provide a natural transition from 
phase quantities to direct-axis, quadrature-axis, and zero-sequence 
components. Zero-sequence components (0 components) are exactly 
the same in both systems. 

Equations [13]-[18] of Chapter I summarize the relations between 
phase voltages and their afiO components. Equations of *^he same 
form relate instantaneous phase voltages, currents, and flux linkages 
and their instantaneous afiO components. 

Assumptions. Saturation and hysteresis in the magnetic circuits 
and eddy current in the iron will be neglected, and an ideal synchronous 
machine will be assumed. An ideal synchronous machine has been 
defined as one having the same self- and mutual armature leakage 
reactances as the actual machine which it replaces but ideal to the 
extent that, as far as concern effects depending on the position of the 
rotor, each armature winding is sinusoidally distributed.”^’^ 

Under the assumption of a sinusoidally distributed armature winding, 
armature currents produce only fundamental space waves of mmf 
and harmonic space waves of flux rotating with respect to the armature 
produce no resultant armature voltages. It was pointed out in the 
preceding chapter that armature voltages resulting from rotating 
harmonic space waves of flux are of small magnitude relative to the 
fundamental in a modern synchronous machine, as they are reduced 
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by the order of the harmonic and by pitch and distribution factors; 
in the ideal synchronous machine, they disappear entirely. This 
applies to all harmonic space waves of flux, regardless of their speed 
of rotation. However, all rotating fundamental space waves of flux 
produce armature voltages of the same harmonic frequency as the 
speed of the rotating fundamental flux wave relative to synchronous 
speed. For example, a fundamental space wave of flux rotating for¬ 
ward relative to the armature at three times synchronous speed will 
produce positive-sequence third harmonic armature voltages. 

Per Unit Armature Quantities. The per unit quantities used here 
are defined as follows. Unit armature current and voltage are crest 
values of rated phase current and rated phase voltage, respectively; 
unit impedance is the ratio of rated phase voltage to rated phase cur¬ 
rent ; unit speed of the rotor is synchronous speed; unit time is one 
electrical radian; unit armature linkage is that linkage the time rate 
of change of which will generate unit armature voltage; unit armature 
mmf is the mmf produced by rated positive-sequence armature cur¬ 
rents; unit permeance is that permeance which when multiplied by 
unit mmf produces unit armature linkages. 

Notation. Let i, and e with appropriate subscripts represent 
instantaneous per unit armature current, flux linkage, and voltage, 
respectively; let subscripts a, ft, c refer to phases a, ft, c, respectively; 
let subscripts a, jS, 0 refer to a, jS, and 0 (zero-sequence) components, 
respectively; let subscripts d and q refer to direct- and quadrature- 
axis components, respectively. 

Conventions for Signs. The conventions for signs used here are 
those of references 1 and 2. In the equivalent two-pole synchronous 
machine of Fig. 1, the axes of the phases, the direct and quadrature 
axes of the poles, and the direction of rotation of the rotor are indicated. 
The a axis coincides with the axis of phase a. The direct axis lines 
up with the axes of the phases in the order a, ft, c; it lines up with the 
a and j8 axes in the order a, /3, so that at no load with the rotor rotating 
at synchronous speed, generated Ca leads generated by 90°. 

Directions of magnetization of positive id and iq, defined in Chapter 
VII, are fixed relative to the rotor. Directions of magnetization of 
positive phase currents t®, 4, and ic and of positive 4 and are fixed 
relative to the armature. 

In an armature circuit having resistance r, current i, and flux linkage 

caused by current i only^ the terminal voltage Ct at any instant may 
be written 


et = -M* - ^ 
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where p * d/dt rate of change with respectr to time, and pomtiv^ 
direction for i is toward the terminal. If part of the flux linldng the 
circuit is due to the mutual coupling with another circuit (the field, 
for example), and this mutual flux opposes ypu the equation for et 
becomes 

et = p(}l/f - }l/i) - ri ^ pp - ri 

where ^ = total flux linking the circuit, and the linkage 

due to current i in the circuit in the positive direction is written 


o AXIS a 
AXIS OF PHASE Q 



Fig. 1. Position of direct and quadrature axes of the rotor, for a given value of $, 
relative to the a and /S axes of the armature. 

with a negative sign. The mmf producing is likewise written with 
a negative sign. 

In accordance with this convention, the terminal voltages of the a, 
and 0 circuits of a synchronous machine will be written 

Ca = P^a - ria [ 1 ] 

ee = [ 2 ] 

cq = p\l/Q — rio [3] 

where and yj/Q are total instantaneous per unit flux linkages 

with the a, j3, 0 circuits, respectively; r is the armature resistance, 
assumed the same in all three circuits; and the direction of and 
io is toward the terminals. \pa and are per unit armature flux 
linkages in a and jS circuits due to currents in both armature and rotor 
circuits. Per unit ^o» which is indep)endent of rotor currents, is 

Po '-ioXo [4t] 

where xo, the per unit zero-sequence fundamental-frequency reactance, 
is equal numerically to per unit zero-sequence inductance. 
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Relations between Instantaneous Phase Quantities and their apO 
Components. At any instant, 


(a) 

ia =* 

ia + io 

(b) 


1 . , >/3 . 

ib = 

— 2 H + to 

(c) 


1 . . 

ic = 

““ 2 — Y 

(d) 


2 /. ib + ic\ 

ia ~ 

A'- 2 ) 

(e) 

ip = 

A=3 <•'* - 

(f) 

io = 

~ (ia + 4 + 4) 


If i in the above equations is replaced by ^ or e, equations relating 
instantaneous flux linkages or voltages, respectively, in the phases 
and in the a, i3, and 0 circuits will be obtained. 

Relations between a and p Components and Direct- and Quadrature- 
Axis Components. Instantaneous id and iq produce instantaneous 
fundamental mmf space waves which have per unit crests in the direct 
and quadrature axes equal to per unit id and iq^ respectively. Like¬ 
wise, instantaneous ia and i^ produce instantaneous fundamental mmf 
space waves which have per unit crests in the a and axes equal to 
per unit ia and i/j, respectively. With all quantities in per unit, and 
the direct axis displaced from the axis of phase a in the normal direc¬ 
tion of rotation of the rotor by an angle 6^ id and iq are expressed in 
terms of ia and i^, and ia and i^ in terms of id and iq, by simple pro¬ 
jections in Fig. 1: 

id = ia cos $ + ip sin d [6] 

ig = '-ia sin d + ip cos 6 [7] 

ia = id cos 6 — iq sin B [8] 

ip = id sin ^ cos 6 [9] 


If i in the above equations is replaced by ^ or e, equations relating 
direct- and quadrature-axis components and a and components of 
flux linkages or voltages, respectively, will be obtained: 
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“ ^et cos 0 + ^is sin 0f' [IQ] 

4>q *= —4'a sin 0 + cos 0 [11] 

*<* = Sa cos 0 4- C/j sin 0 [12] 

dg * —Ca sin 0 + C/J cos 0 [13] 

= 'I'd COS 6 — 4'q sin 0 [14] 

'I'd = sin 0 + ilfg cos 0 [15] 

«« = Sd cos 0 — Bg sin 0 [16] 

«/} = Sd sin 0 + «« cos 0 [17] 

Park’s Equations for an Ideal S 3 niclironotts Machine. If «« and s/j 
from [1] and [2] are substituted in [12] and [13], 

dd — cos 0ip'l'a — ria) + sin 0{P'l'd — n^) 

= cos 0p'l'a + sin 0p\l'ff — r(ia cos 0 + ip sin 0) [18] 

= cos 0ppa + sin 0ppp — rid 

dg — —sin 0ippa — ria) + cos 0{ppp — rip) 

= —sin 0p4/a + cos 0p4'p — rig [19] 

By differentiation of [10] and substitutions from [18] and [11], 

P4'd = Pi'I'a cos 0 + ^I'p sin 0) 

= (cos 0ppa + sin 0p4'p) + i—'l'a sin 0 + cos 0)p0 

= ^d + rid + 'I'gp0 [20] 

By differentiation of [11] and substitutions from [19] and [10], 

ppg = Pi—'I'a sin 0 + fp cos 0) 

= (—sin 0p'f'a + cos OP'I'p) — {'pa cos 0 + sin 0)p0 

= eg + rig - 'pdp0 [ 21 ] 

From [20] and [21], 

dd = p^fd — rid — 'Pqp0 [ 22 ] 

dg = p^g — rig + pd'^ [23] 

There is also from [3] and [4], since xq is substantially constant under 
all operating conditions, 


Co “ - (fo + *oP)A> 


[24] 
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Equations [22H24] are the well-known Park equations. The 
development of [22] and [23] given above follows that of reference 2, 
except that ajSO components are used instead of phase quantities. 
In order to apply [22] and [23], equations for the per unit armature 
flux linkages and in the direct and quadrature axes, respectively, 
and pO the speed of the rotor in per unit of synchronous speed are 
required. Equations for and ypq which include the time constants 
of the various circuits involved, and the change in the voltage of the 
field exciter due to action of voltage regulators, are given in references 
2 and 3 and elsewhere in the literature. A study involving change in 
rotor speed is given in reference 4. 

Because of the differential equations involved, many synchronous 
machine problems are most simply solved by means of a differential 
analyzer.^’® Examples of solutions by means of a differential analyzer 
are found in references 4 and 7. In such solutions, smooth curves of 
voltages and currents under specified conditions can be very quickly 
obtained. In analytic solutions, even in the simplest cases, it is 
necessary to make simplifying assumptions or to use laborious time- 
consuming step-by-step methods. 

In this chapter only those problems will be discussed which can be 
solved by assuming constant rotor speed equal to synchronous speed, 
and constant voltage of the field exciter. 

At synchronous speed, the speed of the rotor in per unit of syn¬ 
chronous speed is 



where B is the electrical angular displacement in radians at time t in 
electrical radians of the direct axis of the rotor from the axis of phase 
a, measured in the normal direction of rotation of the rotor. At any 
time /, 

^ = ^0 + / [25] 

where Bq — 6 3it time ^ == 0 from which time is measured. 

At constant voltage of the field exciter, let the per unit d-c field 
current resulting from exciter voltage be indicated by //, where 

If = d-c field current in per unit of that field current which produces 
a unit space fundamental flux wave in the air gap and generates 
unit armature voltages at no load with saturation neglected. 

Under the assumptions of constant rotor speed and constant exciter 
voltage, simple equations can be written for ypd and ypq which apply 
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during normal balanced operation and at the first^ instant during a 
disturbance on a previously balanced system. 

The per unit flux linkages and 4/q with the armature winding in 
the direct and quadrature axes, respectively, due to the per unit d-c 
field current If are yf/d = 1/ and ypq = 0 . On these flux linkages with 
the armature winding must be superposed those due to the components 
of armature current id and iq in the direct and quadrature axes, respec¬ 
tively. The per unit crests of the fundamental mmf space waves in 
the direct and quadrature axes produced by id and iq are numerically 
equal to id and ig, respectively. Per unit fundamental-frequency 
reactances are numerically equal to corresponding per unit inductances. 
Per unit armature flux linkages produced by armature currents id and 
iq are therefore conveniently expressed in terms of per unit direct- 
and quadrature-axes reactances. 

The factors of proportionality (per unit permeances) between 
fundamental space wave of armature mmf’s and flux linkages in the 
direct and quadrature axes for suddenly applied id and iq are Xd 
and Xq\ respectively; they are x'd and Xq for suddenly applied id and 
iq in a machine without an amortisseur winding or its equivalent; 
under sustained balanced operation they are Xd and Xq. In accordance 
with the convention chosen for signs, if the mmf due to id opposes the 
mmf of the main field winding, id is positive but the mmf due to id 
and the resultant flux linkages are written with negative signs. This 
is explained in the development of [1H4]. The mmf and flux linkages 
with the armature due to positive iq are likewise written with negative 
signs. Positive iq leads positive id- 

Normal Balanced Operation. Under sustained balanced opera¬ 
tion in a symmetrical system, currents and voltages are of positive 
sequence. Per unit linkage yf/d and ^5 due to positive-sequence cur¬ 
rents replaced by their direct- and quadrature-axis components id 
and iqj respectively, are —idXd and —iqXq. The total per unit flux 
linkage ypd and yl/q with the armature winding in the direct and quadra¬ 
ture axes, respectively, are 


If - idPCd 

ifq = -i^q 


[26] 


As //, and iq are constant for sustained balanced operation, pypd 
ppq « 0. Equations [22] and [23] become, with « 1, 

ed * ’-rid + Xqiq 

6^ ^ If riq — Xd!^d 


[27] 
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From [27], the positive-sequence volt^es and currents of the refer¬ 
ence phase a can be determined throughout the system as illustrated 
in the preceding chapter; and from them the a and components. 
Under balanced operations in a symmetrical system, there are no 
negative- and zero-sequence components. From [5], «« = e® and 
ia — 4; and Ip are equal in magnitude to and ia, respectively, 
but lag them by 90® in time phase. 

a and jS components are not well adapted to the solution of normal 
balanced systems; but in the study of unbalanced conditions during 
disturbances, the a and voltages or currents just previous to the 
occurrence of the disturbance will be required. Under balanced load, 
in a symmetrical system, let instantaneous Ca and ep at any system 
point P be written 


= - Fp sin (0 + </») 

[28] 

ep = —jca = — Fp sin (8 + 0 — 90®) = Fp cos {B 4* <!>) 

where Fp is the per unit crest of the fundamental-frequency voltage 
at P, <!> is the load angle, and B the angular displacement of the direct 
axis from the axis of phase a. 

No Load. At no load and synchronous speed, from [26], 


= //; = 0 

from [14] and [IS], 

== cos B = If cos B 
= ^d sin B = If sin B 


[29] 


Substitution of [29] in [1] and [2] gives the no-load a and jS voltages: 
ea = — If sin B 
ep = If cos B 


[30] 


From [5], the no-load phase voltages are 
Co = = --If sin B 

1 Vs 1 Vs 

= - 2^0 + ^ ~ 

1 V3 1 r . ^ ^ r 

e« = - -Ca - — = - If sin e - ~ If cose 


Disturbances. A disturbance is any sudden change in system 
operating conditions. It includes such conditions as short circuits, 
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CONDITIONS DURING DISTURBANCES 
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the opening of a conductor or conductors, and increase or decrease in 
load* 

Superposition. In a system in which resistance, inductance, capaci* 
tance, and leakance are constant, voltages and currents at various 
system points during a disturbance can be determined by superposing 
the components of current and voltage resulting from the disturbance 
upon the voltages and currents which would exist at these points if 
the disturbance had not occurred. Components of voltages and cur¬ 
rents at various system points due to a disturbance, such as an unsym- 
metrical short circuit which reduces a phase voltage or components 
of phase voltage to zero, can be determined by applying a voltage or 
components of voltage at the point of fault equal in magnitude but 
opposite in sign to the voltage or components of voltage which existed 
there at the instant the fault occurred. Similarly, if a phase current 
or components of phase current are reduced to zero by the disturbance, 
such as the opening of a conductor, the components of voltage and 
current at various system points due to the disturbance can be deter¬ 
mined by applying a current or components of current across the 
opening equal in magnitude but opposite in sign to the current or 
components of current which existed there at the instant the disturb¬ 
ance occurred. 

Conditions during Disturbances. Action of voltage regulators and 
change in rotor speed do not occur instantly. Therefore at the first 
instant during a disturbance, the voltage of the field exciter and the 
speed of the rotor remain constant. As explained in the preceding 
chapter, flux linkages in the closed circuits of amortisseur and field 
cannot change instantly. The mmf’s resulting from currents induced 
in them oppose the mmf’s due to suddenly applied armature currents, 
so that the armature flux is forced into leakage paths of low permeance. 
The per unit mmf’s due to per unit and Aig in the direct and quadra¬ 
ture axes are —Aid and — Ai^, respectively. As previously stated, 
the factors of proportionality between armature flux and mmf in 
these axes for suddenly applied currents are xj and Armature 
flux linkages in the direct and quadrature axes are therefore decreased 
by Aid^y and AiqXq. In a salient-pole machine without an amortis¬ 
seur winding, they are decreased by AiqX^ and AiqXq = Ai^q. As the 
induced rotor currents decay in amortisseur and field in accordance 
with their time constants, armature flux enters paths of higher per¬ 
meance, and flux linkages in the armature circuits are further reduced. 
Since time constants of amortisseur windings are small, currents 
induced in them are of short duration. Since the time constant of the 
field is large, induced field currents decay slowly. Figure 2 (taken 
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from reference 8) shows the relative attenuating effect of these two 
rotor time constants on direct-axis fundamental-frequency armature 
current during a three-phase short circuit. 



Fig. 2. Determination of and xi from test oscillogram. Curve shows envelope 
of symmetrical short-circuit phase-current wave. xl inversely proportional to 
initial current A, Dotted curve shows envelope of symmetrical current after high¬ 
speed transient has been subtracted, xa inversely proportional to B, 


Initial Conditions. At the first instant, the changes and A^g in 
the armature flux linkages due to sudden positive increments Aid and 
Ai^ in the direct- and quadrature-components of armature currents 
are 

A^d = — Xd^Aid = — JCd^(Aia cos 0 + Ai^ sin [32] 

A^g = —XqMq = ——Aia sin B + Ai^ cos 6) [33] 

where Aid and Aiq have been replaced by their values from [6] and 
[7] in terms of Ai^ and Ai^. 

If A^d and A^g from [32] and [33] are substituted in [14] and [15], 
A^a and A^/g in terms of Ai^ and Ai^g are obtained: 

== — Aia(xd^ cos^ 6 + Xq' sin^ B) — Aipix^ — Xq') sin B cos B [34] 

A^/g = —^ia{xd — Xq) sin B cos B — Li^ixJ sin^ B + Xq cos^ B) [35] 

Let X = \{xd + Xq) and y = |(xd' — Xq)\ then, Xd=x-\‘y and 
Xq ^ X y. If these substitutions are made in the above equations, 
cos^ B — sin^ B replaced by cos 2B, and sin B cos ^ by | sin 2B, there 
results 

A^a = — Aia(x + y cos 2B) — Ai^ y sin 2B [36] 

=5 — Aia y sin 2B — Ai^(x — y cos 2B) [37] 

The changes ACa and Ae^ in the a and P terminal voltages for sudden 
changes Aia and Aip in a and currents in the machine flowing toward 
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its terminals are obtained by substitution of [36] and [37] in [1] and [2]: 
ASa » — [r + + y cos 2^)]Ait* — [py sin 26 ]Ai 0 [is] 

Ae 0 a« — [py sin 2^]Aia — [r + p(x — y cos 20 ]Ai 0 [39] 

where 

X - and y = - ^q) 140] 

In a salient-pole machine without an amortisseur winding or its 
equivalent, xJ! = x^ and xj' — Xg = Xg, 

Equations [38]-[40] give initial relations between increments of a 
and p components of voltage and current at the machine terminals 
for a sudden change in any of these components. These equations, 
developed for initial conditions, are applicable at subsequent times if 
appropriate time constants are applied. They will be applied here 
during the first half cycle following an unsymmetrical short circuit 
to determine approximate overvoltages resulting from the short circuit. 
They have been used to determine circuit breaker recovery voltages® 
and ^harmonic currents and voltages resulting from unsymmetrical 
short circuits.^® 


UNBALANCED SHORT CIRCUITS 

If armature resistance (as well as rotor resistances) is neglected, 
[38]~‘[40] together with [24] can be used to determine the voltages 
which occur during the first half cycle following suddenly applied 
unsymmetrical short circuits. If and y'' defined in [40] and Xo in 
[24] include external reactance in series with the machine, transformer 
and line reactances up to point of fault will be included. By neglecting 
armature resistances the attenuation of armature transients is neglected, 
but their initial amplitudes are not appreciably affected. 

Machine Unloaded, Resistance and Capacitance Neglected 

Let the machine be operated at rated voltage and synchronous 
speed. 

Line-to-Line Short Circuit between Phases b and c. The fault 
conditions are: Ch — Cc] h — —^c*, 4 = 0. From [5] and similar 
voltage equations: io = 0; 4 = 0; = 0. At no load and rated 
voltage, // = 1, and from [30], just previous to the instant of short 
circuit, 

60 = If cos = cos 9 = cos (00 + 0 [41] 

If Ae 0 in [39] is replaced by — cos 0 (the negative of the voltage 
60 given by [41]), A4 by zero, and armature resistance neglected, 

p(x - y cos 20 )i 0 « cos ^ - cos (^o + 0 
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Integrating both sides of the above equation and solving for 
gives 

. sin 0 — sin Bq 
X — y cos 26 

From [38] with ia = 0, 

y sin 26 (sin 6 — sin 6o) 

— p TT 

jc — y cos 26 


The voltage Ca of the unfaulted phase = which is the sum of 6^ 
before the fault (given by [30] with // = 1 ) and LCa given above. 


= — sin ^ 


y sin 26 (sin 6 — sin 0 o) 


X — y cos 26 

(x— y cos 26) [2y cos 26 (sin 6 — sin ^o) 

+ ysin2^cosg] — 2y^ sin^ 26 (sin 6 — sin ^p) 

(oc — y cos 26)^ 

2y « 

= — sin^ T- —5 [x sin ^(cos 26 + cos^ 

{x - y cos 20)^ 

— y sin 0(1 + cos 26 cos^ — sin 6q {x cos 26 — y)] [42] 


= — sin ^ — 


The value ^0 of 6 at time t = 0 determines the flux linkages trapped 
in the /3 circuit. From [29], has its maximum value at / = 0 when 
^0 = ±7r/2 and its minimum value when = 0 or tt. 

Maximum Flux Linkages a/ / = 0. If ^0 = ^/2 is substituted in 
[42], 

2y 

eo = — sin ^ {sin 6 [x (cos 26 + cos^ 6) 

{x — ycos26)^^ 

— y (1 + cos 26 cos^ ^)] — {x cos 2^ — y)} [43] 

where 6 = 60 ^ t ^ (^/2) + L 

A graph of Ca versus time can be plotted for [43] which will show 
maximum and minimum values of Ca- Or, more simply, if [43] is 
differentiated with respect to 6 and de^jiB equated to zero, the value 
of 6 corresponding to maximum and minimum Ca can be obtained. 
If this differentiation is performed, it will be seen that cos ^ is a 
factor of deJdB*, therefore ea has a maximum or minimum value if 
cos ^ = 0, or ^ = ir/2 or fir. 

Ii 6 - 60 + t - ir/2 + / = ir/2, / = 0 and Ca in [42] is 


1 -y- (-X- y)] = -1 
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U $ ^ $0 + t ^ t/2 + t - fir, ^ With 9 in [42] replaced by 
fir, $a IS 


e«« 1 ~ 


2y 


(2x + 2y) « 1 -- 


4y 


Substitution of x and y from [40] in the above equation gives 


1 - 


2(4' x'') 


4' 


2Xq 

// 


n 


1 


[44] 


Equation [44] gives the maximum value of a® at maximum flux 
linkages at / = 0. This value occurs at ^ = ir or one-half cycle after 
the instant of fault. 

Minimum Flux Linkages at t = 0. U $o ^ 0 is substituted in [42], 
the term sin 6q(x cos 28 — y) disappears. If ^ — ir/2 is then 

substituted: 


2y(x + y) ^ ^ 2y ^ y - x 

(x yY X y y + X 


x'q 

Xd 


[45] 


Equation [45] gives the maximum value of ta with minimum flux 
linkages at / = 0. This value occurs at ^ = ir/2 or one-quarter cycle 
after the instant of fault. 

Equations [44] and [45] agree with those given by Doherty and 

Nickle.^i 


Problem 1. In a salient-pole machine without an amortisseur winding, xj[ = =® 

0.30 and Xq — Xq - Xq - 0.70 in per unit based on the machine rating. A line-to- 
line fault occurs at the terminals of the unloaded machine operated at rated speed 
and voltage. What is the peak value of the voltage of the unfaulted phase in per 
unit of normal peak voltage? 

Solution. The maximum voltage at maximum flux linkages from [44] is 


ea 


2 X 0.70 
0.30 


— 1 = 3.667 times normal peak voltage 


The maximum voltage at minimum flux linkages from [45] is 

ea ss — 5:^ as —2.333 times normal peak voltage 
0.30 

As the fault may occur at maximum or minimum flux linkages or at any intermediate 
value, the peak voltage of the unfaulted phase will be between 2.33 and 3.67 times 
normal, neglecting decrements, and will occur within the first half cycle. 


Even and Odd Hannonics. With flux trapped in the jS circuit 
there will be even harmonics including a d-c component and odd 
harmonics including a fundamental-frequency term. All harmonics 
are included in [43]. Only odd harmonics are present when tiie fault 
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occurs at zero flux linkages in the /3 circuit. Even harmonics are 
attenuated by the armature time constant; odd harmonics by the 
amortisseur and field time constants. (See Time Constants, Chapter 
VII.) In the above problem there is no amortisseur winding and, as 
the field time constant is large, the calculated voltage e® at minimum 
flu?c linkages which occurs one-quarter cycle after the instant of fault 
is substantially correct. The value at maximum flux linkages, how¬ 
ever, is too high because of neglecting the effect of the armature time 
constant in reducing even-harmonic components. 

Line-to-Ground Short Circuit on Phase a. The fault conditions 
are Ca = 0; 4= 0; 4 = 0. From [5], 

“ 0 ~ ~ 2l-o Bq ~ Cci [^fi] 

From [24], neglecting resistance, eo = “ xopio- After the fault, 

€(X ~ *“ Bq ~ XQptQ ~ 

From [30], before the fault, Ba — —// sin ^ = — sin B, 

ABa = the change in voltage because of fault 
= - (-sin fl) + ixoPia- 

If ABa is replaced by the above value and 4 by zero, [38] with r 
neglected becomes 

sin B + 2 ^opia = --pix + y cos 20)4 
p + X + y cos 20^ ia — sin 0 


Integrating both sides of the above equation, and solving for i 

2 (cos 0 — cos 0o) 


ICL = 


Xq "h 2x “b 2y cos 20 

Differentiating, we have 

— 2 sin B(xo + 2x + 2y cos 20) + 8y sin 20 (cos 0 — cos 0o) 


[47] 


(xo + 2x + 2y cos 


pta = 

ea = \xopici 

(xq -H 2 x + 2y cos 20) sin 9 — 4y sin 2ff (cos ff — cos Op) 

** (xo "I" 2x + 2y cos 20)^ 

[48] 

Ae/j s® —py sin 20ia — —y sin 29pia — 2yia cos 20 

(xo + 2x + 2y cos 20) sin 0 sin 20 — 1 

•J 


= 2y 


[4y + 2(xo + 2x) cos 20] (cos 0 — cos Oo) 
(xo + 2x + 2y cos 20)^ 


[49] 
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Before the fault, from [30] with // » 1 , ^ * 90 B 9. After the faulty 

Cfi >■ cos 9 + [50] 

where As/j is given by [49]. 

From [14] and [15] of Chapter I, with instantaneous voltages re> 
placing rms values, and Sq from [46], «(, and Ce are 


3 

V3 

3 V3 , 

[51] 

II 

'|es 

+ 

i|t^ 

1 

tt 

- 2 «a + — (cos 9 + Aep) 

3 

V3 

s Vs, 

[52] 

*0 “ 2 2 ~ 

~ 2 — T ^ 


where «« is given by [48] and Ae^ by [49]. 

The maximum values of a and e* given by [51] and [52], respectively, 
depend upon both Ca and C/j. Ca depends largely upon xq. From [48], 

if *0 = 0, e* = 0; if JCo = «a = —sin 0. 

Let *0 =*• Then »„ = 0 from [47], and A«,g = 0 from [49]. 

From [48], «« = —sin 0\ and from [46], Sq = —Co = sin 0. From 

[51] and [52], 

3 /— 

= T sin H—-- cos 0 = v3 sin (9 + 30®) 

3 . V 3 , 

Ce — -smO -— CQS 9 = V 3 sm (9 — 30") 

A A 


This is the familiar case of a ground fault on an isolated neutral system 
in which the voltages to ground of the unfaulted phases are Vs times 
normal line-to-neutral voltage. 

Let xo = 0. Then from [48], Ca = 0. For this case, ei, and Ce will 
have their maximum values when ep is maximum. The case of 
maximum flux linkages in the a circuit at the instant of fault will be 
considered. 

Maximum flux linkages in the a circuit at time ^ 0 occurs when 

^0 = 0 or it; see [29]. With d© = 0» the value of B at which e^ in (50) 
is maximum or minimum can be determined by substituting from 
[49] in [50] and equating the derivative of e^ with respect to $ to zero. 
If this is done, it will be seen that sin 0^0. Therefore «= 0 or ir. 
The maximum value occurs at ^ = ir and the minimum value at * 0. 

With + maximum value occurs one-half 

cycle after the instant of fault. At « ir and Bo « 0, 




4y(4yH-4g) 

(2* + 2y)* " " '^x + y 





Fig. 3. Line-to-ground fault — maximum 
voltage of the unfaulted phases in per unit 
of crest voltage before the fault with re¬ 
sistance and capacitance neglected. 


If Xq' = Xd the voltage of 
the unfaulted phases is reduced 
to y/Zjl times normal line- 
to-neutral voltage. If Xq = 

2xJ, le^l = |e.l = {Vl/2) _X 3 = 
2.60 times normal line-to- 
neutral peak voltage at maxi¬ 
mum flux linkage, neglecting 
decrements. 

Maximum voltages of the 
. unfaulted phases for a line- 
to-ground fault versus Xq jxd 
with x^jxd parameter are 
given in Fig. 3. With xolxd = 0 
or 00 , the equations are given 
above. (It is suggested that 
the student determine the value 
of d at which Ch or Cc is maxi¬ 
mum for values of xq between 
0 and 00 , and check the curves 
of Fig. 3.) 

Double Line-to-Ground Short 
Circuit on Phases b and c. 

This case is left for solution by 
the student (solved in refer¬ 
ence 10). 


Harmonic and Natural-Frequency Components. Equations [42] 
and [50] in the general case include d-c components, even- and odd- 
harmonic components and fundamental-frequency terms. The funda- 
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mental-frequfirtcy components can be determined with a good degt]|ee 
of precision by the method of symmetrical components. Even har¬ 
monics (including d-c components) result from flux trapped in the 
faulted phase or phases and are attenuated by the time constant of the 
armature. (See [31], Chapter VII.) In unbalanced faults on systems 
with appreciable capacitance, there will also be natural-frequency 
components which correspond to the natural frequencies of the loops 
formed by the unfaulted phase or phases. Natural-frequency com¬ 
ponents, like even-harmonic components, are attenuated by armature 
time constants. Odd harmonics are attenuated by rotor time con¬ 
stants. Odd harmonics are present after even harmonics and natural- 
frequency terms have disappeared. They are present as long as the 
unbalanced short circuit remains on the system because negative- 
sequence currents flowing in the armature of a synchronous machine 
in which and Xq are unequal generate positive-sequence third 
harmonic voltages which, with the unbalanced fault on the system, 
produce third harmonic positive- and negative-sequence currents. 
Third harmonic negative-sequence currents generate fifth harmonic 
positive-sequence voltages, which produce fifth harmonic positive- and 
negative-sequence currents. It will be shown that odd-order harmonic 
negative-sequence currents generate positive-sequence voltages of the 
next higher odd-harmonic order, whereas positive-sequence odd- 
harmonic currents above the fundamental generate negative-sequence 
voltages of the next lower odd-harmonic order. 

The highest overvoltages are obtained with unbalanced faults on 
open lines with capacitance. These voltages may be extremely high 
if there are third harmonic resonance and no limiting effects such as 
corona, loads, or voltage arresters. 

From the voltage curves obtained on the differential analyzer in 
reference 7, for unbalanced faults on open lines with capacitance it can 
be seen that the voltages in the first few cycles, if the decay of field 
flux linkages is neglected, are no higher than the values during later 
cycles after even harmonics and natural-frequency terms have become 
negligible. This is because some of the components initially oppose 
each other. In the region where the highest overvoltages occur (near 
third harmonic resonance) voltages require several cycles to build up 
to their peak values which occur after armature transients (even- 
harmonic and natural-frequency terms) have become negligible but 
odd harmonics remain. In such cases, or in any case where there are 
synchronous machines in which x!^ ^ it is of advantage to have a 
simple method for determining overvoltages resulting from funda¬ 
mental-frequency and odd-harmonic terms. 
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THE METHOD OF SYBOUBTRICAL COMPONBIfrS APPLIED TO THE 
DETERMINATION OF ODD HARMONICS 

This method is especially useful in estimating the magnitude of third 
harmonic voltages which, under certadn conditions, have been high 
enough to damage equipment during unbalanced short circuits. 
Before the method is described, a notation will be adopted and equa¬ 
tions derived for determining the voltages produced by positive- and 
negative-sequence currents of odd-harmonic order. 

Notation for Odd-Harmonic Sinusoidal Currents. In calculations 
involving sinusoidal currents and voltages of fundamental frequency, 
it is customary to use the voltage of phase a (or any other specified 
voltage or current) as reference vector. An analogous procedure will 
be followed in calculations involving instantaneous currents where 
fundamental frequency and odd harmonics only are to be considered. 
Phase a will be reference phase. The voltage Ca generated in phase a 
by d-c field current If will be reference for all odd-harmonic voltages 
and currents. Let Ca be written 

ea = -IfAnBl^YIfll [56] 

where ///tf is a vector revolving at synchronous speed, //is the d-c 
field current, assumed constant, and B is the position of the axis of the 
rotor measured in the forward direction from the axis of phase a. 
[=] indicates that the sinusoidal quantity on one side of it is repre¬ 
sented by the revolving vector on the other side. 

Let 

^nai = positive-sequence wth harmonic component of voltage of 
phase a 

ena2 * negative-sequence nth harmonic component of voltage of 
phase a 

inai = positive-sequence nth harmonic component of current of 
phase a 

ina2 = negative-sequence nth harmonic component of current of 
phase a 

where the first subscript n indicates the harmonic order (1, 3, S, 
7, etc.), the second subscript the reference phase a, and the third the 
sequence — 1 for positive and 2 for negative. 

With Ba given by [56] as reference, positive- and negative-sequence 
fundamental-frequency and nth harmonic components of voltage of 

* The symbol [»], as used here, is not established notation. 
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phase a will be written i , 

«iai *“ —Eiai sin (8 + ^l«l) [“] Eial/8_+^^ 

Slo2 “ ~Eia 2 sin (0 + (pi<i2) t“l E\a2h + ^laS 

-- tS71 

Snol ~ Ena\ Sin (tt6 + ^nal) I“] Enal /~4* <^nat 

Sno2 ®= ~Ena2 Sin («tf + 4>nal) ( = 1 Ena2 ln8 + ^na2 

where Enai indicates the crest of the positive-sequence sinusoidal 
voltage e„oi and Ena 2 that of the negative-sequence sinusoidal volts^e 
Sno2: ^nai and ^na 2 (which may have any value between 0“ and 360®) 
give the phase relative to Ca at the instant = 0. 

Let 


*nal = -Inal Sin { «^ -f 7„ai 


Inal COS (ne + Y»al) 


^na2 — Ina2 ^ “H ^na2 


Jno2 COS {nS + 6na2) 


where n indicates the odd-harmonic order (1, 3, 5, etc.)» and ynai and 
Sna 2 niay have any value between 0® and 360®. For convenience, 
positive- and negative-sequence currents are taken r/2 radians or 90® 
behind their respective voltages when 7 and S are zero. 

The operator dbj applied to a vector turns it through ±90®. If the 
revolving vector representing an instantaneous sinusoidal current cm: 
voltage is multiplied by ±j, its angular position is increased by ±90® 
relative to the revolving reference vector I//0. The new revolving 
vector now represents a new instantaneous sinusoidal quantity which 
is ±90® ahead of the initial one in phase. 

Let an instantaneous sinusoidal voltage e be written 

e = -Em sin (0 + a) [=1 Em /0 + a 

If the vector E„ /0 -4- a is multiplied by dbj, there results 

+ a = E„ /0 + « ± 90° [=1 - E„sm(0 + a± 90°) 

The new instantaneous voltJ^e —Em sin (ff -|- a ± 90°) is ±90° 
ahead of the initial instantaneous voltage e. 

Symbols L/l* and [ — Let the symbol [yl indicate that the phase 
of the instantaneous anusoidal quantity which it precedes is to be 
advanced by 90°; let y] indicate that it is to be retarded by 90°. 


* This is not established notation. 
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Thus 

[jl«= [j][-£msin(9 + a)] = -£„sin^0H-a+0 
= -£„cos (e + a) 

[—j¥nal = [-j[Inal COs(«tf + 7) = Inal COS + 7 - ^ 

= Inal sin {nS + 7 ) 


(59) 


Note : [j\ and [—jl are to be applied only to sinusoidal quantities. 


Voltages Produced by Positive- and Negative-Sequence Currents of 
Odd-Harmonic Order in Machines in which ^ Xg 

Equations [38] and [39] will be used as the connecting link between 
symmetrical components and direct- and quadrature-axis components. 
From equations [2S]-[32] of Chapter I, with instantaneous voltages and 
currents replacing vector values, 


ia = ial + ia 2 
H = - ia 2 ) 

Cal =!(««+ \jVi) 

^a2 ~ 


[60] 

[61] 


The above equations containing [j\ are applicable only to sinusoidal 
quantities. 

Equations [60] express ia and in terms of fundamental-frequency 
positive- and negative-sequence currents. The changes in a and 
currents due to positive- and negative-sequence currents of the wth 
harmonic order are 


Aia — inal “h ^na2 
AijS = *~Ii](inal ina2) 


[60a] 


The changes in positive- and negative-sequence voltages in terms of 
Aea and Acp are 


Acai = |(Aea + IMe^) 
Ata2 “ "2 


[61a] 


If Ata and Ae^ in [61a] are of fundamental frequency, Ae^i and Aco 2 
will also be of fundamental frequency; but if \{AtcL + UlAe^) and 
i(Aea — IjlAcfi) contain harmonics, Aeai and Aea 2 niay also have 
harmonics. Let ACai and Aea 2 therefore represent positive- and 
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negative-sequence voltages, respectively, of? indeterminate harmonic 
order until this order has been determined. 

Positive-sequence currents of fundamental frequency produce funda¬ 
mental mmf space waves in the direct and quadrature axes which are 
stationary with respect to the rotor. Direct-axis positive-sequence 
currents meet direct-axis reactance, and quadrature-axis positive- 
sequence currents meet quadrature-axis reactance. This is explained 
in Chapter VII. The following development is merely a test of [38] 
and [39]. 

Assume first that the positive-sequence currents are suddenly 
applied direct-axis currents which produce flux linkage in the armature 
windings opposite to those produced by the main field winding. This 
current, iiai, which lags by v/2 radians the generated voltage Ca given 
by [56], may be written 

*lal -/lol sin cos e [ = ] ha\ 

The mmf and flux linkages in the armature due to this current oppose 
those due to the field current //; this is taken into account by the 
negative signs in [32] and [33] and in [38] and [39] derived from them. 

Aia = ilal = Ila\ COS B — Ii COS B 

= — liJiiai = /lol sin B Ii sin B 

where Ii == lui represents the crest of the direct-axis sinusoidal 
current iiai. 

When Aia and are substituted in [38] and [39], 

ACa = -"/i[r + p(x + y cos 2B)] cos B ^ Ii {py sin 2B sin B) 

= —/i (r + px) cos B — Iiyp (cos 2B cos B + sin 2B sin B) 
a= —Ji (f + px) cos B — Iiyp cos 0 = —/[r -f p{x + y)] cos B 
Aep = —Iiipy sin 20 cos 0) — Ii[r + — y cos 20) sin 0] 

= —/i(r + px) sin 0 — I\yp sin 0 = —/i[r + p{x + y)] sin 0 
{j\Ae^ = -/i[r + + y)] cos 0 

If X and y in the above equations are replaced by their values from 
[40], {x + y) — Xd. When ACa and [j\Ae^ replace Ca and [j\e^ in [61], 
and p is replaced by j, 

Aeoi ~ +i^d^)/lol COS0 =T — (f "V 

Aea2 =* 0 



[ 62 ] 
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Equations [62] give expected results: Positive-sequence currents of 
fundamental frequency produce no negative-sequence voltages; the 
reactance x'i is met by suddenly applied positive-sequence currents 
which lag by 90® the reference voltage given by [56]. In a similar 
manner, it can be shown that suddenly applied quadrature-axis 
positive-sequence currents meet quadrature-axis reactance x'^. 

Negative-seguence currents of fundamental frequency, whether sud¬ 
denly applied or sustained, produce a fundamental mmf space wave 
which rotates backward at twice synchronous speed relative to the 
rotor. The conditions which govern the voltages produced by them 
are therefore always subtransient, regardless of how long an unsym- 
metrical fault remains on the system. Therefore, [38]-[40] can be 
used to determine these voltages. 

In accordance with the notation adopted in [58], 

tlo2 = ~Ixa2 sin 3 io2 ~ 2 ^ = COS {fi -+- S) 

where (for simplification in the development) and 6 replace Iia2 and 
fiioSi respectively. 

Aia = i\a 2 ~ I2 COS ifi 6 ) 

Aijj = [j 1 *io 2 — ~l 2 sin (0 -f- 8) 

When Ata and Aig are substituted in [38] and [39], 

ASa = —/ 2 (>' + px) cos (8 -h 5) 

~ l 2 Py [cos 2d cos (8 + 8) — sin 20 sin (0 -j- 8)] 

= + px) cos -f 8) — l 2 py cos (38 -|- 8) 

= —hii" + jx) cos (8 -f- 8) -h 3l2y sin (38 -f 8) 

Acfi == / 2 (»' + px) sin (8 + 8) 

— I 2 py [sin 28 cos (8-1-8) -f cos 28 sin (8 -f 8)] 

= hif + jx) sin (8 -h 8) — 3l2y cos (38 -f- 8) 

lj]Aefi — l 2 (r + j*) cos (8 -f- 8) -1- 3l2y sin (38 -]- 8) 

Substitution of ACa and \j\Aefi in [61a] gives 

ASai •“ 3/2y sin (38 -f- 8) = — 3/2(—y) sin (38 -h 8) 

" 3 / 2 (—y) cos ^38 ^ + 2 ) “ 

etei “ 3 Ji .2 ~ cos {30 + 8,„2 + [63] 
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Aeios jx)J2 C08 4* 8) •“ — 4' j * ^ ^ *i«* 164] 

Negative-Sequence Reactance x^. For an ideal s 3 mc]ironous ma* 
chine, which is here assumed, the negative-sequence reactance Xt, 
defined'" as the ratio of the fundamental-frequency negative-sequence 
reactive armature voltage produced by negative-sequence current of 
fundamental frequency to this current, from [64], is 


*2 = 


ft , // 

Xd + *a 


(65] 


In an actual machine, X 2 is given approximately by [ 6 S]. In a 
salient-pole machine, without an amortisseur or its equivalent, 
and acj' — Xq - Xg. 

Positive-Sequence Third Harmonic Voltages Produced by Negative^ 
Sequence Currents. From [63], negative-sequence current of funda¬ 
mental frequency produces a positive-sequence third harmonic voltage 
e^ai of magnitude 3l2(—y) = 3l2[{Xg — Xd)/2], which (when 
Xq > Xd) is 90® or ir /2 radians ahead of iia 2 at the instant 9 = 0. Its 
phase at 9 = 0 relative to the reference voltage Ca given by [56] can be 
determined when 82 is known. Thus, if iia 2 lags Ca by 90®, 82 = 0 and 
« 3 oi is in phase at 9 = 0 with ««; but if iiog leads c® by 90®, 82 — 180® 
and Czai is 180® out of phase with Co at 9 = 0. 

Negative-Sequence Currents of Odd-Harmonic Order above the 
First. The fundamental space wave of mmf due to third harmonic 
negative-sequence currents rotates backward at three times syn¬ 
chronous speed relative to the armature; it therefore rotates backward 
at four times synchronous speed relative to the rotor. Similarly the 
fundamental mmf space wave due to negative-sequence currents of the 
»th odd-harmonic order rotates backward at n + 1 times synchronous 
speed relative to the rotor. The conditions in the machine are there¬ 
fore subtransient, and [38H40] apply. By a development similar to 
that for negative-sequence currents of fundamental frequency, it can 
be shown that negative-sequence currents ina 2 of any odd-harmonic 
order n generate positive-sequence voltages of the next higher odd- 
harmonic order (» + 2) of magnitude «(—y)/na 2 which (when 
Xg > Xd) lead in phase by 90® at 9 = 0 the currents which produce 
them. 

It can likewise be shown that the reactance met by the negative- 
sequence wth harmonic current is nxz where X 2 is given by [ 65 ]. 

* For other definitions of xa see “ The Negative-Sequence Reactances of an Ideal 
Synchronous Machine,** by William C. Duesterhoeft, AJ,E.E, Transit Vol. 68, 1949. 
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With negative-sequence currents tnoz of the »th odd-harmonic order 
in the machine. 


t»o2 = Ina2 COS («9 -f- 8„„2) 

C(n+ 2 )<»i = (» + 2)(—y)7„a2 cos [(« -|- 2)0 + 5„o2 ■+■ 90“] 

( ft //v 

ft , ft 

Xn2 ^ nx = n --- 


7„a2 cos [(» -h 2)s 4- 5„o2 + 90®] 


[ 66 ] 


[67] 


It will be noted that the magnitude of the positive-sequence harmonic 
voltE^e given by [66] varies directly with the magnitude /„o2 of the 
negative-sequence current producing it. This current is subject to 
attenuation by rotor time constants but as long as an unbalanced short 
circuit remains on the system (as long as there are negative-sequence 
currents) positive-sequence odd-harmonic voltages will be generated. 

Negative-Sequence Voltages Generated by Positive-Sequence Cur¬ 
rents of Third or Higher Harmonic Order. Let the positive-sequence 
third harmonic current izai = h cos {36 -f 7). Then 

A 4 = t3oi = h cos (36 -I- 7) 

Atu = - [jlhai = h sin (36 -1- 7 ) 

From [38] and [39], where p = d/dt, 

Aca = —/ 3 (r + px) cos (3^ + 7 ) — Ispy [cos 20 cos (3^ + 7 ) 

4 - sin 26 sin {36 -]- 7 )] 

= —h{r + px) cos {30 4 - 7 ) — hpy cos {0 4- 7) 

= —h{r+ j3x) cos {30 -b 7 ) - hy cos + T 4- 

Aep = —/ 3 (r 4 - px) sin {30 + y) — hpy [sin 26 cos {36 4* 7 ) 

— cos 26 sin {36 -]- 7)] 

= -h{r + px) sin {30 4- 7 ) 4- hPy sin {6 4- 7 ) 
s= -h{r + jSx) sin {36 4- 7 ) 4- hy cos {6 4- 7 ) 

liJActf = -/a 4 - J3x) cos (3^ 4- 7 ) - y cos 4- 7 + 
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Substitution of Asa and in [61a] gives 

Asai = -h(r +jix) cos (30 + y) - -(r + j3*)*8al 

= - j3 ^ j ^ [6g] 

ACo 2 = -hy cos ^0 + 7 + = 73 (-y) cos ^0 + 7 + 




From [68], third harmonic positive-sequence currents flowing in the 
machine meet the reactance 3x = 3[(:>cy + xJ)/2]. From [69], third 
harmonic positive-sequence currents generate negative-sequence 
voltages of magnitude haii^-y) = hai[{x'^' — x'/)/2] which (when 
Xq > Xd) lead by 90° at ^ = 0 the currents which produce them. By 
a similar development, it can be shown that positive-sequence currents 
Inal of any higher odd-harmonic order n generate negative-sequence 
voltages of the next lower odd-harmonic order (w — 2) of magnitude 
[{—y)(n — 2)Inai] which (when Xq > xj) lead by 90° at ^ = 0 
the currents which produce them. The reactance met by positive- 
sequence current of odd-harmonic order n above the first is nx 2 - If 

^nal “ Inal COS (w^ -j- 'ynol)» [^0] 

^(n-2)a2 = ~ 2)/nal] COS — 2)9 + 7nol + 

(xJ + X^q\ 

Xni = nx 2 ^ n (- - -1 

where n is odd and greater than unity. 

Method of Symmetrical Components. When the method of sym¬ 
metrical components is applied to the determination of fundamental- 
frequency voltages and currents during balanced and unbalanced short 
circuits, direct-axis reactances are customarily used for the positive- 
sequence reactances of synchronous machines. Thus x'/, x^t and Xd 
are used for the positive-sequence reactance xi of the machine under 
initial, transient, and sustained conditions, respectively. This is 
strictly correct only when the positive-sequence currents in the machine 
are entirely direct-axis currents or the reactances in the two axes are 
equal. In the usual case, positive-sequence currents resulting from 
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short circuits are largely direct-axis currents, so that the error in using 
only direct-axis reactance in such cases is relatively unimportant. 
Moreover, the rapidity and ease of solution of short-circuit problems 
would be greatly impaired if two reactances were used for the positive- 
sequence reactances of all synchronous machines in a system instead 
of only their direct-axis reactances. The method as conventionally 
applied neglects the effect upon fundamental-frequency currents and 
voltages of the voltages generated by positive- and negative-sequence 
currents in machines in which ^ for example, the negative- 
sequence voltages of fundamental frequency generated by positive- 
sequence third harmonic currents. However, such effects are small, 
and the error in neglecting them does not appreciably affect calculated 
fundamental-frequency voltages and currents in the Usual short- 
circuit problem. A possible exception may occur at or near third 
harmonic resonance. 

Determination of Odd-Harmonic Voltages Resulting from Unbalanced 

Faults 

(1) In a system of any complexity, calculate fundamental-frequency 
voltages at any desired system points by the conventional method of 
symmetrical components, using the generated voltage of phase as a 
reference vector. Include in these calculations the negative-sequence 
currents in all synchronous machines in which x'/ 9 ^Xq\ 

(2) From [66], calculate the third harmonic positive-sequence 
voltages in magnitude and phase generated in all synchronous machines 
in which ^ Xq by the negative-sequence currents of fundamental 
frequency calculated under 1. 

(3) With the generated third harmonic voltages calculated under 2 
acting in the synchronous machines of the system in which x'/ 9 ^ Xq, 
determine by the method of symmetrical components the third har¬ 
monic voltages at any desired system points under given fault condi¬ 
tions, using three times fundamental inductive reactances and one- 
third fundamental capacitive reactances. As an approximation, use 
3x2 (three times the negative-sequence reactance) for the reactance of 
synchronous machines to both positive- and negative-sequence third 
harmonic currents. Include in these calculations the third harmonic 
currents in all synchronous machines in which Xi x'l- 

(4) From {66], calculate the fifth harmonic voltages in ms^nitude 
and phase generated in all S3mchronous machines in which x'i 7 ^ x'^ by 
the third harmonic negative>sequence currents calculated under 3. 

(5) With the generated fifth harmonic voltages calculated under 4, 
proceed ?is in 3, using fifth harmonic reactances instead of third. 
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By proceeding in this manner until increnn^nts of voltage become 
negligible, positive-sequence odd-harmonic voltages generated by 
“ first-calculated *’ negative-sequence currents can be determined in 
magnitude and phase relative to the reference vector and superposed 
at any value of 0 to obtain resultant positive-sequence voltage at any 
desired system point. ** First-calculated ** negative-sequence currents 
refer to those calculated under 1, 3, 5, etc., above. 

It will be noted from [69] and [71] that positive-sequence third 
harmonic currents generate negative-sequence voltages of fundamental 
frequency, and positive-sequence fifth harmonic currents generate 
negative-sequence voltages of third harmonic frequency, each positive- 
sequence harmonic current of odd order higher than the first generating 
a negative-sequence voltage of the next lower odd-harmonic order. 
The combined effects, and resultant effects, on system overvoltages of 
these generated voltages will in general be small relative to those 
produced by “ first-calculated ” negative-sequence currents. Neglect¬ 
ing them will not greatly alter the magnitude of the calculated volts^es 
in the usual system where resistances, capacitances, and inductances 
are present. And to include them greatly impairs the rapidity and 
ease of solution by this method. To illustrate: 

The fifth harmonic negative-sequence voltages generated by posi¬ 
tive-sequence seventh harmonic currents, with an unbalanced short 
circuit on the system, produce positive- and negative-sequence fifth 
harmonic currents. The former generate negative-sequence third 
harmonic voltages, the latter positive-sequence seventh harmonic 
voltages. These voltages, with the fault on the system, produce 
positive- and negative-sequence currents of their respective harmonic 
order which in turn generate negative-sequence voltages of lower 
harmonic order and positive-sequence voltages of higher harmonic 
order. To include the total effect upon the resultant calculated 
voltage at any specified system point of all positive- and negative- 
sequence components of voltage resulting from “ first-calculated ” 
positive-sequence harmonic currents would be laborious and, in general, 
unnecessary. A possible exception might occur with third harmonic 
resonance.* In this case, fundamental-frequency voltages calculated 
by the conventional method of symmetrical components would also 
be in error. 

Even harmonics and natural-frequency components of current and 
voltage are not included in this symmetrical component method. 
When these components, which are attenuated by armature time 

* The need for further study of this subject is indicated. 
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constants, are present, they do not affect the magnitudes of the initial 
fundamental-frequency and odd-harmonic components of voltage, but 
they do affect the resultant volt^^es which contain all components. 
It is only after armature transients, when present initially, have become 
negligible that resulting system voltages consist only of odd-order 
harmonics; and at this time, the currents induced in amortisseur 
windings by suddenly applied positive-sequence currents will have 
become negligible. If voltages after the first few cycles following an 
unbalanced short circuit are to be determined, direct-axis transient 
reactance Xd should be used for positive-sequence reactance Xi in 
determining fundamental-frequency currents; under sustained con¬ 
ditions, Xd is used for Negative-sequence reactance X 2 , however, 
is X 2 = 3,nd the reactance to nth. harmonic positive- and 

negative sequence currents is nx 2 , regardless of how long the short 
circuit remains on the system. Also, the reactance —y = ■- Xd) 

always applies in determining harmonic voltages generated in a 
machine in which xj 9^ Xq by negative-sequence currents. See [66]. 
In a salient-pole machine without an amortisseur winding, Xd = 
and Xq — x\ — Xq, In the special case of no even harmonics and no 
natural-frequency components, such as will occur at zero flux linkages 
in the faulted loop at / = 0 and negligible capacitance in the system, 
only odd-harmonic components of voltage will be present. In such 
cases maximum voltages during the first half cycle can be approxi¬ 
mately determined by using Xd for positive-sequence reactance x\ in a 
machine with an amortisseur in determining fundamental-frequency 
currents and voltages. In a salient-pole machine without an amortis¬ 
seur winding, Xd is used for xi during the initial cycle as well as in later 
cycles. 

Symmetrical Three-Phase System under Previously Balanced 
Operation. Consider, for example, that power is being supplied from 
a synchronous generator in which x'd' 9^ Xq through transformers to a 
system of appreciable capacitance in which positive- and negative- 
sequence impedances can be assumed equal, and that an unbalanced 
short circuit occurs at F on the line side of transformers. The problem 
is to determine the phase voltages to ground at F for various types of 
short circuits. The first step in the procedure is to determine the 
fundamental-frequency phase voltages at F and the negative-sequence 
current J 02 in the generator by the conventional method of sym¬ 
metrical components, using the internal voltage of phase a as reference 
vector. 

Positive-, Negative-, and Zero-Sequence Harmonic Impedance 
Diagrams. Wheqi the unbalanced fault occurs at the terminals of the 
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generator-end transformer, it is convenient to reduce harmonic im¬ 
pedance diagrams to two impedances viewed from F, the point of fault: 
one toward the transformer and one toward the external system. 
Under the assumption that positive- and negative-sequence nth 
harmonic currents meet the same impedance Zn *= r 2 + jnx 2 in a 
synchronous machine and that positive- and negative-sequence system 
harmonic impedances are equal, positive- and negative-sequence 
harmonic impedance diagrams will be the same for any odd harmonic 
n, where n is greater than unity. 

Let 

r + pX2 = positive- and negative-sequence impedance of generator 
and transformer in series, viewed from F 

fo + pXQ = zero-sequence impedance viewed from F toward the 
transformer 

Zu{p) = positive- and negative-sequence impedance viewed from 
F toward external system 

2^o«(P) = zero-sequence impedance viewed from F toward 
external system 

where X 2 and xq are fundamental-frequency reactances, and p pre¬ 
ceding them is to be replaced by jn for any odd harmonic n greater 
than unity. Zu{p) and Z^^ip) are calculated separately for each odd 
harmonic. The determination of Zu{p) and Zodp) will be discussed 
later. For the present let it be assumed that they are known, or can 
be determined, for any given harmonic. 

Coxmection of Component Networks to Represent Unbalanced Short 
Circuits. Under the assumption of identical positive- and negative- 
sequence impedance networks for a given harmonic, a and jS impedance 
networks are also identical, each being the same as the positive- 
sequence network. The connection of the component network for 
determining currents and voltages of a specified harmonic order is 
analogous to that given in Chapter X of Volume I for determining 
currents and voltages of fundamental frequency. 

For any odd-harmonic order greater than unity, let ia» and ic be 
phase currents flowing into the fault. Let e®, eft, and Be be phase 
voltages to ground at the fault. Let e^, e^, Bq and io, io be a, 
and 0 components of voltage and current, respectively, at the fault. 

Line-to-Ground Fault (Phase a). The fault conditions are 


ib = ie * 0; ea « 0 


im 



ALPHA, BETA. AND ZERO COMPONENTS 


[Ch. VIII] 


From [13H18], Chapter I, 

*13 = 0; - 2to; e* « —eo [73] 

The connection of the a and 0 networks to represent fault conditions 
is given in Fig- 4, where r + pxo and Zot(p) are each divided by 2; 
the network is unaffected by the fault. The applied voltages ea(p) 



--Io*2lo 


Fig. 4. Equivalent circuit for line*to>ground fault for use in determining harmonic 

currents and voltages. 


and ep{p) « are each equal in magnitude to the positive- 

sequence voltage of the specified harmonic order generated in the 
synchronous machine by negative-sequence currents of the next lower 
odd-harmonic order. 


ZERO POTENTIAL 
FOR a-NETWORK 


ZERO^ POTENTIAL 


)ea(P) 


ag 


:„(P) 


@^PH«a(P) 

5r ♦ pxf 


■ 

.. I a 


z„(P) 

-1 


Fig. S. Equivalent circuit for line-to-line fault for use in determining harmonic 

currents and voltages. 


Line-to-Lme Fault (Phases b and c). The fault conditions are 
ih = —ic; ia = 0; Ch = Cc 
From [13H18], Chapter I, 

« io « 0; e/j » 0 [741 

The a and networks for this condition are shown in Fig. S; the 0 
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network is not involved. The a network is nnaffected by the fat^t. 
The network is short-circuited at the point of fault. 

Double Line-to-Ground Fault (Phase b and c). The fault condi¬ 
tions are 

*« «■ 0; Sb B s« ■■ 0 


From [13H18], Chapter I, 

«i9 = 0; Ca = 2eo; 4 — —*o [75] 

The connection of the a and 0 networks for these conditions are shown 
in Fig. 6, where r pxo and Zot{p) are each multiplied by 2. The 
network is short-circuited at the point of fault. 


ZERO POTENTIAL 



ZER0J>0TENTIAL 
FOR F-NETWORK 


Cr + px, 


t'a 






Fig. 6. Equivalent circuit for double-line>to-ground fault for use in determining 
harmonic currents and voltages. 


Resonance to Harmonics. From Figs. 4, 5, and 6, resonance to 
the nth harmonic can be determined. For the line-to-ground fault, 
resonance may occur in the unfaulted circuit or in the a circuit; for 
the line-to-line or the double-line-to-ground fault, resonance can occur 
only in the a circuit. 

For a line-to-ground fault resonance in the a circuit will occur when 

^ r ^0 + P^Q Zo^(p) 

nx 2 = negative reactance component of-r—» — 

and Zu(p) in parallel 
In the 0 circuit, it will occur when 

nxa o negative reactance component of Zu(p) 
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For a Hne-to*line short circuit, resonance will occur in the un¬ 
faulted a circuit when 

nx 2 = negative reactance component of Zu(P) 

For a double-line-to-ground short circuit resonance will occur in 
the a circuit when 

nx 2 = negative reactance component of 2(ro +7^Co), 2Zoe(/>), 
and Zu(p) in parallel 

Harmonic Impedances and Admittances of Transmission Circuits. 

Positive- and zero-sequence capacitive susceptances of overhead 
transmission circuits vary directly with frequency. Positive-sequence 
inductive reactances of overhead, non-magnetic transmission circuits 
vary directly with frequency; but this is not true of zero-sequence 
reactances. 

Zero-Sequence Impedances. Carson’s equations for the self¬ 
impedance of a conductor with earth return and the mutual impedance 
between two conductors with common earth return (Volume I, page 
372) apply at all frequencies. If terms in Carson’s equations involving 
height of conductors above ground are neglected, Zoo, the zero- 
sequence self-impedance of a three-phase circuit without ground wires, 
can be determined from [28H32], Chapter III, of this volume. 

Z^OO ” Zaa—o + 2Zab^o 

= r + 3Rg + j(xi + Xaa—0 + IXah^o) 

Expressed in ohms per mile, 

Zoo = r + 0.00477/ 

+ jr/j^6.28L,- -f- 0.0350 -|- 0.0140 logic 

where / = frequency in cycles per second 

r = resistance of conductor in ohms per mile 
Li = internal inductance of conductor in henries per mile 
{Xi = lirfLi) 

d = diameter of conductor in inches 
5 — geometric mean spacing between conductors in feet 
p = earth resistivity in ohms (meter cube). 

The terms involving height of conductors above ground’ neglected in 
[76] are functions of //p. The error in neglecting these terms in cal¬ 
culating 60-cycle zero-sequence reactance is small for values of p 
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higher than 10. See Fig. 3(d), page 379, Volume L It will likewise 
be small in calculating 60-cyc!e wth harmonic zero-sequence reactance 
if p is higher than 10». Thus, if p = 100 or more, [76]' can be used 
with only slight error to calculate 60-cycle harmonic zero-sequence 
impedances up to the ninth when there are no ground wires. In the 
case of a given circuit, with or without ground wires, any nth harmonic 
zero-sequence reactance at the given value of p will be n times the 
fundamental-frequency reactance calculated for a value of p equal to 
1/w times the given value of p. 

Determination of Zu{p) and ZQe{p). Zu{p) and Zoeip) viewed from 
the fault, corresponding to any harmonic, can be determined from the 
equivalent T’s (Volume I, Chapter VI) of the transmission circuit 
with their load ends closed through the corresponding harmonic im¬ 
pedance of the load, including load-end transformer. 

Third harmonics are the most important of the harmonics resulting 
from unbalanced short circuits. Third harmonic voltages of the 
unfaulted phases or phase vary directly with the magnitude of the 
third harmonic positive-sequence voltage e^ai generated in synchronous 
machines in which Xd ^ Xq by fundamental-frequency negative- 
sequence current /a 2 i but they are very much higher than e^ai when 
there is resonance to third harmonics. For resonance to occur with a 
line-to-line short circuit (a circuit, Fig. 5) the third harmonic inductive 
reactance of the load must be higher than the third harmonic positive- 
sequence capacitive reactance of the line, so that their parallel value 
and Zieip) will be capacitive. This will be the case when the load end 
of the line is open, and it may occur when the load is very light. Under 
normal load, this condition is unlikely to exist. For the line-to-ground 
fault in a solidly grounded system, the conditions for resonance in the 
unfaulted P circuit of Fig. 4 are the same as those for the unfaulted a 
circuit of Fig. 5. With the line open at the load end, resonance will 
occur in both circuits if the fundamental-frequency positive-sequence 
capacitive reactance Xci of the line is approximately 9 times the funda¬ 
mental-frequency negative-sequence reactance X 2 of generator plus 
transformer viewed from the fault. 

With the fault at the terminals of the generating-end transformer, 
and the system solidly grounded, third harmonic resonance will not 
be possible in the a circuit of Fig. 4 or 6 for the usual system, because 
the third harmonic zero-sequence impedance viewed from the fault 
will normally be inductive. In an ungrounded system, resonance in 
the a circuit of Fig. 4 for a line-to-ground fault is possible, even for a 
relatively low third harmonic reactive load impedance. However, 
in an ungrounded system, the fundamental-frequency negative- 
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sequence current Ia 2 will be small, and the positive-sequence third 
harmonic voltage e^ai generated by it will likewise be small so that, 
even with resonance, the resultant third harmonic phase voltages are 
not likely to be large. For a double-line-to-ground fault in an un¬ 
grounded system, Ia 2 is approximately the same as for a line-to-line 
fault, and resonance is possible in the a circuit of Fig. 6. 

The approximate third harmonic resonance regions for various 
types of faults are given in Fig. 7, with Xcilx 2 as abscissa and xulx 2 as 
ordinate, where 

X 2 = fundamental-frequency negative-sequence reactance of gen¬ 
erator plus transformer viewed from the fault 

Xe\ = fundamental-frequency positive-sequence capacitive reactance 
of the transmission line 

Xu = fundamental-frequency positive-sequence inductive reactance 
of load, including load-end transformer 

The small a and 0 diagrams to the right of the curves were used to 
determine the third harmonic values of Zu{p) and Zoc(/>), respectively, 
viewed from the fault point F. The inductive line impedances arc 
omitted in these diagrams. Their inclusion will modify the resultant 
curves but slightly, as they are small relative to other system im¬ 
pedances. Fundamental-frequency positive- and zero-sequence ca¬ 
pacitive reactances Xd and Xcq, respectively, are divided by 3 to obtain 
their third harmonic values. Xu is multiplied by 3 to obtain its 
third harmonic value. The zero-sequence third harmonic reactance 
of the load, including load-end transformer, indicated by ix^e, is 
taken equal to 3xi«. These assumptions in regard to the load re¬ 
actance are arbitrary, as is also the assumption that the third harmonic 
zero-sequence reactance Sxq viewed from F toward the sending-end 
transformer is one-half 3^2, where 3x2 is the corresponding positive- 
sequence third harmonic reactance. Modifications in these arbitrary 
assumptions will modify the resonance regions indicated by the curves 
of Fig. 7 which are given merely as approximate resonance regions. 
For any given problem, more exact calculations, based on assumptions 
which apply to that particular problem, can be made. 

Problem 2. A 60-cycIe 10,000-kva salient-pole generator without amortisseur 
winding is connected through a transformer to a 110-kv, 30-mile, open-circuited 
transmission circuit. In per unit, based on generator rating, 0.30; Xq « 

« 0.70; ri « 0.01; ** 0.03; transformer impedance » 0.01 -fiO.OSS. 

The transformer is connected A~Y, with the neutral of the Y on line side solidly 
grounded. The three-phase transmission circuit is 4/0,19-strand hard-drawn copper; 
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r » 0.276 ohm per mile; d » 0.528 inch; 5 » 15 fe8t; earth resistivity p 100 
ohms (meter cube); average height of conductor above ground is 45 feet. There 
are no ground wires. 

For what type or types of short circuit at F, the terminals of the transformer on 
the line side, will there be high third harmonic voltages? 


o 





Fig. 7. Approximate third harmonic resonance regions for various types of faults. 
A, line-to-ground fault, grounded system xq = X 2 / 2 , xoe = acie, Cq * O.6C1; B, line- 
to-ground fault, grounded system, xq = X 2 / 2 , xoe = ^ie» Co = Ci\ C, double-line-to- 
ground fault, grounded system, xo * 2 / 2 , JCoe = Cq = O.6C1; D, double-line- 
to-ground fault, grounded system, xq = 31 C 2 / 2 , xoe =* xie, Cq = Ci\ E, line-to-line or 
line-to-ground fault; F, double-line-to-ground fault, ungrounded system, Co * O.6C1; 
G, double-line-to-ground fault, ungrounded system, Co == Ci; H, line-to-ground fault, 
ungrounded system, Co = O.6C1; /, line-to-ground fault, ungrounded system, Co « Ci« 


Solution, The 60-cycle transmission line constants are 

Zi « 30(0.276 +7*0.822) « 8.28 + i24.7 ohms 
Fi » 30(0 + j5.1S)10-“» * 0 +7*154.5 X 10-« mho 
Zo « 30(0.562 + 72 . 73 ) » 16.9 + 78 I .9 ohms 
Fo - 30(0 + 72.83)10~« « 0 +7*84.9 X lO^* mho 
The 180-cycle transmission line constant Zo is 

Zo « 30(1.135 + 7*7.58) « 34.0 +7*226.4 ohms 
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Based on 10,000 kva and 110 kv in the transmission circuit, the 60-cycle per unit 
impedances are 

(gen + trans) *= 0.02 + 7*0.385 
Z 2 (gen -f trans) « 0.04 + jO.SSS 
Zo (trans) = 0.01 -h 7*0.085 
i Zi (line) - 0.003 +7*0.010 

•— (line) = 0 — 7*5.35 

I Zo (line) = 0.007 +7*0.034 


— (line) = 0 - 7 * 9.75 
■To 

With the line represented by its nominal T, at 60 cycles, 


Zu (1) (line)+—(line) 


0.003 -7*5.34 


Zoe (1) = ^ Zo (line) + — (line) = 0.007 -7*9.72 
Yo 

The 180-cycle per unit values are 

Zi = Z 2 (gen + trans) =* 0.04 +7*1.755 
Zo (trans) » 0.01 +7*0.255 
i Zi (line) = 0.003 4-i0.030 
J Zo (line) = O.OH +i0.094 
With the line represented by its nominal T, at 180 cycles, 

Zu (3) = i 2i (line) +■+ (line) = 0.003 -^1.753 
3 Jr 1 

Zo, (3) - J Zo (line) + (line) = 0.014 - j3.1S6 
3^0 

When calculated values are substituted in the a, and 0 networks of Fig. 4, it 
will be seen that a condition of near resonance exists in the unfaulted network. 
High third harmonic voltages are therefore to be expected with a line-to-ground fault. 
For a line-to-line fault, there will be near resonance in the a circuit of Fig. 5, with 
resultant high third harmonic voltage on the unfaulted phase. The actual magnitude 
of the resultant voltages will be limited by corona and transformer and generator 
losses and will not be as high as calculated. 
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CHAPTER IX 

SYSTEM PROTECTION—RELAYS 


The successful operation of a power system is dependent upon the 
maintenance of adequate insulation for all live conducting parts. 
Despite all efforts on the part of system designers and operators to 
prevent a breakdown of insulation, failures at present do occur. For 
a power system to continue the supply of power to its consumers after 
a fault, it is essential that the section of the system containing the 
fault be isolated promptly from the remainder; or the system must 
be so arranged and operated that an insulation failure is not followed 
by a flow of short-circuit current. Although the latter procedure is 
possible in a few instances, through the use of Petersen coils (Volume 
If 176), in a great majority of cases it is necessary to disconnect 
the faulted section from the remainder of the system. It is the task 
of the protective relays and their associated circuit breakers to accom¬ 
plish this. The chief function of system protection is to enable the 
continued rendering of service to consumers by segregating a faulted 
section as quickly as possible. Fortunately, a successful service- 
protective system also accomplishes the desirable result of minimizing 
damage to equipment at the point of fault or elsewhere; but, in 
general, the chief emphasis is upon the protection of service and not of 
apparatus. 

To minimize the disturbance to the remainder of the system when a 
circuit is switched out of service, the area disconnected should be as 
small as possible. In other words, the minimum number of circuit 
breakers and only those nearest the fault should be opened. Because 
of the many and varied types of disturbances which may occur in a 
power system, and the large number of circuits of different character¬ 
istics which are controlled by relays, there are many types of relays. 
These are continually being improved or replaced by others better 
suited to maintaining continuity of service. 

It is only because of differences between fault conditions and normal 
conditions that relays are able to detect the presence of a fault, locate 
it, and operate the breakers which disconnect it from the system. To 
insure protection against all types of faults, such as short circuits 
involving one or more conductors, open conductors, simultaneous 
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short circuits, more than one system of relays may be used oh 
circuits which are important in the maintenance of continuity d 
service. These systems of relays may be coordinated so that, if the 
main system does not operate to clear the fault, a back-up system 
will come into action. 

DETERMINATION OF RELAY PERFORMANCE 

The three factors which determine relay performance are 

1. System conditionsi such as voltages and currents, at relay 
locations. 

2. Intermediate devices, such as potential transformers and current 
transformers, which supply the system quantities to the relays in a 
form usable by them. 

3. Characteristics and range of operation of the relays. 

This chapter is concerned with the methods of calculating system 
conditions only. It will be assumed that both the relay characteristics 
and the degree of fidelity of the information given to the relays are 
known. 

CURRENT AND VOLTAGE RELAYS 

The system quantities most often used by protective relays are 
currents, voltages, and combinations of current and voltage. Current 
relays may use line currents or components thereof, such as symmetrical 
components. Similarly, voltage relays may use line voltages or com¬ 
ponents thereof. 

Methods of determining initial symmetrical rms phase currents and 
voltages and their positive-, negative-, and zero-sequence (or aPO) 
components of current and voltage at any system point are given in 
Volume I for all types of short circuits, for one and two open con¬ 
ductors, and for simultaneous faults of various types. By applying 
these methods, the required initial quantities at the relay can be 
determined in cases where d-c component, natural-frequency terms, 
and harmonics are unimportant. Subtransient reactances are used in 
such calculations to determine initial symmetrical rms quantities. 
When relay operation is delayed and there are no appreciable power 
swings, transient reactances replace subtransient in calculations. 

RELAYS RESPONSIVE TO BOTH CURRENT AND V0LTA6B 

The response of relays energized by combinations of current and 
voltage (directional distance, for example) may be determined by 
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study of current, voltage, and phase angle but, because three variables 
are involved, the determination of the response is complex. Although 
the absolute magnitude of current or voltage cannot be entirely 
ignored, the problem is greatly simplified by considering the ratio of 
voltage to current. The expression “ impedance seen by the relay ” 



Fig. 1. Diagrams showing boundaries of trilling (within heavy lines) for (a) 
impedance relay with directional element; (6) offset impedance relay with directional 
element; (c) reactance relay with mho-type starting element; (d) mho relay. 

has been widely used in the literature to signify the ratio at the relay 
of the voltage and current for which the relay is connected. If the 
ratio of voltage to current is used, the number of variables is reduced 
to two, thereby permitting plotting on a single impedance chart with 
resistance and reactance as abscissa and ordinate, respectively. On 
this chart, the characteristic curve of the limit of operation of the relay, 
and the system impedances seen by the relay under specified operating 
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conditions, are plotted to the same scale. If^ the system impedatice 
seen by a relay falls within the boundary of the characteristic cur^ 
of the relay, the relay will operate; if it falls outside this boundary, 
the relay will not operate. This method of determining relay per* 
formance is given by J. H. Neher^ in a paper on the performance of 
distance relays, in which he plots the characteristic curves of the 
boundary of operation of various types of relays in terms of resistance 
and reactance. 

Figure 1 (parts a, 6, c, and d) indicates characteristic curves of the 
limit of operation of four types of directional distance relays. All of 
them are set to protect approximately 90 per cent of the line between 
the relay location at the origin 0 and the terminal of the section of 
line at T. Either the impedance relay, Fig. 1(a), or the offset- 
impedance^ relay, Fig. 1(6), will operate when the system impedance 
seen by it falls within its circular characteristic and is above and to 
the right of its directional element. The reactance-type relay. Fig. 
1(c), will operate for system impedances which fall below its constant 
reactance straight line and within the circumference of its starting 
unit. The mho-type^ relay, Fig. 1(d), will operate for system im¬ 
pedances which fall within the circumference of its circle which passes 
through the origin 0 with its diameter at an angle with the x-axis. 

All the relays in Fig. 1 are adjustable as the diameters of the circles 
can be varied; adjustment is also possible of the location of the centers 
of the circles in Figs. 1(6), 1(c), and 1(d). 

POWER SWINGS 

When a fault occurs, only those relays which control the faulty 
section should trip. During a fault, and also after a circuit is switched 
out of service, the synchronous machines of the system undergo 
changes in the relative positions of their rotors. With constant 
internal generated voltages, the phase angles between these voltages 
will vary until a new condition of equilibrium is established; or, if the 
disturbance is sufficiently severe, loss of synchronism will result. In 
cases where there will be no loss of synchronism, it is important that 
those relays which do not control the faulty section refuse to trip during 
power swings while the fault is on the system and also after it has 
been cleared. 

Equivalent Two-Machine System 

For determining the performance of distance-type transmission-line 
relays during power swings, many three-phase power systems can be 
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represented by two equivalent synchronous machines having balanced 
generated voltages Ea and Eb connected by a three-phase linear net¬ 
work. With such power systems, the boundary of operation of a relay 
and the system impedances seen by the relay during power swings can 
be expressed in the same terms and plotted on the same chart. Volt¬ 
age and current connections of the relay, system characteristics, 
operating conditions, and relay location determine the system im¬ 
pedance seen by the relay; the restraining elements and the settings 
define the limit of operation of the relay. Consider a relay connected 
for specified voltage and current and whose boundary of operation is 
given in terms of resistance and reactance as in Fig. 1. All ratios of 
the specified voltage to the specified current seen by the relay during 
power swings can be indicated on an impedance chart and the boundary 
of operation of the relay superposed. When the system impedances 
seen by the relay fall within its boundary of operation, the relay will 
trip; if they fall outside, it will not trip. 

Assumptions. The methods given later of deriving equations and 
constructing impedance charts apply to any three-phase system which 
can be replaced during power swings by two equivalent synchronous 
machines with balanced generated voltages Ea and Eb, connected by 
a three-phase linear network with the relays located at any point R 
in the network and a fault (if present) at any point F, In reducing a 
given system to one having two equivalent power sources, synchronous 
machines which can be represented by the same impedance in the 
direct and quadrature axes, and linear representation of loads, will be 
assumed. Initial transients, including d-c and natural-frequency 
components and the effects of saliency in synchronous machines during 
power swing will be neglected. Under these assumptions, there will 
be no harmonics because of saturation of other non-linear effects, or 
from unequal impedances in the two axes of rotating machines. Initial 
transients will be of short duration in the usual transmission system 
because of the relatively high ratio of resistance to reactance. Ea and 
Eb will be balanced sinusoidal voltages of fundamental frequency back 
of a single impedance in each of the two equivalent power sources, the 
phase angle between them varying during power swings. In the usual 
transient swings, transient impedance is assumed; but, for swings 
which are long relative to the field time constants, an impedance higher 
than transient impedance may be a better representation. 

Relay Connections. Equations for the impedances seen by the 
three relays at any system location R are expressed in terms of the 
voltages and currents for which the relays are connected. Phase 
voltages and currents in these equations are replaced by their com- 
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ponents of voltage and current in the system of components chosen 
for system analysis. (For illustration see [21H271.) ^ 

System Data. System characteristics and operating conditions 
(including type of fault and its location) determine the components 
of voltage and current at the relay location R in terms of the applied 
voltages Ea and Eb and system impedances and admittances. 

Equations for System Impedances Seen by Relays during Power 
Swings. If the components of voltage and current at the relay, in 
terms of Ea and Eb^ are substituted in the equation determined by 
relay connections, an equation for the impedance seen by the relay 
during power swings is obtained. 

General Equation. The general equation for the impedance Zr 
seen by a relay at any point i? in a two-machine three-phase system, 
with or without a fault on the system, may be written 

Ir^ GaEa - GbEb ^ ^ 

(Note that [33] which is the ratio of [31] to [32] can be expressed in the 
form of [1].) 

In [1], positive direction of current is from A to B, Ea and Er are 
balanced internal voltages of fundamental frequency in the two equiva¬ 
lent synchronous machines of the system. Hai Hb^ Ga^ and Gb, 
under the stated assumptions, are constant coefficients which depend 
upon relay connections, system characteristics, operating conditions, 
and relay location. As the numerator in [1] represents a voltage and 
the denominator a current, Ha and Hr are complex numbers and Ga 
and Gb complex admittances. 

Special Case, Equation [1] is applicable during power swings under 
symmetrical system conditions to a circuit or a section of the system 
between terminals A and B if Ea and Er are balance terminal voltages 
of fundamental frequency at A and 5, respectively. In this case, 
the magnitudes of Ea and Er as well as the phase angle between them 
will vary during power swings. 

Equation [1] may be expressed in terms of EaIEr or EbJEa, which¬ 
ever is preferred. 



The equations in [2] are general. As given, they define the ratio of 
voltage to current. Similar equations, however, may be used to define 
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the ratio of two currents or of two voltages, or any ratio which can be 
expressed in the general form of [1]. 

For any given relay location R and operating conditions (including 
type and location of fault), Ha/Ga, and HbIGb are constant im¬ 
pedances because they are ratios of complex numbers to complex 
admittances. GaIGb (or GbIGa), being the ratio of two admittances, 
is a complex number. 

Let 


II 

[3a] 

II 

[3b] 

II 

[ 3 c] 

II 

[ 3 d] 


If the above equations are substituted in [2], the impedance Zr seen 
by a relay at R becomes 


Zr 


Z, 


EaK 

Eb 




1 


£il_ 

Eb 

' EaK 


[4] 


where Z*, Z,, and Z„ = Z* + Z* are impedances, and K in the general 
case is a complex number. In special cases, Z* or Z* may be zero, or 
K may be unity. If positive direction for current is from JB to ^4, 
instead of from A to B, the signs of the above equations for Zr will 
be reversed. 

In terms of magnitudes and angle, let Z* = \Zx\ /6x, Zt = |Z^| / 0^, 
Z„=1Z,|/^, K=\K\lh, EaIEb = \EaIEb\1}, EbIEa = \EbIEa\I- h, 


where bars enclosing a quantity indicate its magnitude only, and 3 is 
the angle by which Ea leads Eb- With complex impedances and ratios 
in polar form, [4] becomes 


Zr — \Zz\ /6x 


\Zy\ /9y 


EaK 


Eb 


A + gfc 


= -\Zx\lh 


\Zy\lh. 


1 - 


Eb 


EaK 


7-8 -gfc 


[4tt] 
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Equations [4] and [4a] give Zn in two diffefent forms which are ijot 
independent of each other. Either form can be obtained from the 
other, since Zy = Z* + Z,. 


CONSTRUCTION OF SYSTEM IMPEDANCE CHARTS 

System impedance charts, based on [4], can be constructed when 
Zxj Zz, Zy ^ Zx Zz^ and K have been determined. Two methods 
of obtaining these constants will be discussed later. For the present, 
let it be assumed that these constants are known or can be determined. 

Figure 2 shows a system impedance chart constructed from known 
values of Z^, Z«, Zy, and K. This chart will be used to illustrate the 
procedure in the construction of system impedance charts, which is 
the same with or without a fault on the system. 

Two points on the impedance chart can be obtained by equating 
first Ea, and then Eb, to zero. From [4], with Ea = 0, 

Zfi = Z, - Z, = ~Z, [5] 

With Eb = 0, 

Zr = Zz = Zx “h Zy [6] 

In Fig. 2, — Zjc locates point A, corresponding to = 0; this 
point can also be located by Zz — Zy, Zz locates point corre¬ 
sponding to = 0; this point can also be located by — Z* + Zy. 
The line AB connecting points A and B and measured from A to B 
has the magnitude and slope of Zy = \Zy\ /By, The origin represents 
R the location of the relay. Points A and B represent the terminals 
at which the voltages Ea and Eb, referred to the relay, are applied. 
Ea and Eb are balanced internal generated voltages in the equivalent 
two-machine system, with or without a fault on the system, or balanced 
voltages at the terminals of a circuit under symmetrical system con¬ 
ditions. 

Let 

0 = 3 + or 3 = 0 — [7] 


where 3 is the phase angle by which Ea leads Eb, and is the angle of 
K when written K = \K\ /0k» 


Substitution of [7] in [4a] gives 
Zr = \Zi^[^ 



\Zv\lh 

1 - 

EaK 

Eb 

— "T- 

l± 1- 

Eb 

EaK 
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A third pc»nt M in Fig. 2 can be obtained from [8], if \Ea/Eb\ ™ 
\\./K\ and ^ «= i + * 180®. Then the denominator of either 

fraction in [8] is 2, and 

Zb = M = Z. - ^ = -Z. + 19] 

Either of the impedance equations in [9] locates M at the midpoint 
of the line AB. This point is shown in Fig. 2. 



Fig. 2. System impedance chart in ohms. 


For known constants Z„ Zy, Z,, and K, there are two variables in 
[8]: the ratio \Ea/Eb\ and the angle 6 in 0 = 5 + 

Circles for Constant Values of \Ea/Eb\- For any constant value of 
\Ea/Eb\ and all values of the angle ^ = d + between 0® and 360®, 
the denominators of the fractions in [8] are equations of circles. It 
has been shown,* and proof is given in Appendix C, that the reciprocal 
(A the equation of a circle is also the equation of a circle. The constant 
numerators of the fractions in [8] multiply centers and radii of the 
circles; the constant first term is added to the centers of the circles 
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but it does not change their radii. If r is the ^gth of the radius and 
C is the center of the circle referred to the origin and Zb is expressed 
in terms of EaIEb, from [C-9] and [C-10] of Appendix C, with A 1 
and B = \EaK/EbI 


r 


\Zy\ 


EaK 

Eb 



[ 10 ] 



Zy 

(z -^\ + h 

EaK 

Eb 

2 

+ 1 

1 - 

EaK * 

Eb 


EaK 

Eb 

2 

- 1 


Ill] 


The line of centers of the circles for constant values of \Ea/Eb\ is 
given by [11]. The term in parentheses, Zz — {Zy/2), locates the 
midpoint of ^45; the term following it locates C along the line -45, or 
AB extended. If MC is the distance from M to C measured along the 
line of centers AB (extended) in the direction MB, 


MC = 


Zy 

EaK 

Eb 

2 

+ 1 

2 

EaK 

Eb 

2 

- 1 


[ 12 ] 


If \EaK/Eb\ is greater than unity, MC in [12] will be positive and 
will be laid off in the direction MB, If MC is negative, it will be laid 
off in the direction MA . 

In Fig. 2, let X be the intersection of the circumference of any 
circle of radius r with AB, and MX the distance measured from M 
to X in the positive direction MB, If the outer bars enclosing the 
denominator in [10] are removed, and [10] then subtracted from [12], 
^he distance MX is 


MX^\^\ 


r 

EaK 

-12 

_1 

L 

Eb 



EaK 

2 

- 1 


Eb 


EaK 

- 1 

Eb 

EaK 

+ 1 

Eb 


[ 13 ] 


If \EaK/Eb\ is greater than unity, MX is poative and will be laid 
off along AB in the direction MB. If \EaK/Eb\ is less than unity, 
MX will be n^ative and will be laid off in the direction MA. Tlds 
is shown in Fig. 2 for \EaK/Eb\ “ 1.50 and 0.75, respectively. MX 
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given by [13] and MC given by [12] will always be measured in the 
same direction from Af. When radii are long relative to the length 
i4B, instead of using [11] or [12] to locate C, a higher degree of pre¬ 
cision can usually be secured (if one is not an expert draftsman) by 
laying off MX calculated from [13] and then adding r given by [10] 
to find the center C of the circle which cuts AB dXX. 

Table I gives r and MX in terms of \Zy\ corresponding to \EaK/Eb\ 
where r is the length of the radius and MX is the distance from Af, the 
midpoint oi AB, to X, the intersection of the circle with AB, 

In terms of \Eb/Ea\, the equations for r and MX are 


r = 


AfJf= 


\Zy\ 

Eb 

EaK 

1 - 

Eb " 
EaK 


1 - 

Eb 

EaK 

1 -f- 

Eb 

EaK 


[14] 


[15] 


If \Eb/{EaK)\ is less than unity, MX and MC (= \MX\ + r) will 
be laid off along AB (or AB extended) in the positive direction MB. 
If \Eb/{EaK)\ is greater than unity, MX and MC will be laid off 
in the negative direction MA. As \Eb/{EaK)\ is the reciprocal of 
\EaK/Eb\, circles for values of \Ea/Eb\ and \Eb/Ea\ which are 
reciprocals of each other will be identical. This is shown in Fig. 2 
where the circles are labeled in terms of both \Ea/Eb\ and \Eb/Ea\- 
If \Ea/Eb\ = \\/Kl \EaK/Eb\ = \Eb/{EaK)\ = 1; and from [10] 
or [14], r = 00 . From [12], MC = <». The circle, in this case, 
becomes a straight line perpendicular to AB. As MX from [13] or 
[IS] is zero, the straight line passes through M and is the perpendicular 
bisector of the line AB. This straight line GMII is shown in Fig. 2. 

Arcs of Circles^ for Constant Angles 8 Between and Eq. The 
second term in either of the equations in [8] can be equated to \/D if 
numerator and denominator are divided by \Zy\/By. From the 
second equation of [8], with —0 replaced by —5 — djc, 


D 



Eb 

EAKZy 


7-8 - ft - 


[ 16 ] 


where |Zy(, fly, |ir|, and Bk are constants. For a constant value of i 
but variable values of \Eb/Ea\ between 0 and oo, P in [16] is a straight 



Radh and Intersections with AB of Circles for Constant Values of \Ea/Eb\ in Terms of 



* r U the ladiuB of the cirde; X is its intersection with AB. See Fig. 2. MX is the distance from M the midpoint of AB to JT in the positive MB, 

The center of the drde C is on AB (extended). MC has the sign of MX, \MC\ » r + \MX\, 
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line. This line passes through |l/Zy| /—gy and has a slope 180® — 
(i + jb + $y). It is shown* in Appendix C that, if the equation of 
an admittance is a straight line extending to infinity in both directions, 
its reciprocal is the equation of a circle which passes through the origin. 
In the special case of a straight line which passes through the origin, 
the reciprocal is a circle of infinite radius, i.e., a straight line. 

As \Eb/Ea\ is always positive, the straight line representing the 
admittance D for a constant value of h extends to infinity in one 
direction only as \Eb/Ea\ varies from 0 to «. Its reciprocal l/D is 
therefore the equation of an arc of a circle, not a complete circle. The 
first term in [8] changes the center of the arc but does not change its 
radius. The equations of [8], for any constant value of h and ratios 
\Eb/Ea\ between 0 to oo, are therefore the equations of arcs of circles. 

It is shown in [5] and [6] that the impedance Zr is — Z, = Z* — Zy 
when Ea = 0, and—Z^ + Zy — Zz when Eb = 0. These impedances 
are indicated in Fig. 2 by points A and B, respectively. As these two 
values oi Zr are independent of the angle h by which Ea leads Eb, the 
arcs for all values of 3 must pass through the points A and B. The 
centers of all arcs will therefore lie on the perpendicular bisector GMH 
of the line AB. The line GMH in Fig. 2 is the curve for \EaK/Eb\ == 
\Eb/{EaK)\ = 1; it is also the line of centers of the constant b arcs. 

The intersection of the constant b arcs with their line of centers 
GMH can be obtained if \Eb/{EaK)\ in [8] is replaced by unity. Let 
X' indicate the point of intersection; then referred to the origin 
is given by the equation 

+ 1 ^ ;- f” . . ^ 

1 — /—0 1 — cos <l> + j sm ^ 


„ Zy(l — COS 0 — j sin . 
*'*' 2(1 - cos«) 



(‘ 


_ . sin 0 \ 

1 — cos <l>/ 

\Zv\/eu - 90° 

0 

2 tan — 

2 


[17] 


• Equations [C-131 and [C--14] of Appendix C were not available to the author 
at the time reference 5 was written. The original development is given here to 
illustrate a method of procedure which may be useful in other connections. The 
student can develop [19] and [20] more simply by using [C~13] and [C~I4]. 
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Ml 


The first two terms in [171 locate M at the midpoint of AB. TT»e third 
term gives the distance MX', measured from M to X' along a line 
perpendicular to Zy at M, i.e., along the line GMH. The 
MX' from M to X' measured along the line GMH in the positive 
direction MH is 


MX' 


1^.1 

2 tan ^ 
2 



[181 


If cot (^/2) is positive, MX' is positive; if cot (^/2) is negative, 
MX' is negative. This is indicated in Fig. 2 where MX' is positive 
for values of 0 between 0® and 180®, and negative for values of ^ 
between 180® and 360®. The intersections X' are shown for ^ = 60® 
and 240®. 

From [181 ^nd Fig. 2, the angles AX'M and BX'M are each equal 
to 0/2. If C' is the center of the arc, the angles AC'M a.ndBC'M 
will each be equal to 0 (an angle inscribed in a circle is one-half the 
angle at the center subtended by the same arc). The distance MC^ 
is therefore 


MC' = 

2 tan 0 2 tan (5 -f Ok) 



[191 


If cot 0 is positive, the center C' is in the direction MH', if cot 0 is 
negative, C' is in the direction MG. Values of 8 or of 0 = 3 
which differ by 180® will have the same center C'; but, from [181, 
their intersection X' with GMH will be on opposite sides of M. The 
complete circle is divided into two arcs by points A and B which are 
common to all 8 arcs. This is shown in Fig. 2, where the arcs for 0 = 
60® and 0 = 240® have the same center C' but their intersections X' 
with GMH are on opposite sides of M. 

When the center C' has been located, the radius r' is equal to the 
distance from C' to A or B. The equation for the radius r' is 


= C'A - C'B = 


\Zv\ 


\Zy\ 


|2 sin 0| |2 sin(8-I-0ife)| 


[201 


To construct charts for constant values of \Eb/Ea\ or \Ea/Eb\ and 
8, the assumed value of \Eb/Ea\ is divided by K to obtain \Eb/ (Eii^T)!, 
or the assumed value of \Ea/Eb\ is multiplied by |jK^| to obtain 
\EaK/Eb\, and the assumed value of 8 is added to Ok to obtain 0 » 
8 -f Ok- Circles for qonstant values of \Eb/{EaK)\ or \EaK/Eb\ and 
arcs for constant values of 0 are then constructed but circles and arcs 
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are graduated in terms of |£b/£^| or \Ea/Eb\ and 3, respectively. 
This is illustrated in Fig. 2, where circles and arcs are labeled in terms 
of \Ea/Eb\, \Eb/Ea\ and 3, as well as in terms of \EaK/Eb\ and 
Table II gives MC\ the distance of the center of the arc C' from 
M, measured along GMH, the perpendicular bisector of AB, in terms 

TABLE II 

Location of Centers of Arcs for Constant Values 
OF S IN Terms of | | = AB and <A = * + 9* 



*MCl\Zy\ 

= h-\-dk 

*MC'/\ Zy 1 

= 54"^* 

*MC'/\Zy\ 

0, 180 

00 

60, 240 

0.2887 

120, 300 

-0.2887 

5, 185 

5.715 

65, 245 

0.2332 

125, 305 

-0.3501 

10, 190 

2.836 

70, 250 

0.1820 

130,310 

-0.4196 

15. 195 

1.866 

75, 255 

0.1340 

135,315 

-0.5000 

20, 200 

1.374 

80, 260 

0.0882 

140, 320 

-0.596 

25, 205 

1.072 

85, 265 

0.0437 

145, 325 

-0.714 

30, 210 

0.866 

90, 270 

0 

150,330 

-0.866 

35, 215 

0.714 

95, 275 

-0.0437 

155, 335 

-1.072 

40,220 

0.596 

100, 280 

-0.0882 

160, 340 

-1.374 

45,225 

0.500 

105, 285 

-0.1340 

165, 345 

-1.866 

50, 230 

0.4196 

no, 290 

-0.1820 

170, 350 

-2.836 

55,235 

0.3501 

115, 295 

-0.2332 

175,355 

-5.715 


* MC' Is the distance from M the midpoint of .4.3 to C' the center of the arc on GMH. See Fig. 2. 
MX' is the distance from M to X', the intersection of the arc with GMH in the positive direction MH. 
If 0 is between 0" and 180**, MX' is positive; if ^ is between 180** and 360**, MX' is negative. 


of 4> and |Zj,|; and the sign of MX' is indicated. For values of 0 not 
included in Table II, MC' can be calculated from [19], and the sign 
of MX' determined from [18]. 

General Impedance Chart® A general chart for determining the 
system impedances seen by relays during power swings was first sug¬ 
gested and constructed by A. J. McConnell. 

Reference to [10]-[15] and [18]-[20] will show that when points 
A and B corresponding to = 0 and Eb = 0, respectively, have 
been located, the set of circles for constant values of \Eb/(EaK)] or 
\EaK/Eb\ and the arcs for constant values of <l> = d + 6k can be 
determined from the length and slope of the line AB which represents 
the impedance Zy = |Zy|^. If line AB is taken as unity or 100 per 
cent, and a chart constructed with complete sets of circles and arcs 
of circles for constant values of \Eb/{EaK)\ or \EaK/Eb\ and 
4^ S + Bkf respectively, this chart can be used for any system if 
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impedances are expressed in per unit of a 'base impedance equal to 
|Zyl =* AB, The general chart is shown in Fig. 3 with line AB in a 
vertical position. The length AB = |Zyl in this chart is S cm. Any 
convenient length may be selected. There are no coordinates on the 
chart. It consists of circles and arcs of circles and the straight lines 
AB (extended) and GMH perpendicular to AB at its midpoint Jlf. 
The circles are graduated in terms of \EaK/Eb\, the arcs in terms 
of 0 = 3 + Ok- 

Use of General Impedance Chart. After Zg, |Zy|, \K\, and 
$k have been calculated, — Z^. and Zg are then expressed in per unit of 
base ohms, where \Zy\ = base ohms = 1.0 in per unit. On a chart 
in rectangular coordinates, with resistance and reactance in per unit 
as abscissa and ordinate, respectively, in which unity length = |Zy| 
is equal to the length ^45 on the general chart, the origin 0 and points 
A and B are located. If the rectangular coordinate paper is thin, it 
can be placed over the general chart so that points A and B on the 
rectangular coordinate paper coincide with A and B of the general 
chart. The circles on the general chart, graduated in terms of 
\EaK/Eb\ or \Eb/{EaK)\, can be interpreted in terms of \Ea/Eb\ or 
\Eb/Ea\i by dividing or multiplying, respectively, the indicated value 
by l2iC|. The arcs can be interpreted in terms of h by subtracting 6k 
from the indicated value of <t>. The circles and arcs which are re¬ 
quired can be traced on the rectangular coordinate paper. Illustra¬ 
tions of this use of the general impedance chart are given in Problems 
1 and 2. 


CONSTANTS Z*, Z„ Zy, AND K 

The constants Z^, Z^, Zy, and K required in the construction of 
system impedance charts can be determined when relay equations and 
system conditions are known. The first step in the procedure is to 
write the three relay equations in terms of the voltages and currents 
for which the relays are connected. These equations are then ex¬ 
pressed in terms of the components of the system of components to be 
used in system analysis. The given system is reduced to an equivalent 
two-machine system and the one-line diagrams of its required com¬ 
ponent networks drawn. 

As there is a wide choice of the voltages and currents for which the 
relays may be connected, the procedure in writing relay equations will 
be illustrated for assumed relay connections. 

Line-to-line voltages and their corresponding delta currents are 
advantageous because the system impedance viewed from the relay 
will be the same on three-phase, phase-to-phase, to two-phase-to- 
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ground faults in a symmetrical three-phase linear system having equal 
positive- and negative-sequence impedances, provided the fault in¬ 
volves the phases to which the relay is connected.® And this is 
approximately true even when positive- and negative-sequence im¬ 
pedances are unequal. 

When distance relays are used for protection in case of single-phase- 
to-ground faults, they may be supplied with line currents and their 
corresponding line-to-ground voltages. 

Relay Equations. With the relays connected for line-to-line voltages 
and their corresponding delta currents, the three relay equations at 
R are 


^cb “ 
^ae ~ 
^ha ~ 


Vet 

Vt- 

Vc 

[21] 

h - Ic 

h - 

Ic 

Vac 

Vc - 

Va 

[22] 

II 

1 

Ic - 

la 

Vta 

Va - 


[23] 

11 

1 

la - 

h 


where V and I in the above equations are sinusoidal voltages and 
currents, respectively, of fundamental frequency at R; subscripts a, 
J, c refer to phases a, ft, respectively; and phase order is abc. 

The three impedance equations given by [21]-[23] in terms of phase 
quantities are expressed in terms of their positive- and negative- 
sequence components and also in terms of their a and components 
(see Chapter I) by the equations 


h-Ic 

^ Vc- Vg 
Ic-Ia 


_ Vg- Vb 
la-h 


iVal- V<^2) ^ Vg_ 

{lal-Iai) h ^ ^ 

^UVal + Va2)-KVaX- Vai) _ V3F„+ 

V3(/„i + /„2)-j(/„l-/a2) V3/«+//J 

^{Val+Va 2 )+jiVal- Va 2 ) _ Vp 

V3(/<.l+/a2)+j(/al-/«2) V3/« ” 


where components of voltage are line-to-neutral voltages and com¬ 
ponents of current are line currents. 

In a symmetrical system with no unsymmetrical fault there are only 
positive-sequence currents and voltages. For this condition, [24H26] 
are represented by a single equation: 


Zs “ Zch ^ Zca — Zffc 


lal 


[27] 



ICH.IX1 POSITIVE-SEQUENCE DIAGRAMS 3^5 

Equation [27], developed for specified relay Connections, is applical^le 
to any relay connections where the impedance Zjt seen by the three 
relays at R under symmetrical operation is determined by the ratio 
of positive-sequence line-to-neutral voltage to positive-sequence line 
current at R. Relays connected for line current and their cor¬ 
responding line-to-ground voltage come under this classification. 

During unsymmetrical faults, [24H26] in terms of components of 
current and voltage are applicable for the relay connections assumed. 
For any other voltage and current connections, equations for the 
impedances seen by the three relays at R can be expressed in terms 
of the components of voltage and current of the selected system of 
components. The choice of the system of components is optional. 

System Impedance Diagrams 

In the reduction of a three-phase power system to an equivalent 
two-machine system, the assumption is made that synchronous 
machines can be represented by the same impedance in their direct 
and quadrature axes. From this assumption, it follows that the 
negative-sequence impedances of the two equivalent synchronous 
machines may be assumed equal to their positive-sequence impedances. 
In the special case where Ea and Eb (hereinafter indicated by Va 
and Vb) are balanced voltages at the terminals A and J5 of a symmetri¬ 
cal three-phase circuit in a symmetrical system, the assumption of 
equal positive- and negative-sequence impedances is not required. 

The assumption of a three-phase linear network with linear repre¬ 
sentation of loads between Ea and Eb does not exclude linear unsym¬ 
metrical static circuits in the two-machine system. Methods of treating 
such circuits are discussed briefly at the end of this chapter. Under 
the assumption of a symmetrical linear network between the two 
equivalent synchronous machines which have equal positive- arid 
negative-sequence impedances, the negative-sequence impedance dia¬ 
gram of the system and also the a and /8 impedance diagrams will be 
the same as the positive-sequence impedance diagram. 

Positive-Sequence Diagrams. Three types of symmetrical three- 
phase linear networks between Ea and Eb will be considered: (1) 
a general network, (2) a network in which there is no connection 
between Ea and Eb except through the relays at R, (3) a single circuit 
of negligible capacitance. In reducing the positive-sequence diagram 
of a given system to one having two equivalent power sources, the 
identity is retained of the point R at which the relays under considera¬ 
tion are located, and of the fault point F, if a fault is to be applied. 

The positive-sequence diagram of a general symmetrical three-phase 
linear system with two power sources, or their equivalents, can be 
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(0) - NO FAULT 



(b) - SOLID FAULT AT F 


Fig. 4. Positive-sequence diagrams of a general symmetrical linear system between 
terminals At B, and neutral N, represented as a box with section pRq of the circuit 
at R shown outside the box. In ( 6 ), the point of fault F, also shown outside the 

box, is shorted to neutral. 



NEUTRAL N 
(o) - NO FAULT 



NEUTRAL N 
(b) - NO FAULT 



Fig. 5. Positive-sequence diagrams of a symmetrical linear system with no con¬ 
nection between A and B except through the relays at R. Represented in (a) by 
two three-terminal networks, in (b) by two sets of general circuit constants, and in 
(c) by three three-terminal networks with a fault to neutral at F. 


A. 

Za 

R F 

B 

r 

Ea 



? 

A 

^A 

NEUTRAL N 
( 0 ) 

F . p 


r 

_L 


_L 

Eb 

_L 


NEUTRAL N 
(b) 


Fig. 6 . Positive-sequence diagrams of a single circuit of negligible capacitance 
between Ea and £ 5 . R and F are relay and fault locations, respectively. 
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POSITIVE-SEQUENCE DIAGRAMS 


m 


represented as a single-phase network having terminals A and B lat 
which voltages to neutral Ea and £ 5 , respectively, are applied; when 
capacitance and constant impedance loads are present, there will be 
one or more terminals connected to neutral N, Figure 4(a) shows 
the positive-sequence diagram of a general network between B, and 
N with no fault on the system. In Fig. 4(ft), a solid fault is indicated 
at £. In these diagrams, the general network is represented as a 
box with three terminals. A, By and iV, brought outside the box; a 
portion pRq of the circuit on which the relays are located is also shown 
outside the box. Points p and q are on opposite sides of the relays 

A R s A R B 


NEUTRAL N 
( 0 ) (b) 

Fig. 7. Positive-sequence diagrams of a single symmetrical three-phase linear 
circuit between terminal voltages Va and Vb- («) Relay location i? at 4. (h) Relay 

location RdXB. 

at R but at negligible distances from R, Vr is the voltage to neutral 
at Ry and Ir is the line current at jR, positive direction of current being 
from p to g, which is also from A to B. In Fig. 4(ft), a portion of the 
circuit at the fault F is also shown outside the box. 

Figure 5(a) is the positive-sequence diagram of a system without 
a fault which can be separated into two parts which have no connec¬ 
tion with each other except through the relays at R, The portions 
of the positive-sequence network on each side of £, shown as three- 
terminal networks, may contain constant impedance loads or line 
capacitance, or both. The impedance shunts Zc and Z/ may be either 
inductive or capacitive; if there is neither capacitance nor constant 
impedance loads, they become infinite. In Fig. 5(ft), the positive- 
sequence diagram of Fig. 5(a) is expressed in terms of two sets of 
general circuit constants. In Fig. 5(c), a solid fault is indicated at 
F. Figures 6 (a) and 6 (ft) are special cases of Fig. 5(a) in which 
capacitances and constant impedance loads are negligible. In Fig, 
6 (a), the point F at which a fault will be applied is between R and 
Eb\ in Fig, 6 (ft), F is between Ea and R, 

Figures 7(a) and 7 (ft) are special cases of Fig. 5 (a) in which Va 
and Vb are terminal voltages (not internal generated voltages) at 
A and B, the terminals of a symmetrical three-phase linear circuit 
of appreciable capacitance with relays located at A and B, respectively. 
In systems which cannot be replaced during power swings by two equivcUerU 



NEUTRAL N 
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power sources^ system impedance charts can be constructed from Figs. 
7(a) and 7(6) in terms of \ Va/Vb\ or \ Vb/Va\ and the phase angle h 
by which Va leads Vb ; but some auxiliary means, such as an a-c net¬ 
work analyzer, will be required to determine the range of \Va/Vb\ 
during power swings under given conditions of operation. 

Methods of Evaluating Z^^ Zy^ and K 

Two methods will be given for evaluating the constants 
Zy ^ Zx + Zz, and K required in the construction of system impedance 
charts based on [4] or [4a]. Either method is applicable to any relay, 
connected for any specified voltage and current, located at any point 
2? in a three-phase power system with or without a fault at any point 
F on the system, provided the assumptions previously given in regard 
to the system are applicable. 

First Method. In this method, the components of current and volt¬ 
age at the relays in terms of system impedances are derived for the 
given system operating under given conditions and substituted in the 
relay equations. The resulting equations give the impedances seen 
by the relays in terms of Esy and system impedances. These 
equations are written in the form of [1], and Ha, Hb, Ga, and Gb are 
evaluated by equating coefficients of Ea and Eb to corresponding co¬ 
efficients in [1]. Zx, Zz, Zy, and K are then determined from [3aH3d]. 

Second Method. This method, proposed by E. W. Kimbark,^ is 
based on the following considerations: 

From [5] and [6], —Zx is the impedance seen by the relay when 
jBx = 0; and Zz is the impedance seen when Eb == 0, positive direc¬ 
tion of current being from Ea to Eb- 

Let Zjfc = the impedance seen by the relay when Ea = Eb- 

If Ea = Eb in [4], Zr = Zk and [4] becomes 



When Zjb == oo, as is the case when capacitance is negligible and there 
is no unsymmetrical fault, K = l.O /O^ 

By this method, the three impedances Zx, and Zk are defined 
in terms of one impressed volts^e each {Ea, Eb, and Ea = Eb), and 
can therefore be determined separately for the given relay connections 
under specified conditions. 
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Power Swings during Symmetrical System Conditions 

This case includes power swings after a fault has been cleared and 
initial transients have disappeared, and also power swings during 
symmetrical three-phase faults. In either case, there are only positive- 
sequence voltages and currents to be considered. With any relay 
connections for which the three relays at R see the same impedance 
Zb, expressed as the ratio of positive-sequence line-to-neutral voltage 
to positive-sequence line current, the following discussion applies. 

Determination of Z^, Z;^, and K with No Fault. When an a-c net¬ 
work analyzer is used, the second method described above can be readily 
applied. The positive-sequence network between the two equivalent 
power sources at A and B is set up. A voltage to neutral JSb is 
applied at B with A shorted to neutral, and voltages to neutral and 
line currents at all relay locations read. The ratio of voltage to 
current in the direction of applied voltage to any relay location R 
will give Zx at R, Similarly, a voltage Ea is applied at A with B 
shorted to neutral and Z^ determined. Points A and B are then con¬ 
nected and a single voltage E applied between this common point 
and neutral, and voltages to neutral and line currents in the direction 
AB (when positive direction of current is from A to B) read at all 
relay locations. The ratio of voltage to current at any relay location 
R will give Z* at R, K R is then calculated from [28], and Zx 
and Zz added to give Zy, 

When an a-c network analyzer is not used, either of the methods can 
be applied analytically. The use of both methods will be illustrated. 

Equations for Zx, Zy, Zz, and K are given in Table III in terms of 
the transfer and driving-point impedances of the positive sequence 
diagrams shown in Figs. 4 to 7. The derivation of these equations 
follows a discussion of the transfer and driving-point impedances used 
in Table III, 

Definitions of Transfer and Driving-Point Impedances 

In a single-phase network, such as a positive-sequence network, with 
voltages to neutral N applied at terminals A and B, and R any point 
in the network, the following definitions apply: 

Zrr — driving-point impedance between terminals 
i?andA^ 

= ratio of the voltage to neutral applied at R to 
the total current entering the network at R when 
terminals A and B are shorted to neutral N 
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Zrr^a^ Zrr^b = components of Zrr in the directions Rp and Rq 
(also iL4 and RB)^ respectively, see Fig. 4(a) 

= ratios of the voltage to neutral applied at R to 
the components of current entering the network 
at R and flowing through p and q (toward A and 
B), respectively, when A and B are shorted to 
neutral 

Zar = Zra = transfer impedance between terminals A and N 
and terminals R and N 

= ratio of the voltage to neutral applied at A to the 
total current leaving the network at R when R 
and B are shorted to neutral 

= ratio of the voltage to neutral applied at R to the 
current leaving the network at A when A and B 
are shorted to neutral 

Zbr = Zrb = transfer impedance between terminals B and N 
and terminals R and N (defined as Zar = Zra 
above, with B and A interchanged) 

^AR “ Zra = transfer impedance between terminals A and N 
and terminals p and q when p and q are connected 
through R 

= ratio of the voltage to neutral applied at A to 
the line current at R when B is shorted to neutral 
and p and q are connected through R {R is not 
shorted to neutral) 

= ratio of the series voltage inserted at R between 
p and q to the current at A when A and B are 
shorted to neutral 

Zbr = Zrb = transfer impedance between terminals B and N 
and terminals q and p when q and p are connected 
through R (defined as zar — zra above, with B 
and A interchanged) 

From the above definitions of Zrr^a, Zrr^b, and Zrr, it follows 
that 

ly Zrr^a Zrr^b 

^RR = ^ - [29] 

^RR^A + ^RR^B 
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Transfer and Driving-Point Impedance from Impedance Diagrams. 

The following equations give the tramsfer and driving-point impedamc^ 
required in case 2, Table III, in terms of the branch impedances in¬ 
dicated in Fig. 5(a) and also in terms of the general circuit constants 
(Volume I, pa^e 170) indicated in Fig. 5(b). 


Zrr-a = ^6+ 


Zrb-b = Zd-\- 


ZaZc 

ZaZb->r ZaZc^-ZJZb 

Bx 

Za+ Zc 

~ Zo+Ze 

Ax 

ZeZf 

ZdZe + ZdZf ZfZf 

B 2 

^e+ Zf 

Ze + Zf 

D 2 


[30a] 


Zra = ZaR = Za+ Zb-\- 


ZaZb ZaZb + ZaZc + ZbZc 


Bi [30c] 


Zrb = Zbr = + 


ZdZg _ ZdZe -f- ZdZf -|- ZtZf 


[30d] 


The circuit constants A\ and in terms of the branch impedances 
in Fig. 5(a) and in terms of driving-point and transfer impedances are 


Za + Zc 
Zc 

Zar 

ZRRm.^A 

[30e] 

Zc + Zj 

Zbr 

[30/] 

Zs 

Zrr,^B 


The circuit constants B\ and B^ are the same as the transfer im¬ 
pedances Zar and Zbr, respectively. 

Derivation of Equations in Table m. Equations for 
and K in terms of transfer and driving-point impedances in Figs. 4 
to 7 will be derived by the first method previously described. Equa¬ 
tions for the positive-sequence components of voltage and current at 
the relay, required for this method, are useful when power swings 
during unsymmetrical faults are to be considered. 

General Network between Ea and Eb- See Fig, 4(a). With Ea 
and Eb applied at A and 5, respectively, no current enters or leaves 
the network at R. Let Vr be the resultant voltage to neutral at R. 
Under the principle of superposition, R may be considered a network 
terminal at which a voltage to neutral Fij is applied through zero 
impedance so that the current sent into the network at R by Vr just 
equals the sum of the currents sent out of the network at R by Ea 
and Eb: VrIZrr must equal the sum of Ea/Zar and Er/Zbr or 


Vr = Zrr 



Eb \ _ Zrr^a Zrr^b / Ea Eb \ 
Zbr) Zrr^a + Zrr^b Zbr) 


[31] 
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The line current Ir at R in the direction with R isolated frcMn 
neutral, may be determined by superposing the line currents resultiiig 
from Ea and Eb, separately applied. Thus, 


where positive direction of current is from A to B. 

The impedance Zr seen by the relay at R in the general network 
of Fig. 4(o) is obtained by dividing Vr by /«: 

7 _ ij ® _ / EaZbr d - EbZab\ 

^~Ir~ ZarZbr \EaZbr-EbZar) ^ ' 

If the coefficients of Ea and Eb in [33] are equated to corresponding 
coefficients in [1], Z*, Z*, Z„, and K can be calculated from [3oH3d]; 
or [33] can be rewritten in the form of [4], as in [33o] below. 


Zr — Zrr- 


_ E,A / ZBfi\ 
Eb \za.r) 


— — Zrr 


Equation [33a] can be replaced by [4] if 

Z, = Zrr^ 


/ gjlB , _*B*\ 

^ \Zar Zbr) 
_ Eb /8Ag\ 
Ea \zbr) 


Z» =* Zrr ■ 


/ ZaR Zbr\ 
\ Z ^* Zbr) 


These equations for Z^, Zy, Z„ and K are tabulated in Table III, 
case 1. 

Equations [31] and [32] are general equations for voltage and current 
at R in the positive-sequence network under any operating condition, 
provided the impedances involved are determined for that condition. 
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For special networks, where the only path between and Eb is 
through the relays at 2?, Ir is more easily calculated if the impedances 
zar and zbr are replaced by more readily determined transfer and 
driving-point impedances. 

Special Network between Ea and Eb- See Fig. 5(a). When point 
22, the location of relays, divides the system into two parts which have 
no connection except through 2?, the line current Ir at 22 is given by 
either of the following equations. 



Vr 

Zrr^a 


Ir 


Vr Eb 
Zrr^b Zbr 


Vr is given by [31]. 

Substitution of Vr from [31] in either equation of [34] gives 


r _ \ 

^ \ZarZrr^B ZbrZrr^a) 


Zrr^aZrr^b ( Ea 


Zrr^a + Zrr^b KZarZrrt^b 


Eb \ 
ZbrZrr.^a/ 


[34] 


[35] 


Vr 

Ir 


Zrr^aZrr^b{ZbrEa + ZarEb) 
Zrr^aZbrEa — Zrr^bZarEb 


[36] 


Za, Z*, Zy, and K for this case can be obtained from [36], as illustrated 
for case 1. They are tabulated in Table III, case 2. Or, by an 
alternate procedure, zar and zbr can be evaluated for the special net¬ 
works and substituted in case 1 of Table III to obtain equations for 
the other cases of Table III. 

Evalimtion of zar and zrr when the Only Path between Ea and Eb 
I s through the Relays at 22. If the coefficients of Ea and in [35] are 
equated to the corresponding coefficients in [32], the following equations 
are obtained: 


ZarZrr^B 

[ 37 a] 

^AR = ^ 

^RR 

ZbrZrr^a 

I 37 b] 

zbb — „ 

^RR 


Equations [37a] and [375] do not apply to the general network shown 
in Fig. 4(a). 

General Circuit Constants. If the positive-sequence diagram is 
given in terms of general circuit constants, as in Fig. 5(6), the following 
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equations apply: 

Ea = VrAi + IrPi and Eb *= VrD 2 — IrB 2 

Solution of the above equations for Vr and Ir gives 

EaB2 + EbBi ^ ^ EaD2 — EbA\ 


3S5 


Vr 


and Ir 


A1B2 "I” B2B1 

The impedance Zr seen by a relay at R is 


A 1 B 2 “h D 2 B 1 


Z =s ^bBi 

Ir^ EaD2 ^ EbAx 


[381 


If the coefficients of Ea and Eb in [38] are equated to corresponding 
coefficients in [1], and Zy, and K calculated from [3aH3d], the 

following equations are obtained: 


Zx — ^ — Zrr^a 

Ai 

Bo 

Zt - — - Zrr^b 
JJ 2 

Bi Bo 

= — + TT “ ZrR^A + ZrR^B 
AI JJ2 

_ £2 _ Zrr^aZbR 
A\ Zrr^bZar 


[39al 

[396] 

[39cl 

[S9d\ 


See [30a]-[30/] for relations between circuit constants and transfer 
and driving-point impedances. 

The network of Fig. 5(a) will be used to illustrate the second method 
of determining Z*, Z*, and K analytically. 

Let positive direction of current be from to B. With a voltage 
Eb applied at B and A shorted to neutral, 

140] 


Z. = 


-Ir 


Similarly, with B shorted to neutral, and Ea applied at A, 

Vr 


Z, 


Ir 


— Zrr^ 


\^^th equal voltages Ea Er — E applied at A and B, Z* 
given by [36] if Ea and Eb are replaced by E : 

Zrr-aZrr-b {Zar + Zbb) 


[41] 

• Zr 


Zt 


Zrr^aZbb — Zrr^bZar 


[42] 
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Substitution of the above value of Zj, in [28] gives 

^ ^ Zrr-aZbb 

Zrb-bZas 

Equations [39a]-(39<i], and [40], [41], and [43] agree with the cor¬ 
responding equations of case 2, Table III. 

Singh Circuit between Ea and Er of Negligibh Capacitance. See 
Fig. 6(a). If there are no impedance loads and capacitance is 
negligible, the positive-sequence diagram of Fig. 5(o) becomes that 
of Fig. 6(a). The voltage Vr is given by [31] and the current Ir 
by [34]. 

With no fault on the system, 

Zab — Zrr^a and Zrr = Zrr...b 

The equations of case 3, Table III, are determined from those of case 
2 by replacing Zab and Zbr by Zrr^a and Zrr^b, respectively. 

Relays at Terminals A and B. Let the relays be located at the 
terminals A and J3 of a general three-phase circuit, and let Va and Vr 
be the positive-sequence terminal voltages to neutral at the relays. 
Let Ia and Ir be the positive-sequence line currents at A and B, 
respectively, positive direction of line current being from A to B. The 
positive-sequence diagram of this system is shown as a three-terminal 
network between A, B, and neutral N in Figs. 7(o) and 7(6), with 
the relay location 2? at .4 in Fig. 7(a), and at B in Fig. 7(6). 

Let R in Fig. 7 (a) approach A ; then, in the limit, Zab — Zrr..a = 0, 
and ZarIZrr^a = 1. Let R in Fig. 7(6) approach B\ then, in 
the limit, Zba = Zrr^r = 0; osidZBRlZRR^R = 1. By substitution 
of these values in the equations of case 2, Table III, the equations of 
cases 4 and 5, respectively, are obtained. 

When the single circuit between Va and Vb in Figs. 7 (a) and 7 (6) 
is defined in terms of general circuit constants A, B, C, and D, the 
constants Zx, Z„ Zy, and K can be expressed in terms of the circuit 
constants. From Fig. 7(a), with the relay at A, 


fCB.Uq 

[43] 


Vb = 

DVa - BIa 

[44] 

/a- 

DVa - Vb 

B 

[45] 

Zr = 

Va 

BVa 

[46] 

I A ‘ 

‘ DVa - Vb 
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The coefficients <rf Va and Va in [46] can be equated to those of 'Ba 
and Eb, respectively, in [1], and Z^, Zy, Z,, and K then calculated 
from [3aH3^: 

Z. - 0; Z. - Z„ - I ; K = D [47] 

From Fig. 7(6), with the relay at B, 

Va^AVb + BIb 

z =i^ = —®Zl_ 

® Ib Va-AVb 

Z,=^Zy^j; Z, = 0; [48] 

Power Swings during Symmetrical Three-Phase Faults 

With a symmetrical three-phase fault at any location which does 
not separate the applied voltages Ea and £b, the procedure in deter¬ 
mining Zxf Zgt and K is the same as without a fault except that the 
fault point F in the positive-sequence network is shorted to neutral. 
See Fig. 4(6). When Ea and Eb are separated by the three-phase 
fault, there will be no power surges after initial transients have dis¬ 
appeared. In Figs. S(c), 6(a), or 6(6), where a three-phase short 
circuit separates Ea and the impedance seen by the relays 
at jR is a constant impedance. With a fault at F in Fig. S(i:), Zr « 
Zg + ZfnZkKZn, + A). With a fault at F in Fig. 6(a), Zr ^Zr. 
With a fault at F in Fig. 6(6), Zr = —Zb, positive direction of 
current being from A to B. 

Power Swings during Unsymmetrical Faults 

In power swings during unsymmetrical faults, the system impedances 
seen by the three relays at any iftation R will be different. In the 
general case, three impedance charts, one for each relay, will be 
required. After Z*, Zy, Z„ and K have been determined for each relay, 
system impedance charts are constructed as in Fig. 2, or the general 
chart of Fig. 3 can be used as directed. 

Zero-Sequence Network. When zero-sequence currents and volt¬ 
ages do not appear in the relay equations, they need not be calculated; 
but zero-sequence impedances will be required for ground faults or 
open conductors. 

Let Zq be the zero-sequence impedance viewed from the fault at 
F. Let So be the impedance offered to a series voltage inserted in the 
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zero-sequence network at F. If is on a single ungrounded circuit, 
Zq and «o will both be infinite \ if the circuit is grounded at one terming 
only, Zo will be finite but Zq infinite. If F is on one of two parallel 
circuits, bussed at both ends, grounded or ungrounded, 7^ will be 
finite. 

Designation of Phases. With phase a as reference phase, let the 
fault be at any system point F\ and let the phases be designated so 
that line-to-line and double-line-to-ground short circuits involve 
phases h and c and line-to-ground short circuits occur on phase a. In 
the case of one open conductor, let the opening occur at F in phase a ; 
with two open conductors, let the openings occur at F in phases b 
and c. 

Solution by Means of an A-C Network Analyzer. When an a-c 
network analyzer is used, the networks of the arbitrarily chosen 
system of components are set up and the conditions imposed by the 
fault satisfied. The components of voltage and current at the relay 
location R which appear in the three relay equations are obtained under 
given fault conditions, first with any voltage Eb applied at B and Ea 
equated to zero. If positive direction for current is from A to 
substitution of these components in the three relay equations will give 
three values of —Za;. The three values of Z* are similarly obtained 
with Ea applied at A and Eb equated to zero, and the three values of 
Zjfc with equal voltages E applied at A and B, The three values of K 
are then calculated from [28]. It is important in determining Z* and 
K that components of current be measured in the direction assumed 
as positive. 

Anal]rtical Solution. When positive- and negative-sequence impe¬ 
dances are equal, unsymmetrical system conditions are usually more 
readily analyzed by means of positive-plus-negative, positive-minus¬ 
negative and zero-sequence components (Volume I, Chapter V) or 
their related a/30 components (VeJume I, Chapter X) than by the 
method of symmetrical component? When there is but a single dis¬ 
symmetry, such as an unsymmetrical short circuit or one or two open 
conductors, in an otherwise symmetrical system, there is no connection 
between the positive-plus-negative and the positive-minus-negative 
networks. This makes it possible to use the positive-sequence net¬ 
work to represent both of these component networks, as explained in 
detail in Volume I, Chapter V. 

Conditions Imposed by Faults 

1. Line-to-Line Short Circuit at F between Phases b and c. The 
pQsitive-plus-negative network is unaffected by fault; point F in 
the positive-minus-negative network is shorted directly to neutral. 



ICh. IX] 


UNE-TO-LINE FAULT 


m 


2. Line-to-Groimd Short Circuit at F on Phase a. Point F in the 
positive-plus-negative network is shorted to neutral through Zo/2; the 
positive-minus-negative network is unaffected. 

3. Double Line-to-Ground Short Circuit at F on Phases b and c. 
Point F in the positive-plus-negative network is shorted to neutral 
through 2Zo; point F in the positive-minus-negative network is 
shorted directly to neutral. 

4. Phase a Open at F. The impedance 2zo is inserted in the positive- 
plus-negative network at F; the positive-minus-negative network is 
unaffected. 

6. Phases b and c Open at F. The impedance zo/2 is inserted in 
the positive-plus-negative network at F; the positive-minus-negative 
network is opened at F. 

As the positive-plus-negative and the positive-minus-negative net¬ 
works are both represented by the positive-sequence network, com¬ 
ponents of voltage and current in these networks can be evaluated from 
the equations for Vr and Ir already derived, provided the transfer and 
driving-point impedances in these equations are determined under the 
conditions imposed hy the fault. Vr is given by [31]; Ir is given by 
[32] for the general network, and by [35] for a network in which the 
only path between Ea and is through the relays at R. If zero- 
sequence components appear in the relay equations, they can be 
determined from the interconnection of the zero-sequence network 
with the positive-plus-negative network under the conditions imposed 
by the fault. After the components of voltage and current at the 
relay location R are substituted in the three equations for the relays, 
these equations are then written in the form of [1] from which the 
values of Z^, Z«, Zy, and K are obtained, as previously described. 

Line-to-Line Fault. To illustrate the procedure, a line-to-line fault 
at F in Fig. 6(a) will be assumed. The positive-plus-negative net¬ 
work and the positive-minus-negative network are both represented 
by Fig. 6(a), where Zs — Za + Zb + Zc- 

As the positive-plus-negative network is unaffected by the fault, [31] 
and [35] are directly applicable. In these equations, Zrr.^a = Zra »= 
Za\ Zrr..^b = Zrb ^ Zs Za* Therefore, from [31] and [35], 


Val + Va2 


EaCZs - Za) + EbZa 
Zb 


[49] 


lax + hi - ~ [SO] 

With point F in the positive-minus-negative network shorted to 
neutral, [31] and [35] in terms of transfer and driving-point impedances 
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at R still apply, but these impedances are determined with point F 
shorted to neutral in Fig. 6(a). Under this condition, Zrr^a *= 
Zba == Za, Qs above; but Zrr^b = Zr and Zrb = «>. Equations 
[31] and [35] become 


(Fal - Va2) 


EaZb 
Za + Zb 


[51] 


(/al - Ia2) 


Ea 

Za + Zb 


[52] 


Equations [49]--[52], to be substituted in the relay equations, are 
independent of relay connections. To determine the impedances seen 
by the relays, the relay connections must be known and the relay 
equations written. 

If the relays are connected for line-to4ine voltages and their cor¬ 
responding delta currents, the impedances seen by the three relays are 
determined by substitution of [49]-[52] in [24]~[26]. This gives 

Zci = = -Zb [S3] 

Z _ -KVal - Va2) 

''/3(/al + Ia2) — j{Ia\ ~ laz) 


Ea 

V^i(Zs 

-Za) , Z5 1 

+ Eb 


L Zs Za + Zb\ 

- 2s J 

Ea 

"\/3 j 

^Zs Za + Zb^ 

- Eb 

-V3- 

.Zs. 



Ea[^(Zb+Zc) (Za + Zb) -jZBZs]+EBlV~3ZA (Za+Zb)] 
£x[V3 iZA+ZB)-jZs] - £b[ V3 (Za+Zb)] 

[54] 


If the coefficients of Ea and Eb in [54] are equated to the cor¬ 
responding coefficients in [1], Zx, Z*, Zy, and K, calculated from 
[3o]-[3d], for substitution in [4], have the following values; 


Zx^Za 

K = 1 -j - 

V3(Za + Zb) 

09 0T . V3Ze(ZA + Zb) 

Z, == Zb H- -pz - 

'^{Za + Zb) — jZs 

Zy ^ Zx Zz ^ Za Zb 



[55] 


[56] 

Zc 

-z. + ^ 

[57] 

II 

[58] 


where + Zb + Zq. 



Values of Z*. Zy, and K — Line-to-Line Fault between Phases b and c at F in Fig. 6(a) an 6(b) 
AND Relays Connected for Line-to-Line Voltages and Their Corresponding Delta Currents — 

Positive Direction of Current from A to B 
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The equations for Z*, AT, and Zy which appear in the equation 
for Zha are similar to those given by [S5]-[58] except that the signs of 
all j-terms are reversed. 

Table IV gives equations for Za?, Z«, Zy, and K for three relays at 
R in terms of the impedances Za, Zb, Zc, and Zs = Za + Zb + Zc 
of Figs. 6(a) and 6(^), with a line-to-line fault at F between phases 
b and c and relays connected for line-to-line voltages and their cor¬ 
responding delta currents. Note that the positions of R and /^relative 
to Ea and Eb in Fig. 6(a) are reversed in Fig. 6{b). 

Systems with Unsymmetrical Static Circuits. The methods of con¬ 
structing system impedance charts, given here, apply also to three- 
phase linear systems with unsymmetrical static circuits, with or with¬ 
out an unsymmetrical fault on the system. The unsymmetrical 
circuit can be replaced by equivalent circuits in the a, jS, and 0 net¬ 
works. In the case of a general unsymmetrical circuit in an otherwise 
symmetrical system, the a, and 0 networks are mutually coupled 
(Volume I, Chapter X). The procedure in determining the required 
constants Z^., Z^, Zy, and K is too lengthy for discussion here. These 
constants, however, can be determined, and the work required is not 
excessive if an a-c network analyzer is available. 

There are many unsymmetrical circuits which have equal impedances 
in two of the phases; if, in addition, the zero-sequence impedance of 
the circuit is infinite, as is the case with an open-delta transformer 
bank of two identical single-phase units, there will be no mutual 
coupling between the a, j3, and 0 networks. For this special case, the 
procedure in determining Z^, Zg, Zy, and K is similar to that for sym¬ 
metrical three-phase systems except that Va and at the relay loca¬ 
tion R are determined from the a. diagram and and from the 

diagram, instead of using the positive-sequence diagram first for the 
a network and then for the ^ network. Even without an unsymmetri¬ 
cal fault, the impedance seen by the relays in the three phases at R 
will not be identical, and three equations will be required in all cases 
to determine the impedances seen by the three relays. 

Problem 1. The relays are connected for line-to-line voltages and their cor¬ 
responding delta currents. The given system can be represented as a single circuit 
of negligible capacitance between two equivalent generated voltages Ea and Eb 
with the relays located at R, as indicated in Fig. 6(a). A line-to-line fault between 
phases b and c occurs at F. The impedances Za, Zb, and Zc shown in Fig. 6(a) 
are Za = 20/80^ ohms; Zb = 50 /80° ohms; Zc = 30/80° ohms; Zb = 100/80° 
ohms. (It is not required that these impedance angles be equal; calculations are 
but slightly simplified by this assumption.) (a) Determine Zc6, and construct 
charts for determining Zoc and Zftfl during power swings. (&) Assuming |Ea/Zb| 1> 
compare the impedances Zac and Zhe determined under (a) with the impedances 
seen by the relays in the three phases at R during power swings when there is no 
fault on the system. 
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Fig, 8(a). Impedance chart for Problem 1. Zac In per unit of 89.2 ohms \Ea/E,b\ 
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Solution (a). From Table IV, 


Zcb — Zb ^ 50 /80** ohms 
Chart for Zac> From Table IV, 

Zx = Za — 20 /80” ohms 


1 -i 


Zs 


100 


V3(Za + Zb) JoVs 

= 1.296 /—39.52° « 1.3 0/ —40°, approximately 


= 1 -iO.8248 


Zs/^^ , 1\ 100/80” (1.155 /~30° ) 

1.296 /-39.52° 


89.2 /89.52° ohms 


The chart of the impedance Zac will be expressed in per unit of a base impedance 
equal to \Zy\ = 89.2 ohms. In per unit of 89.2 ohms, Zy = 1.00 /89.52” = 0.009 4* 
jl.OO; Zx = 0.2244/80^ = 0.039 +i0.221, Zz ^ Zy - Zx ^ -0.030 +^0.779. X, 
being a complex ratio, remains unchanged. |x| - 1.30 and = —40”. The chart 
of Zac given in Fig. 8(a) was constructed by following the steps given in the con¬ 
struction of Fig. 2, except that impedances are in per unit of |Zy| = 1.0. The 
origin 0 is located, and a convenient per unit scale chosen. —Z* = —0.039 — j0.221 
and Zz = —0.030 -}- 0.779 are plotted, locating points A and 5, respectively. The 
line AB is drawn, its midpoint M is determined, the perpendicular GMH to AB 
at M is erected, and AB is extended in both directions. 

Values of \Ea/Eb\ or \Eb/Ea\ covering the operating voltage range are selected 
and \EaK/Eb\ — 1.30 \Ea/Eb\ calculated. The lengths of the radii r and the 
distances MX from ilf, the midpoint of AB^ to the intersections X of the circles for 
constant values \EaK/Eb\ with the line AB are read from Table I. For example, if 
|Ea/Xjb| = 1, \EaK./Eb\ — l.v^O; and from Table I, with |Zy| = 1, r = 1.884 and 
MX = 0.065. In Fig. 8(a) the circle for = 1 is shown. The straight 

line GMH which corresponds to \EaK/Eb\ = 1 is also shown. This straight line 
corresponds to \Ea/Eb\ = l/|xj = 0.77. 

With dk = —40”, <t>—8 + dk — 8-- 40”; the distance MC' of the center of the arcs 
for any constant values of 5 can be read from Table II corresponding to </> = 5 — 40”. 
Thus: for 6 = 0”, </> = 0 — 40” = 320”; for 8 — 60”, </> = 20”. The line AB corre¬ 
sponding to <t> = 180” is the curve for 5 — 4» — Bk = 220”; the line AB (extended) 
is the curve for 5 — 0 — = 40”. The arcs for = 90” and 270” (circle with AB 
as diameter) are arcs for 8 = 130” and 310”, respectively. These and other values 
of 8 are indicated in Fig. 8(a). 

Chart for Zba» From Table IV, 

Z* = Za » 20/80” 

JC - 1 + i —7=-^ - = 1 +J0.8248 = 1.296/39.52° 

\/3{Za+Zb) 

IX’I = 1.30 


9* = 40°, approximately 

Zs/ 1 \ 100/80°(1.155/30°) 

^ (^1 +i “ 1.296 /39.52° 


89.2 /70.48° ohms 
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Fig. 8(6). Impedance chart for Problem 1. Z^a in per unit of 89.2 ohms. \Ea/Eb\ 
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unit of 89.2 ohms. \Ea/Eb\ 
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Let base ohms » 89.2 ohms. In per unit of base ohms, Z» 0.039 + j0.221; 
Zy - 1. 0/70.48^ - 0.334 4-^0.943; Z, « Zy - Z, » 0.29S -f jO.722. 

The chart for Zba will be constructed by using the general impedance chart of 
Fig. 3. In Fig. 8(6), the origin 0 is located and a scale chosen so that |Zy| 1.0 in 
per unit of base impedance = the length of the general chart. — Z* —0.039 — 
^’0.221 and Z* — 0.295 +i0.722 are plotted, locating points A and B, respectively. 
The chart of Fig. 8(6) is then placed over Fig. 3, with A and B on the two charts 
coinciding. Various circles and arcs of Fig. 3 are then traced on the chart for Zha* 
(It is generally unnecessary to trace all circles and arcs completely. Usually the 
significant portions are obvious, and only those portions need be traced.) 

Since in this problem |iC| and Ok are not 1 and 0®, respectively, the various 
circles and arcs must be relabeled in values of \Ea/Eb\ and 5. For example, the 
constant \EaK/Eb\ circle in Fig. 3 labeled 1.3, when traced on Fig. 8(6), corre¬ 
sponds to \EaK/Eb\ = 1.3 or to \Ea/Eb\ — 1.3/|i?r| = 1.3/1.30 = 1.00. Similarly, 
the constant arc in Fig. 3 labeled 90°, when traced on Fig. 8(6), corresponds to 

= 5 -f. » 90° or to 5 = = 90° - 40° = 50°. 

Solution (6). Circles for \Ea/Eb\ =* 1 from the charts of Figs. 8(a) and 8(6) for 
Zac and Zfta, respectively, are shown on the same chart in Fig. 8(c), and the intersec¬ 
tions of these circles with various 5 arcs are indicated. The point locating Zc6 is 
also shown. Base impedance in Fig. 8(c) is 89.2 ohms. 

Symmetrical System Conditions. From Table III, case 3, Z* * Zrr-a ^ Za ^ 
20 /80° ohms; Z, = Zrr-b = Zb + Zc = 80 /80° ohms; Zy = Z* -fZy = 100/80° 
ohms; |ir| ~ 1; and Ok = 0°. In per unit of 89.2 ohms — base ohms in Fig. 
8(c) —Z* « 0.2244/80^ = 0.039 -f- i0.221; Zy = 1.122/802 * 0.195 + 71.105; 
Z* = Zy - Z, - 0.156 +7*0.884. 

In Fig. 8(c), — Z* and Z* are plotted, locating points A and respectively. 
The line AB is drawn and its midpoint M determined. The line perpendicular to 
AB at M is drawn; this line corresponds to \EaK/Eb\ = 1.0 and, since |if| = 1. 
it also corresponds to the desired value of \Ea/Eb\ — 1. The intersections of the 6 
arcs with the line for \Ea/Eb\ = 1 are indicated in Fig. 8(c) for Zr with no fault on 
the system. 

Problem 2. (Taken from A.I.E.E. discussion® to illustrate advantage of general 
impedance chart of Fig. 3.) The circuit constants of a transmission line, including 
transformers, between terminals A and B are: A = 0.824 /3.25° ; B = 282 jll.V* 
ohms; C = 1337 X 10" V90.9° mhos; D = 0.77/^. Determine Z*, Z„ Zy, 
and iC, and construct a chart of the system impedances seen by the relays at terminal 
A during power swings with no fault on the system, using the general impedance 
chart of Fig. 3. 

Solution. The voltages at A and B are terminal voltages, not internal generated 
voltages; case 4 of Table III is applicable, or [47] may be used: 

Zsr^B ^ 282 /77.3° ohms See [30d]. 

Zrr^b ** p ~ 366 /73.7° =* 102 +7*351 ohms See [306]. 

From case 4, Table III, or from [47J, 

Z, « 0 

Zy » Zt » ZrR.-,B *= p 


102 +7*351 ohms 
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Fig. 9. Impedance chart for Problem 2. 




















ICh. IX] 


BIBLIOGRAPHY 


369 




Zsn 

Zrr^b 


282 /77,3^ 

366 /73.7^ 


0.77 /3>6** 


With \Zy\ * 1.0, Z, * = 1 /73.7^ = 0.28 +i0.96; \K\ = 0.77; Bk - 3.6®. 

A thin piece of graph paper was chosen so that five major divisions corresponded 
to the distance between points A and B of the general chart of Fig. 3. Resistance 
and reactance axes were labeled so that the distance between A and B corresponded 
to 1.0 per unit. Point A (Z* = 0) was located at the origin, and point B (Zt * 
0.28 +70.96) plotted. 

The graph paper was placed on top of the general chart of Fig. 3 so that points 
A and B of the former coincided, respectively, with points A and B of the latter. 
The sheets were clipped together, and the significant portions of the general chart 
circles were traced freehand with a pencil. 

The constant-voltage-ratio circles were labeled for Ea/Er by dividing \EaK/Eb\ 
given on the general chart by |iir|, and the constant angle arcs were labeled in terms of 
B by subtracting 6k from the values of <f> given on the general chart. See Fig. 9. 
(In this instance, the curves were traced in ink for the purpose of discussion. Ordi¬ 
narily, if a record is desired, adequate reproductions may be made from the pencil 
tracing.) 

In Fig. 9, four points from Fig. 11 of reference 4 have been plotted, after reduction 
to per unit values. It will be noted that there is close correspondence between these 
points obtained by other methods and the results obtained from the general impedance 
chart. 

Problem 3. Derive the equations given in Table IV for Fig. 6(6). 

Problem 4. Assuming relays connected for line-to-line voltages and their cor¬ 
responding delta currents, derive equations for the impedances seen by the three 
relays at R in Fig. 6(a) with a double line-to-ground fault at F. Let Zq = zero- 
sequence impedance viewed from the fault. 


BIBLIOGRAPHY 

1. “A Comprehensive Method of Determining the Performance of Distance Re¬ 
lays,” by J. H. Neher, AJ.E,E, Trans,t Vol. 56, 1937, pages 833-844. 

2. “A Distance Relay with Adjustable Phase-Angle Discrimination,” by S. L. 
Goldsborough, A,I.E,E, Trans,, Vol. 63, pages 835-838. 

3. ”The Mho-Carrier Relaying Scheme,” by R. E. Cordray and A. R. van C. 
Warrington, A,I,E,E, Trans,^ Vol. 63, 1944, pages 228-235. ”The Mho 
Distance Relay,” by R. M. Hutchinson, A,I,E.E, Trans,, Vol. 65, 1946, pages 
353-359. 

4. ” Performance Requirements for Relays on Unusually Long Transmission Lines,” 
by F. C. PoAGE, C. A. Streifus, D. M. MacGregor, and E. E. George, A,I,E,E, 
Trans,, Vol. 62, 1943, pages 275-283. 

5. ” Impedances Seen by Relays during Power Swings with and without Faults,” 
by Edith Clarke, A,I,E,E, Trans,, Vol. 64, 1945, pages 372-384. 

6. “Fundamental Basis for Distance Relaying,” by W. A. Lewis and L. S. Tippett, 
Elec, Eng,, Vol. 50, No. 6, June 1931, pages 420-422, 

7. Discussion of reference 5, by E. W. Kimbark, A.I.E,E, Trans,, Vol. 64, 1945, 
page 471. 

8. Discussion of reference 5, by A. J. McConnell, A,I,E,E, Trans,, Vol. 64, 1945, 
page 472. 




APPENDIX A 


TABLE I 

ColfPARATIVB WiRB GaUGB TaBLB GiVXNG A COIC^AEISOK OF TBB 

Brown and Sharps, or American (A.W.G.); the Birmingham (B.W.G.); 
AND THE British Standard (S.W.G.) Wire Gauges 


Gauge Number 

Diameter, Inches 

A.W.G. 

B.W.G. 

S.W.G. 

A.W.G. 

B.W.G. 

S.W.G. 

40 


45 

0.0031 


0.0028 



44 



0.0032 

39 


43 

0.0035 


0.0036 

38 

36 

42 

0.0040 

0.004 

0.0040 

37 


41 

0.0045 


0.0044 

36 

35 

40 

0.0050 

0.005 

0.0048 

35 


39 

0.0056 


0.0052 

34 


38 

0.0063 


0.0060 



37 



0.0068 

33 

34 

36 

0.0071 

0 007 

0.0076 

32 

33 

35 

0.0080 

0.008 

0.0084 

31 

32 

34 

0.0089 

0.009 

0.0092 

30 

31 

33 

0.0100 

0.010 

0.0100 



32 



0.0108 

29 


31 

0.0113 


0.0116 

28 

30 

30 

0.0126 

0.012 

0.0124 


29 

29 


0.013 

0.0136 

27 

28 

28 

0 0142 

0.014 

0.0148 

26 

27 

27 

0.0159 

0 016 

0.0164 

25 

26 

26 

0 0179 

0 018 

0.018 

24 

25 

25 

0.0201 

0.020 

0.020 

23 

24 

24 

0 0226 

0.022 

0.022 

22 

23 

23 

0 0253 

0.025 

0.024 

21 

22 

22 

0 0285 

0.028 

0.028 

20 

21 

21 

0.0320 

0.032 

0.032 

19 

20 

20 

0 0359 

0.035 

0.036 

18 


19 

0.0403 


0.040 

17 

19 


0.0453 

0.042 


16 

18 

18 

0.0508 

0.049 

0.048 

15 

17 

17 

0 0571 

0 058 

0.056 

14 

16 

16 

0 0641 

0 065 

0.064 

13 

15 

15 

0.0720 

0.072 

0.072 

12 

14 

14 

0 0808 

0 083 

0.080 

11 

13 

13 

0.0907 

0.095 

0.092 

10 

12 

12 

0.1019 

0.109 

0.104 

9 

11 

11 

0.1144 

0.120 

0.116 

8 

10 

10 

0.1285 

0.134 

0.128 

7 

9 

9 

0.1443 

0.148 

0.144 

6 

8 

8 

0.1620 

0.165 

0.160 

5 

7 


0.1819 

0.180 

0.176 

4 

6 


0.2043 

0.203 

0.192 


5 



0.220 

0.212 

3 

4 


0.2294 

0.238 

0.232 

2 

3 

3 

0.2576 

0.259 

0.252 

1 

2 

2 

0.2893 

0.284 

0.276 


1 

1 


0.300 

0.300 

1/0 

VP 


0.3249 


0.324 



0.340 

0.348 

2/0 

2/0 


0.3648 

0.380 

0.372 

3/0 



0.4096 


0.400 


3/0 



0.425 

0.432 

4/0 

4/0 

■B9I 

0.4600 

0.454 

0.464 
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TABLE II 

Solid Conductors of Standard Annealed Copper 
(U.S. Bureau of Standards) 


Gauge 

No., 

A.W.G.* 

Diameter, 

Mils 

Cross Section 

Ohms per 
1000 Ft at 
25°Ct(77°F) 

Pounds 

per 

1000 Ft 

Circular 

Mils 

Square 

Inches 

40 

3.1 

9.9 

0.0000078 

1,070 

0.0299 

39 

3.5 

12 5 

0.0000098 

848 

0.0377 

38 

4.0 

15.7 

0.0000123 

673 

0.0476 

37 

4.5 

19.8 

0.0000156 

533 

0.0600 

36 

5.0 

25.0 

0.0000196 

423 

0.0757 

35 

5.6 

31.5 

0.0000248 

336 

0.0954 

34 

6.3 

39.8 

0 0000312 

266 

0.120 

33 

7.1 

50.1 

0.0000394 

211 

0 152 

32 

8.0 

63.2 

0 0000496 

167 

0.191 

31 

8.9 

79.7 j 

0 0000626 

133 

0 241 

30 

10.0 

101.0 

0 0000789 

105 

0.304 

29 

11 3 

127 

0.0000995 

83.5 

0 384 

28 

12.6 

160 

0 000126 

66 2 

0 484 

27 

14.2 

202 

0.000158 

52 5 

0.610 

26 

15.9 

254 

0 000200 

41 6 

0.769 

25 

17.9 

320 

0.000252 

33.0 

0 970 

24 

20 1 

404 

0 000317 

26 2 

1 22 

23 

22.6 

509 

0 000400 

20 8 

1.54 

22 

25.3 

642 

0.000505 

16.5 

1.94 

21 

28.5 

810 

0 000636 

13.1 

2.45 

20 

32 

1,020 

0.000802 

10 4 

3 09 

19 

36 

1,290 

0 00101 

8.21 

3.90 

18 

40 

1,620 

0.00128 

6 51 

4.92 

17 

45 

2,050 

0.00161 

5.16 

6.20 

16 

51 

2,580 

0.00203 

4.09 

7.82 

15 

57 

3,260 

0.00256 

3.25 

9.86 

14 

64 

4,110 

0.00323 

2.58 

12.4 

13 

72 

5,180 

0 00407 

2.04 

15.7 

12 

81 

6,530 

0.00513 

1.62 

19.8 

11 

91 

8,230 

0.00647 

1 28 

24 9 

10 

102 

10,400 

0.00815 

1.02 

31.4 

9 

114 

13,100 

0.0103 

0 808 

39.6 

8 

128 

16,500 

0.0130 

0 641 

50.0 

7 

144 

20,800 

0.0164 

0 508 

63.0 

6 

162 

26,300 

0.0206 

0 403 

79.5 

5 

182 

33,100 

0.0260 

0 320 

100 

4 

204 

41,700 

0.0328 

0 253 

126 

3 

229 

52,600 

0.0413 

0.201 

159 

2 

258 

66,400 

0.0521 

0.159 

201 

1 

289 

83,700 

0.0657 

0.126 

253 

0 

325 

106,000 

0.0829 

0.100 

319 

00 

365 

133,000 

0.105 

0 0795 

403 


410 

168,000 

0.132 

0.0630 

508 

0000 1 

460 

212,000 

0.166 

0.0500 

641 


* American Wire Gauge. 

t D-c reiUtance calculated at 25*C from {17], Chapter II, with dimensiona given at 20*0. The 
d-c resistance Rt of a given conductor at temperature t*C is 

Rt - i^lill 4-0.00385(1 -25)1 


tirhere JRis is the resistance at 25*C read from the table. 
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TABLE III 

Barb Concentric Lay Cables of Standard Annealed Copper 

(U.S. Bureau of Standards)* 


Size, 
A.W.G. 
or 1000 
Cir Mils 

Ohms per 
1000 Ft 
at 2S'’Ct 
{77'’F) 

Pounds 

per 

1000 Ft 

Standard 

Strands 

Flexible 

$trand8 

Out¬ 

side 

Diam¬ 

eter, 

Mils 

Resistance-Skin 
Effect Ratio at 65^0 

No. 

of 

Wires 

Diameter 
of Wires, 
Mila 

No. 

of 

Wires 

Diameter 
of Wires, 
Mils 

25 Cycles 

60 Cycles 

16 

4.176 

8 

7 

19.2 

19 

11.7 

58 



14 

2.626 

12.7 

7 

24.2 

19 

14.7 

73 



12 

1.652 

20 

7 

30.5 

19 

18.5 

92 



10 


32 


38.5 

19 

23.4 

117 



8 

Bl 

51 

mm 

48.6 

19 

29 5 

147 



7 

0.518 

64 3 

mi 

54.5 

19 

33 1 

166 



6 

0.411 

81 


61.2 

19 

37.2 

186 



5 

0.326 

102 


68.8 

19 

41 7 

209 



4 

0 258 

129 


77.2 

19 

46.9 

234 



3 


163 

mm 

86.7 

19 

52.6 

263 



2 


205 


97.4 

19 

59 1 

296 



1 

0.129 

258 

Bu 

66.4 

37 

47.6 

333 



0 

0.102 

326 

19 

74.5 

37 

53.4 

374 



00 

0.0811 

411 

19 

83 7 

37 

60.0 

420 



000 

0.0643 

518 

19 

94 0 

37 

67.3 

471 



0000 

0.0510 

653 

19 

105.5 

37 

75,6 

533 



250 

0.0432 

772 

37 

82 2 

61 

64 0 

576 


1.005 

300 

0.0360 

926 

37 

90 0 

61 

70 1 

631 


1.006 

350 

0.0308 

1080 

37 

97.3 

61 

75.7 

682 


1.009 

400 

0.0270 

1240 

37 

104.0 

61 

81.0 

729 


1.011 

450 

0.0240 

1390 

37 

110.3 

61 

85.9 

773 


1.014 

500 

0.0216 

1540 

37 

116.2 

61 

90.5 

815 


1.018 

550 

0 0196 

1700 

61 

95.0 

91 

77.7 

855 


1.021 

600 

0.0180 

1850 

61 

99.2 

91 

81.2 

893 

1.005 

1.025 

650 

0.0166 

2010 

61 

103.2 

91 

84.5 

930 

1.005 

1.029 

700 

0.0154 

2160 

61 

107.1 

91 

87.7 

965 

1.006 

1.034 

750 

0 0144 

2320 

61 

110.9 

91 

90.8 

999 

1.007 

1.039 

800 

0.0135 

2470 

61 

114.5 

91 

93 8 

1031 

1.008 

1.044 

850 

0.0127 

2620 

61 

118.0 

91 

96.6 ! 

1063 

1 009 

1.049 

900 

0.0120 

2780 

61 

121.5 

91 

99.4 

1094 

1.010 

1.055 

950 

0.0114 

2930 

61 

124.8 

91 

102.2 

1124 

1 on 

1.061 

1000 

0.0108 

3090 

61 

128.0 

91 

104.8 

1153 

1.012 

1.067 


0.00863 

3860 

91 

117.2 

127 

99.2 

1289 

1.019 



0.00719 

4630 

91 

128.4 

127 

108.7 

1413 

1.027 

BUf^B 

B 

0.00619 

5410 

127 

117.4 

169 

101.8 

1527 

1.037 

1.185 

2000 

0.00539 

6180 

127 

125.5 

169 

108.8 

1632 

1.048 

1.233 


* The value! given for ohms per 1000 feet and pound! per 1000 ft are 2% greater than for a aoUd 
rod of cross section equal to the total cross section of the vrires of the cable, 
t See footnou to Table 11 for calculation of lesiManoe at other temperatures. 
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TABLE V 


Rbcouubkdbd Rubber Insulation TmcxNBss* 


Ratedf Circuit 
Voltage, Volts 

Sizel of 
Conductor 
A.W.G. or M.C.M. 

Nominal Thickness 
of Insulation in 64th8 Inch 

Grounded Neutralf 

Ungrounded Neutral 

600 

14-9 

3 

3 


8-2 

4 

4 


l-t/o 

5 

5 


225-500 

6 

6 


525-1000 

7 

7 


Over 1000 

8 

8 

2.400 

10-8 

7 

7 


7-4/0 

8 

8 


225-1000 

9 

9 


Over 1000 

10 

10 

4,160-4,800 

8-4/0 

10 

10 


225-1000 

11 

11 


Over 1000 

12 

12 

7,200 

8-1000 

12 

16 


Over 1000 

13 

17 

8,320 

6-1000 

13 

17 


Over 1000 

14 

18 

12,000 

6-1000 

16 

22 


Over 1000 

17 

23 

15,000 

6-1000 

19 

27 


Over 1000 

20 

28 

23,000 

2-1000 

27 



Over 1000 

28 


27,000 

1-1000 

31 



Over 1000 

32 



For non-leaded submarine cables Hi in. shall be added to the specified respective walls 
of insulation in Table V for all sizes and voltages. 


• See reference 3, Chapter III. 

t Rated voltage is phase^to-phase voltage. The voltages listed are the ** Preferred Voltage Ratings 
for Power Cables ” given in the £EI>NEMA report. ” Preferred Voltage Ratings for A-C Systems and 
Equipment," May 1949. 

I The first conductor siae given for each circuit-voltage class is the minimum sise recommended for 
that voltage class. 

{ A circuit is considered to have a grounded neutral if the neutral is permanently connected to earth 
and if facilities are provided to insure prompt isolation of a faulty element of the (^uit. 
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TABLE VI 


Recommended Thickness of Varnished Cambric Insulation* 
(Single-Conductor Cable and Multiple-Conductor Shielded Cable) 


Ratedf Voltage, 
Volts, 

Phase to Phase 

Size.t 
A.W.G. or 

1000 Cir Mils 

Wall of Varnished Cambric in 64ths Inch 
(and Mils) 

Grounded Neutral § 

Ungrounded Neutral 

600 

14-8 




7-2 




1-4/0 




213-500 


6 (94) 


501-1000 


7 (109) 


1001 and larger 1 


8 (125) 

2,400 

10-2 

6 (94) 

6 (94) 


1-t/O 1 

6 (94) 

6 (94) 


213-500 

7 (109) 

7 (109) 


501-1000 

7 (109) 

7 (109) 


1001 and larger 

8 (125) 

8 (125) 

4,160-4,800 

8-4/0 

8 (125) 

9 (141) 


213-1000 

9 (141) 

10 (156) 


1001 and larger 

9 (141) 

10 (156) 

7,200 

6 and larger 

' 11 (172) 

12 (188) 

8,320 

6 and larger 

12 (188) 

13 (203) 

12,000 

6 and larger 

14 (219) 

16 (250) 

15,000 

6 and larger 

16 (250) 

21 (328) 

23,000 

2 and larger 

24 (375) 


. 27,000 

2 and larger 

28 (438) 



* See reference 4, Chapter III. 
t* t* I See footnotes to Table V. 
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TABLE VII 


Recohubnoed Thickness of Vaenished Caubuc Imsulatiom* 
(Multiple-Conductor Belted Cables) 


Ratedt 
Voltage, 
Volts, 
Phase to 
Phase 

Size,! 
A.W.G. 
or 1000 

Cir Mils 

Wall of Varnished Cambric in 64ths Inch (and Mils) 

Grounded Neutral § 

Ungrounded Neutral 

On Conductors 

On Belt 

On Conductors 

On Belt 

600 

14--8 

3 (47) 


3 (47) 

0 (0) 


7-2 

4 (63) 

1 

4 (63) 

0 (0) 


1-4/0 

5 (78) 


5 (78) 



213-500 

6 (94) 


6 (94) 

0 (0) 


501-1000 

6 (94) 

2 (31) 

6 (94) 

2 (31) 


1001 and larger 


2 (31) 


2(31) 


10-2 

s (78) 

2 (31) 

5 (78) 

2 (31) 

2s400 

1-4/0 

6(94) 

2 (31) 

6 (94) 

2 (31) 


213-500 

6(94) 

2 (31) 

6 (94) 

2 (31) 


501-1000 

6 (U) 

3 (47) 

6 (94) 

3 (47) 


1001 and larger 


3 (47) 

7 (109) 

3 (47) 

4,16(M,800 

8-4/0 

6 (94) 

4 (63) 

6 (94) 

4 (63^ 


213-1000 


4 (63) 

7 (109) 

4 (63) 


1001 and larger 


S (78) 

7 (109) 

s (78) 

7,200 

6 and larger 

7 (109) 

6 (94) 

7 (109) 

7 (109) 

8,320 

6 and larger 

8 (125) 

6 (94) 

8 (125) 

8 (125) 

12,000 

6 and larger 

10 (156) 

7 (109) 

10 (156) 

10 (156) 

15,000 

6 and larger 

13 (203) 

7 (109) 

13 (203) 

13 (203) 


• Sec reference 4, Chapter III. 
ft t S See footnotes to Table V. 




























TABLE VIII 

Rbcommbndbd Thickness of Insulation'^ of Solid-Paper 
Single-Conductor Cable, Shielded and Non-Shielded Types 
(Grounded Neutralf) 


Ratedt 

Voltage, 

VoltB, 


Thickness of Insulation, Mils 
Size§ of Conductors, A.W.G. or M.C.M. 



* See reference 5, Chapter Ill. t« t § See footnotes to Table V. 


TABLE IX 

Recommended Thickness of Insulation* of Solid-Paper 
Multiple-Conductor Cable, Shielded Type 
(Grounded Neutralf) 


Ratedf Voltage, 
Volts, 

Phase to Phase 


8,320 

12,000 

15,000 


Thickness of Insulation for Round Conductors, Mils 


Size§ of Conductors, A.W.G. or M.C.M. 


6 

5 

n 

3 

2 

1 

1/0 

2/0 

45 

140 

KM 

135 

11 

120 

120 

Bl 

55 

150 


140 

119 

130 

130 


85 

180 

175 

170 


155 

155 




205 

200 

190 

185 

180 

175 





265 

255 

250 

240 






290 

280 

275 







355 

345 


3/0-1000 



* See reference 5, Chapter III. 
tt See footnotei to Table V. 

I The first conductor size given for each voltage class is the minimum size recommended for that 
voltage class for round conductors. When sector conductors are used, the same data apply except 
that the minimum sizes are given in the table below: 

Rated Kv Minimum Size, A.W.G. or M.C.M. 

8-27 2/0 

35 250 

46 350 
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TABLE X 

Recommended Thickness of Insulation* of Solid-Paper - - 
Multiple-Conductor Cable, Belted Type 
(Grounded Neutralf) 

(Insulation Thickness Values are for Conductor and Belt, Respectively) 


n ^ . Thickness of Insulation for Round Conductors, Mils 

Ratedt ' 

Voltage, 

Volts, Phase 


Sizes of Conductors, A.W.G. or M.C.M. 



♦ See reference 5, Chapter III. 
tt See footnotes to Table V. 

S The first conductor size given for each voltage class is the minimum size recommended for that 
voltage class for round conductors. When sector conductors are used, the same data apply except 
that the minimum sizes are given in the table below: 

Rated Kv Minimum Size, A.W.G. or M.C.M. 

1-S 1/0 

6-9 2/0 

10-12 3/0 

13-15 350 
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TABLE XI 


Thickness of Insulation* for Oil-Filled Cable 

(Grounded Neutralf) 


Rated t Voltage, 
Kv, Phase to 
Phase 

Single-Conductor Cable 

Three-Conductor Cable 

Size§ of 
Conductors, 
A.W.G. or 
M.C.M. 

Thickness of 
Insulation, II 
Mils 

Size§ of Compact 
Round Conductors, 
A.W.G. or M.C.M. 

Thickness of 
Insulation, 
Mils 

15 

1/0-1000 

no 

1-750 

no 


1001-2500 

125 

751-1000 

125 

23 

1/0-2500 

145 

1-750 

145 




751-1000 

160 

27 

1/0-2500 

160 

1-750 

160 




751-1000 

175 

35 

1/0-2500 

190 

1/0-750 

190 




751-1000 

200 

46 

2/0-2500 

225 

1/0-1000 

225 

69 

2/0-2500 

315 

2/0-1000 

315 

115 

4/0-2500 

480 



138 

4/0-2500 

560 



161 

250-2500 

650 



230 

750-2500 

925 




* See reference 6, Chapter III. 

ft See footnotes to Table V. 

{ The first conductor size given for each voltage class is the minimum size recommended for the 
voltage class for round conductors. When sector conductors are used, the same data apply except 
that the minimum size must be somewhat larger. 

II The thicknesses given here are applicable to hollow-core conductors with either of the two 
standard mtemal diameters, i.e., 0.50 in. or 0.69 in. 















TABLE Xll 

Maximum Allowable Coffee Temferature of Insulated Cables 


RUBBER COMPOUNDS* 


Type of Compound 

Voltage Rating 

Maxhnum Copper 
Temperature, *C 

Standard compounds 

NEMA Code and Intermediate Grades 

Up to 5 kv 

50 

NEMA and ASTM Standard 30% and 
Performance Grades 

Up to 8 kv 

60 

34 to 60% compounds 

Up to 8 kv 

60 

Special compounds recommended by manu¬ 
facturer: 

All special compounds other than heat-resisting 

Any voltage 

60 

Heat-resisting compounds 

Up to 8 kv 

75 

Heat-resisting compounds 

Above 8 kv 

70 


VARNISHED CAMBRICf 


Rated Voltage, 1 

Volts, 

Phase to Phase 

Maximum Safe Copper Temperature, ®C 

Single-Conductor and Multiple- 
Conductor Shielded Cables} 

Multiple-Conductor 
Belted Cables 

0- 5,000 

85 

85 

5,001- 6,000 

85 

83 

6,001- 7,000 

84 

82 

7,001- 7,500 

84 

81 

7,501- 8,000 

83 

80 

8,001- 9,000 

82 

78 

9,001-10,000 

81 

76 

10,001-11,000 

80 

75 

11,001-12,000 

80 

73 

12,001-13,000 

79 

71 

13,001-14,000 

78 

70 

14,001-15,000 

77 

70 

15,001-16,000 

76 

70 

16,001-17,000 

75 

70 

17,001-18,000 

74 


18,001-19,000 

74 


19,001-20,000 

73 


20,001-21,000 

72 


21,001-22,000 

71 


22,001-23,000 

70 


23,001-24,000 

70 


24,001-25,000 

70 


25.001-26,000 

70 


26,001-27,000 

70 


27,001-28,000 

70 



See footnotes on following page. 
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TABLE XII {ContinuO) 


XMFREGNATBD PAPER, SOLID TYPEf 


Maximum Safe Copper Temperature, ®C 


Mcea voimge, 
Kilovolts, 

Phase to Phase 

Single-Conductor 

Cables 

Multiple-Conductor Cables 

Shielded 

Belted 

0-1.0 

85 


85 

3.0 

85 


85 

5.0 

85 


85 

7.0 

85 


83 

9.0 

85 

85 

81 

12.0 

83 

83 

78 

15 

81 

81 

75 

27.0 

74 

74 


35 

70 

70 


46 

63 

63 


69 

60 




The temperatures for intermediate ratings shall be determined by interpolation. 
Cable permanently operated at less than its rated voltage may be operated at the 
temperature corresponding to the operating voltage except that such increase in 
temperature shall not exceed lO*’ C. 

IMPREGNATED PAPER, OIL-FILLED TYPEf 


Rated Voltage in Kilovolts, 
Phase to Phase 


Maximum Safe Copper Temperature, ®C 


15 to 25 Same as single-conductor, solid- 

type cable specifications 
26 to 69 75 

70 to 230 70 


These temperatures apply to continuous operation. A tolerance of 10®C shall be 
allowed over and above these guaranteed temperatures, provided that the total time 
the temperatures are exceeded is not greater than 100 hr in any one year. These 
are limits for the paper in the insulation. Local conditions may reduce the limits 
slightly on the basis of the ability of the sheath to withstand repeated bending due to 
expansion and contraction. 

* Current Carrying Capacity of Rubber Insulated Wire," IPCEA Standard P~19-102,1941, 
t See references 4. 5, and 6, Chapter III. 

I With individually shielded conductors, type H. 










APPENDIX B 

DEVELOPMENT OF EQUATIONS — ROTATING MACHINES 


In analyzing the performance of rotating machines, well-known 
relations can often be stated without proof, or with references to 
previously published papers or books. This has the advantage of 
permitting a more concise treatment but, in cases where references 
are scattered and not easily obtained, statements not accompanied 
by proof are unsatisfactory to the serious student who has forgotten 
or was never familiar with the proof. For the benefit of such students, 
and to avoid the introduction of reading matter unnecessary for the 
highly technical, certain statements are given without proof in the 
chapters on induction and synchronous machines with references to 
this appendix. 

Armature Current Phenomena. In a three-phase synchronous or 
induction machine with positive-sequence currents of fundamental 
frequency only in the armature, the instantaneous currents ia» Hf and 
ie in phases a, 6, and c, respectively, are 

»o = Im COS t-, ib = /m COS (t - yY t* = 7„ COS (t + 



where phase order is abc, Im is the amplitude of the positive-sequence 
current and t is time in electrical radians reckoned from the instant 
the current in phase a reaches its maximum value. 

The mmf space waves produced by currents /o, /&, and /«. are 
identical waves stationary in space, cosinusoidally distributed about 
the axes of their respective phases and displaced from each other by 
120 electrical space degrees or 2ir/Z electrical radians. These waves 
pulsate in time with the currents in their respective phases. Each 
wave may be resolved into a fundamental mmf space wave and odd- 
harmonic mmf space waves, cosinusoidally distributed about the axis 
of the phase, and pulsating in time with the current in the phase. 

Let 7 be the angular displacement in electrical radians of any point 
P (see Fig. 3, Chapter VII) on the armature surface from the axia 
of phase a, measured in the direction abc, which is the positive direction 
of rotation of the rotor. Let aa, and Qc be the instantaneous mmf s 
at P produced by currents in phases a, J, and c, respectively, the total 
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instantaneous mmf at P being a « a® + 05 + ac. Then, 

a« = {Pi cos 7 + Pa cos (Sy) + P5 cos (S7) + • * *} cos / [B~l] 

aj, * {Pi cos (7 - fir) + Pa cos [3(7 - fir)] 

+ Pa cos [ 5(7 - fir)] H-} cos (/ - fir) [B~2] 

ac * {Pi cos (7 + fir) + P3 cos [3(7 + fir)] 

+ P 5 cos [ 5(7 + fir)] + • • •} cos {t + fir) [B~3] 

where Pi, P 3 , P 5 , • • • indicate the amplitudes of the first (funda¬ 
mental), third, fifth, • • • harmonic mmf space waves, respectively. 
The terms in braces {} are constant for a constant current and a 
given value of 7 ; they are the mmf waves stationary in space. When 
multiplied by cos/, cos (/ — 2ir/3), and cos (/ + 2ir/3), respectively, 
the instantaneous mmf*s at P produced by currents /a, h, and le are 
obtained. Equations [B~l]~[B-3] are equations of mmf waves sta¬ 
tionary in space but pulsating in time at fundamental frequency. 

Let numerical subscript with aa, CLhy and ac indicate the harmonic 
order of the space waves; then, the instantaneous mmf at P resulting 
from the three fundamental mmf space waves of amplitude Pi, 
pulsating in time with their respective currents, is ai = aoi + ahi + 
Oci, where 

P P 

Ool = [^1 COS 7] COS / = COS iy — t) cos (7 + 0 * [B- 4 ] 


C“ (t - j)] c™ (<- j) 

= y cos (7 - /) + y cos ^7 + < + 

flci = cos ^7 + y^ j cos {t + y^ 

= y cos (7 - 0 + y cos (7 + < - y^ 


IB-S] 


IB-6] 


The stationary pulsating wave in each of the above equations is 
expressed by the terms on the right-hand sides of the second equality 
signs as the sum of two traveling waves of one-half amplitude, the 
first rotating forward and the second backward at synchronous speed. 
To verify this, let point P move forward at synchronous speed, the 
increase in 7 in radians equaling the increase in / in radians; then, 
* cos a cos jS « i cos (a — /5) + i cos (a + /3). 



DEVELOPMPTT EQUATIONS 


m 

COS (y ~ f) is constant and the ordinates of tU^ waves represented by 
the first terms on the right-hand sides of [B-4HB-6] remain constant 
in magnitude at P as P rotates forward at synchronous speed. Simi¬ 
larly, let point P move backward at synchronous speed, the decrease 
in y being equal numerically to the increase in /; then, (y -f t), 
(y + t + 2t/ 3), and (y + / — 2ir/3) will remain constant, and the 
ordinates of the waves given by the second terms on the right-hand 
sides of [B-4HB-6] remain constant in magnitude at P as P rotates 
backward at synchronous speed. As these three backward-rotating 
waves are equal in amplitude and displaced from each other by 120 ^, 
their sum is zero (the sum of the cosines of three angles which differ 
by 120 ° is zero), and there is no resultant backward-rotating funda¬ 
mental mmf space wave. Addition of the above equations gives 

oi = Oai + 061 + Oei *= fPi COS (y - t) - At COS (y - t) tB-71 

From [B~71, the fundamental mmf space wave rotates forward at 
synchronous speed relative to the stator. Its crest i4i is f that of 
the fundamental component of any one of the pulsating mmf space 
waves given by [B-lHB-3]. 

The three third harmonic space waves in [B-lHB-3] are identical, 
because 

r i 

cos |^ 3^7 db ^ ~ 07 ^ 2 t) = cos $7 

The instantaneous mmf at P resulting from the three third harmonic 
mmf space waves of amplitude P 3 , pulsating at fundamental frequency, 
is 

O'Z = ^aS + ^63 + ^c8 

■ t) + t)] “ ° 

From [B- 8 ], there is no resultant third harmonic mmf space wave. 

The instantaneous mmf at P resulting from the three pulsating 
fifth harmonic mmf space waves of amplitude Pj is o, = Oos + 066 + 
Oes, where 

P P 

Oas ™ Fs COS Sy cos t =‘ -t COS (Sy ~ 0 + cos (Sy + <) 

L ms 

<M. - i!'.c«[s(T -y) 

- Y COS (sy - < - + ycos (5y + 0 


= Pa cos 3y ^cos i + cos ^ 
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a«6 


= ^ cos (57 - I + j) + y cos (57 + t) 


The first terms on the right-hand sides of the above equations (which 
represent forward-rotating waves) add to zero; therefore, 

Os — O06 + 066 + Oc6 = cos (57 + <) = A5 COS (§7 + t) [B- 9 ] 

From [B-9], the fifth harmonic mmf space wave, with an amplitude 
As equal to ^ that of the fifth harmonic component of any one of 
the stationary pulsating mmf waves given by [B-lHB-3], rotates 
backward at ^ synchronous speed. 

By following a similar procedure, it can be shown that the seventh 
harmonic mmf space wave rotates forward at ^ synchronous speed; 
the ninth vanishes; the eleventh rotates backward at ^ synchronous 
speed; the thirteenth rotates forward at synchronous speed, etc. 

With positive-sequence currents only in the armature, the instan¬ 
taneous mmf a at P resulting from these currents is 

a — Ai cos (7 — I) + As cos (57 -\-1) A- A^ cos {1y — t) 

[B- 10 ] 

-I- An cos (II7 -!-/)+ Ais cos (137 - 0 + • • * 


Equation [B-10] is repeated in [2], Chapter VII, and [4] and [5] for 
aa and c, are written by analogy from it. 



APPENDIX C 


RECIPROCALS OF EQUATIONS FOR CIRCLES AND 
STRAIGHT LINES ^ 


To Prove: 

expression 


The terminus of the vector denoted by the complex 


V = x-\-jy 


1 

A + B / 4> 


[C-1] 


describes a circle under the following conditions: 


1. 0 varies from 0® to 360°; A and B are constant; 

2. B varies from 0 to «; A and <f> are constant; 

where A and B are real and positive. 

Proof: If 5^ is expressed in the complex form, [C-1] becomes 


* +iy = 


_ 1 _ 

A + B cos 0 + jB sin 0 


[C-2] 


If [C-2] is cleared of fractions, 

Ax Bx cos <t> — By sin <l> + j{Ay + By cos <l> + Bx sin 0) = 1 + jO 
When reals and imaginaries are equated. 

Ax + Bx cos ^ sin 0 = 1 [C-3] 

Ay + By cos ^ + Bx sin <^ = 0 lC-4] 


Case 1. ^ varies from 0° to 360°. A and B are constant. 

p = A + B/4> 

is then the equation of a circle in polar coordinates. 

Multiplying [C-3] by x and [C-4] by y and adding, there results 


A (x* + y®) + B(x® + y®) cos ^ = x 

X — A (x® + y®) 
B(x®+y») 
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cos ^ 


[C-S] 
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If tC-3] and [C-4] are multiplied by y and x, respectively, and their 
difference taken, 


B(** + y*) sin ^ a- —y 


®“* ^ " B(*» + y*) 

[C-6] 

sin^ <l> + cos^ 0 as 1 

lC-7] 


Substituting [C-5] and [C-6] in (C-7], there results 
+ y^) — 2A 

B^{x^ + y^f “ ^ 

1 - 2^36 + + y*) = B^{x^ + y*) 

j 2^3C 2 - B* 

* -B^^ (A^ - 5^)2 ^ (A^ - (A^ - B^f 

[* “ - B»)] 


Equation (C-8] is the equation of a circle in rectangular coordinates. 
As 4 > varies from 0® to 360®, the terminus of the vector F = jc + jy 
will move completely around the circle. 

If r and Cdenote radius and center of the circle, respectively. 


B 


B 

A^ - B2 


B2 - A^ 


C’ — ^2 _ ^2 + “ ^2 _ g2 Z2! [C-IO] 


It is of interest to note that the same equations apply for r and C if 

V^x+jy=\/{,A-Bl±). 

From [C-9] and [C-IO], V can be written as the equation of a circle 
in polar coordinates: 




B 


i4* -B* 


Z! [c-11] 


where 0 has all values between 0® and 360®. 0 is not the same as ^ 
but, if ^ covers the range from 0® to 360®, 6 will also cover this range. 
Cue 2. B varies from 0 to «. A and ^ are constant. 

p = A + B/^ 

is then the equation of a strmght line. 



RECIPROCALS 


m 


If B is eliminated from [C-3] and 
Ax(y cos ^ * sin ^) — Ay{x cos ^ — y ^ ^ y 

A sin 4 >(x^ + y*) — * sin ^ — y cos ^ 


** + - jcot0 


_a 1 1 ^ 1 2 cot ^ , 


cot® ^ 
4i4® 




cos ^ « Mn ^ 

0 


4- cot® ^ 

44® 

[C-121 


Equation [C-12] is the equation of a circle. If C' and / denote 
center and radius of this circle, respectively, 


C* 


r 


/ 


1 , . cot 0 1 / _i 

— + j ' ■■■ ; “ —;—:-/tan * cot ^ 

2A 2A 2A sin ^' 

■;rr^. — /90° - ^ 

2 A sin 0 ^- 


CSC <t 


1 

24 


24 sin <t» 


Case 2 (a). Let 

V - x-\-jy 


1 

A - Bl± 


lC-13] 

[C-141 

lC-15] 


It can readily be shown that the equations for C' and / given by 
[C-13] and [C-14] apply to this case also. 

From [C-13] and [C-14], V given by either [C-1] or [C-15] can be 
written as the equation of a circle in polar coordinates. 


C' + II = 


1 


2A sin ^ 


/90” - » 4 


1 


24 sin ^ 


[C-16] 


where o' has all values between 0® and 360“ as B varies from — « 
through 0 to 4*" As 5 was eliminated in developing [C-12], the 
restriction that B must be positive has disappeared. It is necessary 
to consider the original equation, [C-1] or [C-15], to impose this 
restriction. 

There are the relations: 


cot a “> cot (a 4 180“) 
|sin a| •= |an (a 4 180“)| 
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From the above equations, it follows that the center and radius of 
the circle given by [C-13] and [C-14] will be the same for ^ « a as 
for <l> = (180® + a). The complete circle will apply for ^ a and 
for ^ = (180® + a). The portion which applies to each can be de¬ 
termined from a consideration of the original equation for V, given 
by [C-1] or [C-IS]. 

Consider V given by [C-15]. If ^ lies between 0® and 180®, the 
j component of V will be positive and the arc above the x-axis will 
apply. If 0 lies between 180® and 360®, the j component of V will 
be negative and the arc below the x-axis will apply. If 0 = 0 or 
180®, the circle becomes a straight line which coincides with the x-axis. 
If ^ = 180®, the denominator in [C-15] becomes A + B and V extends 
from 0 (when B = ») to 1/A (when 5 = 0). The rest of the line, 
which extends from 0 to — <» and from -f-* to l/.<4, is the locus of 
V when 0 = 0. 

If V given by [C-1] is considered, the conditions will be the reverse 
of those for V given by [C-15]. For example: When V is given by 
[C-1], the line between l/A and zero is the locus of V when 0 = 0. 


BIBLIOGRAPHY 

1. “Phase Reversal and Overvoltages Resulting from Open Conductors in Circuits 
with and without Capacitors,’’ by A. R. Teasdale, Jr., Journal of Architecture, 
Engineering and Industry, August 1950. 



INDEX 


A-c circuits, in magnetic media, 41 
in non-magnetic media, 6, 17, 41 
A-c network analyzer equivalent circuits, 

94, 103, 358 
Admittance, 1 
Air-core reactor, 120 
Air-gap, 235, 239, 245 
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Air-gap power, 217 

Alpha, beta, zero (a/30) components, 1, 
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A.C.S.R., 10 

Amortisseur windings, 236, 237, 257 
Armature, 234, 236 

Armature current phenomena, 242, 383 
Armature leakage reactance, 256 
Armature reaction mmf, 252 
Assumptions, 211, 291, 332 
Asynchronous machine, 210 
Autotransformers, 135 
banks of single-phase units, 135 
equivalent circuits, exciting current 
included, 150 

exciting current neglected, 137- 
143, 147 

grounding, 164-168 
leakage reactances, 135, 136, 143 
relations between, 143 
three-phase, 160 
Axes of poles, 236, 245, 247 

Belted cable, 48, 59, 109 
Binding tape, 49, 66, 67, 86 

Cables (insulated), 10, 48-111, 372-382 
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Cables (insulated), capacitance of, 107, 
184, 197 

conductors of, 51, 59 
diameters and resistances, 51, 59, 
372-374 
dimensions of, 59 
core diameter, 60 
outside sheath diameter, 61 
spacing between phase conductors, 
59 

insulation of, 48 
characteristics, 52-59 
copper temperature, 381-382 
power factor, 54 
thickness, 52, 60, 61, 375-380 
types of, 48 
gas-filled paper, 57 
oil-filled paper, 57, 380 
rubber compounds, 59, 375 
solid-paper, 57, 378-379 
varnished cambric, 58, 376-377 
voltage rating, 57 
sheaths, lead, 61 
approved thickness, 62 
d-c resistance, 62 
methods of operation, 74 
skin effect and proximity effect, 74 
voltage induced in, 69, 70, 73 
symmetrical components of, 71 
shielded, 48, 50, 59, 65, 107 
single-conductor, 48, 51,64,68,70,100, 
107 

single-phase circuits, 64, 107 
standards and specifications, 49, 50 
symmetrical components of imped¬ 
ances, mutual between com¬ 
ponent networks, 64 
positive-sequence mutual between 
conductors and sheaths, 73, 
76 

positive- or negative-sequence self- 
impedance, 64 
cables in same duct* 76 
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Cables (insulated)» symmetrical compo¬ 
nents of impedances, posi¬ 
tive- or negative-sequence 
self-impedance, correcting 
factors for three-conductor 
cable, 67 

reactance charts, 64, 65, 66 
three-conductor cables, 64, 66 
three-phase circuits of single¬ 
conductor cables, with sheaths 
open-circuited, 64, 68 
with sheaths short-circuited, 75 
zero-sequence self-impedance and 
mutual impedance between 
parallel circuits, 76-107 
three-conductor cables with 
grounded sheaths, 83-100 
equivalent circuits for, 91-94 
internal and external compo¬ 
nents of, 85 

with magnetic binders, 86 
three-phase circuits of single¬ 
conductor cables, 100 
equivalent circuits for, 103 
sheaths open-circuited, with 
ground wire, 101 
sheaths short-circuited, 106 
three-conductor, 48, 51, 64, 66, 83 
two-conductor, 48, 51 
type H, 49, 50, 59, 107 
types of cable, 48 
Capacitance, 9 
of cables, 107, 184 
of overhead lines, 184, 194 
of transformers, 196 

Capacitive reactance, of cables in terms 
of overhead lines, 197 
of overhead lines, 180, 184, 195 
Capacitors, 199, 229 
Circuit breakers, 328 
Circuit constants, general, 354 
Circuits of parallel cylindrical conduc¬ 
tors, 6 

internal and external inductances of, 6 
self- and mutual impedances of, 7 
Coil pitch, 236 
Compact strand, 51, 61 
Components, methods of, 1-6, 245, 294 
validity of use of, 120 
Conductivity, 12 


Conductors, for insulated cables, 10, 15, 
372-374 

for overhead lines, 9 
magnetic, 10, 23 
parallel cylindrical, 6 
Conventions for signs, 292 
Copper, 10-17 
characteristics of, 10 
coefficient of thermal expansion, 12 
constant-mass temperature coefficient 
of resistance, 12 
density, 11 
d-c resistance, 13, 15 
international standard of resistance of, 
11 

resistivity, 11, 13 

resistivity-temperature constant, 13 
standard conductivity for metals, 11 
temperature coefficient of resistance, 
12 

wire tables, 15, 372-374 
Copperweld conductors, 10 
Crystallization, 61 
Currents, charging in cables, 54 
exciting in transformers, 116 
harmonic, in induction machines, 211 
in synchronous machines, 303, 308, 
310, 313, 314, 317, 321 
in transformers, 116, 186 
zero-sequence in grounded sheaths and 
ground, 87 

Damper winding, 236 
D-c resistance, 13 
Delta-zigzag transformers, 168 
Dielectric constant, 54 
Dielectric loss, 54, 56 
Dielectric strength, 49, 52 
Differential air-gap. leakage reactance, 
252 

Direct axis, 235 
Direct-axis components, 245 
Distributed winding, 236 
Distribution factor, 242, 244^ 251 
Disturbance, 298 
conditions during, 299 
Driving-point impedance, 349 

Earth-return circuits, 78 
reactance curves of, 79, 80 
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Earth^turn drcuits, self- and mutual 
impedances of, 78 
Eddy currents, 114, 239 
Electric circuits, discussed, 41 
Equivalent two«machine system, 331 

Field collar, 236 

Field current of synchronous machine, 
235, 241 

base or unit values, defined, 240, 266 
Flexibility of cables, 56 
Flux linkages, 41, 251, 293 
Fuses, 179, 180 

Gas-hlled cable, 57, 58 
General circuit constants, 354 
Generated voltage, 252 
Grounded system, defined, 50 
Grounding transformers and autotrans¬ 
formers, 164 

Harmonic armature voltages, 237, 241, 
251-253, 303, 306, 308, 310, 
313, 314, 316 

determined by method of symmetrical 
components, 308 
resonance to, 321 

Harmonic impedance diagrams, 318 
Harmonic impedances of transmission 
lines, 322 

Harmonic space waves, of flux, 241 
of mmf, 242, 383 
Heat, resistance to, 53 
Hydrogen-cooled machine, 10 
Hydrogen embrittlement, 10 
Hysteresis, 42, 114, 239 

Ideal synchronous machine, 291 
Park's equations for, 295 
Impedances of electric circuits, 9, 17, 41, 
46 

Inductances, of cylindrical conductors, 7 
of static circuits, 44 
Induction generator, 232 
Induction motor, 210-232 
air-gap, 211 
air-gap flux, 212, 214 
approximate constants, 220 
as phase balanced, 232 
assumptions, 211 


Induction nK^or, core loss, 216 ^ 

direction of rotation, 212 
h 3 r 8 teresis and eddy-cilfrent losses, 211, 
213 

instantaneous power, 223 
load speed-torque curves, 222 
magnetizing current, 219 
magnetizing reactance, 215 
normal operation, 212 
phase reversal of, 179, 199, 225 
power factor, 219 
rotor winding, 211 
saturation, 211, 216 
saturation curve, 216 
single-phase, 229 
slip, 212 
slip rings, 211 
speed-torque curves, 221 
squirrel-cage, 211 
starting torque, 221 
stator winding, 210 
synchronous speed, 212 
three-phase, 213 
air-gap power, 217 
copper loss, 217 

equivalent circuits, 213, 214, 217, 
218 

input power, 216 
rating, 216 

shaft output power, 217 
short-circuit representation, 231 
time constant, 231 
torque, 217, 218 

with unbalanced system condi¬ 
tions, 222 

Initial condition during disturbances, 300 
Instantaneous phase quantities in terms 
of c^SO components, 294 
Insulated cables {see Cables) 

Insulation, 48, 52-59, 112, 328, 373-382 
Interlacing impedance, 162 
Internal reactances of conductors, 6, 9, 
19, 20, 26, 65 
Ionization, 53 
Iron losses, 112, 219 
Iron wires, 10 

ljl» I—iJ» symbols, defined, 309 
Leakance, 9, 54 
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Magnetic binder, 66, 67 
Magnetic circuits, discussed* 41 
Magnetism, residual, 42 
Magnetomotive force, 42 
Magnetomotive force space waves, 242, 
383 

Main transformer, 161 
Miniature system, 181 
Moisture, resistance to, 56 
Mutual impedance, between autotrans¬ 
former windings, 150 
between conductors and sheaths, 73 
between earth-return circuits, 78 
between parallel cable circuits, 87 
between parallel cylindrical conduc¬ 
tors, 6 

between transformer windings, 114 

Natural frequency, 306 
Negative-sequence braking torque, 271 
Negative-sequence reactance, of induc¬ 
tion motors, 220 

of synchronous machines, 268, 313 
Negative-sequence resistance of syn¬ 
chronous machines, 271 

Oil-filled paper-insulated cable, 57, 380 
Open conductors, in circuits supplying 
unbalanced load, 226 
in circuits supplying ungrounded 
transformers, 179-209 
criterion for overvoltages, 194, 196, 
198 

Overhead transmission lines, 9, 51, 184, 
194, 322 

Paper-insulated cable, 57, 378, 379 
Parallel cylindrical conductors, 6 
Permeance, 43, 57, 113, 250 
Phase balancer, 232 
Phase reversal, 179, 199, 225 
Pitch factor, 244, 251 
Pitch of coil, 236, 242 
Pole-face winding, 236 
Positive-sequence phase order, 241 
Potier reactance, 255 
Power factor of insulation, 49, 54 
Power swings, during symmetrical con¬ 
ditions, 349, 357 

during unsymmetrical conditions, 357 


Proximity effect, 9, 17, 30, 65 
inductance ratios, 39, 40 
resistance ratios, 31, 36, 37, 51 

Quadrature axis, 235 
Quadrature-axis components, 245 

Reciprocal per unit equivalent circuits, 
265 

Reciprocals of equations for circles and 
straight lines, 387 
Reference for voltage, 2 
Reference phase, 2 
Relays, 328-369 

equations for connections, 332, 343, 
344 

factors determining performance, 329 
limit of operation, 330 
responsive to current and voltage, 330 
responsive to current or voltage, 329 
system impedances seen during power 
swings, 330, 331, 333 
assumptions, 332 

equivalent two-machine system, 334 
general equation, 333 
impedance charts, 330,336,363, 365, 
366, 368 

construction of, 335 
evaluation of required constants, 
343, 348, 351 
general, 342 

symmetrical system conditions, 344, 
349 

system data, 333 
system diagrams, 345 
three-phase faults, 357 
unsymmetrical faults, 345,,357, 358 
zero-sequence network, 357 
unsymmetrical static circuits, 362 
types of, 329, 330, 343, 344 
Residual magnetism, 42 
Resistance, 9 
of cable sheaths, 63 
of conductors, 13, 51 
of induction machines, 214, 220 
of synchronous machines, 270 
Rubber-insulated cable, 59, 375 

Salient-pole machine, 235 
Saturation, 112 , 118, 150, 153, 239 
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Saturation curves, of synchronous ma¬ 
chines, 254, 256, 279 
of transformers, 118, 183 
Sector conductors, 51, 60, 61, 66, 67 
Seg^mental conductors, 51 
Sheaths of cables (see Cables) 

Shielding tape, 49, 60, 66 
Short-circuit ratio, 255 
Single-phase circuits, self- and mutual 
impedances of, 8 

symmetrical component equations for, 
5 

Single-pole switching, 179 
Skin effect, 9, 10, 17, 29, 65 
internal inductance ratios, 20, 22, 24 
resistance ratios, 20, 22, 25, 51, 74 
Specific inductive capacity, 54 
Spirality effect, 10, 27, 29 
Static circuits, self- and mutual in¬ 
ductances of, 44 
Subharmonics, 194 
Subtransient reactance, 259, 264 
Superposition, 299 

Symmetrical components, method of, 1 
basic equations, for single-phase or 
two-phase circuits, 5, 8 
for three-phase circuits, 2, 3, 7 
related to a0O components, 4, 5, 
310 

used to determine odd harmonics, 
308 

Synchronous condenser, 234 
Synchronous impedance, 255 
Synchronous impedance curve, 254 
Synchronous machines, 234-327 
air-gap, 235, 239, 245 
air-gap flux, 241, 245, 253 
air-gap line, 253 

amortisseur winding, 236, 237, 257 
analysis of performance, 234 
assumptions, 240, 291 
base or unit quantities defined, 239, 
245, 292 

conventions for signs, 292 
effect of operating conditions, 238 
using afiO components, 291, 327 
using direct- and quadrature-axis 
components, 245 

using symmetrical components, 234, 
281, 315 


Synchronous machines, armature, con- 
sliruction, 234, 236 i 

current phenomena, 242, 383 
flux linkages, 251 
leakage reactance, 252, 256 
reaction mmf, 252 
reactive voltages, 251 
axes of poles, 236, 239, 245, 247 
d-c components of current, 286 
differential air-gap leakage reactance, 

252 

direct- and quadrature-axis compo¬ 
nents, 245-250, 289 
direct- and quadrature-axis react¬ 
ances, 257-265 
double-winding machine, 237 
equivalent circuits, in onSO components, 
319 

in direct and quadrature axes, 266 
in reciprocal per unit, 265 
in symmetrical component, 234,281, 
315 

excitation, 236 

excitation or generated voltage, 252 
field, 235 
field-collar, 236 

field current, base or unit, defined, 
239, 254 

field current phenomena, 241 
fundamental-frequency quantities, 
234, 237, 239, 240, 252 
harmonics, 237,239,241,243,250,252, 
253, 269, 287 
ideal machine, 291, 295 
induction motor action, 272 
instantaneous quantities, 294 
multicircuit machine, 237 
normal balanced operation of, 240- 

253 

permeance, 250, 259, 264 
permeance coefficients, 245, 250 
poles, number of, 237 
Potier reactance, 255 
reactances, 238, 256-265, 268-270 
representative 60-cycle, 260 
resistances, 270 
rotor construction, 235 
short-circuit ratio, 255 
single-circuit, 237 
single-phase, 236, 237 
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Synchronous machines, symmetrical 
three-phase short circuit, 289 
synchronous impedance, 255 
synchronous-impedance curve, 254 
synchronous speed, 237, 238 
time constants, 238, 283 
vector diagrams, 272-281 
System impedances seen from relays, 330 
System protection, 328 

Teaser transformer, 161 
Tolerance, 50 
Transfer impedance, 349 
Transformers, 112-209 
balanced three-phase operation, 121 
banks of single-phase units, 123 
five-winding, 131 
four-winding, 128, 131 
three-winding, 426 
two-winding, 114, 115, 123, 125 
capacitance of, 196 
delta-zigzag, 168 

excitation curves (saturation), 117, 
118, 183 

exciting current, 116, 117, 195 
power factor of, 119 
exciting impedance, 116, 118,121 
flux, density, 117 
leakage, 113 
mutual, 113, 114 
fundamental theory, 112 
grounding, 164-166 


Transformers, harmonics, 116-118 
hysteresis and eddy-current losses, 
impedances, exciting, 116 
leakage, 116 
mutual, 114, 115 
open-circuit, 122 
short-circuit, 116, 122 
induced voltage, 113 
parallel operation with unequal turn 
ratios, 174 

equivalent circuits for three-wind¬ 
ing, 177 

equivalent circuits for two-winding, 
175 

saturation, 112,120 
Scott-connected, 160 
supplied through open conductors, 179 
three-phase, 150 
core-type, 150, 182 
equivalent circuits for, 152-159 
shell-type, 150, 182 
Y-zigzag, 168 
zigzag, 165 

Unsymmetrical static circuits, 44,64,68, 
362 

Varnished cambric insulated cable, 48, 
50, 58, 376, 377 

Wire gauge table, comparative, 371 

Wire tables, copper, 372, 374 





